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development and communal harmony. His powerful 
writings and speeches provided a massive impetus to the 
promotion of Tamil literature and culture. Moving 
beyond the realm of religion, he was also actively 
involved in bringing change at the grassroots level. 
During his lifetime and after, he was celebrated for his 
successful efforts to develop poverty-stricken villages 
around Kundrakudi through planning, support and 
continued intervention. His initiatives for rural 
development earned praise even from Indira Gandhi, the 
then Prime Minister of India. Although he headed a 
famed religious center, Kundrakudi Adigalar maintained 
a scientific outlook towards the world and paid special 
attention to the educational uplift of poor people across 
caste, community or religion. The services rendered by 
him to society are endless, and the dedication of this 
book is a small gesture to pay homage to that great man. 


PREFACE 


This book introduces the concept of neutrosophic bilinear 
algebras and their generalizations to n-linear algebras, n>2. 


This book has five chapters. The reader should be well-versed 
with the notions of linear algebras as well as the concepts of 
bilinear algebras and n- linear algebras. Further the reader is 
expected to know about neutrosophic algebraic structures as we 
have not given any detailed literature about it. 


The first chapter is introductory in nature and gives a few 
essential definitions and references for the reader to make use of 
the literature in case the reader is not thorough with the basics. 
The second chapter deals with different types of neutrosophic 
bilinear algebras and bivector spaces and proves several results 
analogous to linear bialgebra. 


In chapter three the authors introduce the notion of n-linear 
algebras and prove several theorems related to them. Many of 
the classical theorems for neutrosophic algebras are proved with 
appropriate modifications. Chapter four indicates the probable 
applications of these algebraic structures. The final chapter 
suggests about 80 innovative problems for the reader to solve. 


The interesting feature of this book is that it has over 225 
illustrative examples, this is mainly provided to make the reader 
understand these new concepts. This book contains over 60 
theorems and has introduced over 100 new concepts. 


The authors deeply acknowledge Dr. Kandasamy for the proof 
reading and Meena and Kama for the formatting and designing 
of the book. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


INTRODUCTION TO BASIC CONCEPTS 


This chapter has two sections. In section one basic notions 
about bilinear algebras and n-linear algebras are recalled. In 
section two an introduction to indeterminacy and algebraic 
neutrosophic structures essential for this book are given. 


1.1 Introduction to Bilinear Algebras and their 
Generalizations 


In this section we just recall some necessary definitions about 
bilinear algebras. 


DEFINITION 1.1.1: Let (G, +, *) be a bigroup where G = G; VU 
G2; bigroup G is said to be commutative if both (G,, +) and (G2, 
*) are commutative. 


DEFINITION 1.1.2: Let V = V; U V> where V; and V> are two 
proper subsets of V and V; and V> are vector spaces over the 
same field F that is V is a bigroup, then we say V is a bivector 
space over the field F. 

If one of V; or V2 is of infinite dimension then so is V. If V; 
and V2 are of finite dimension so is V; to be more precise if V; is 


of dimension n and JV, is of dimension m then we define 
dimension of the bivector space V = V; V2 to be of dimension 
m +n. Thus there exists only m + n elements which are linearly 
independent and has the capacity to generate V = V; UV>. 


The important fact is that same dimensional bivector spaces are 
in general not isomorphic. 


Example 1.1.1: Let V = V, U V> where V,; and V3 are vector 
spaces of dimension 4 and 5 respectively defined over rationals 
where V; = {(aj) | ay € Q}, collection of all 2 x 2 matrices with 
entries from Q. V2 = {Polynomials of degree less than or equal 
to 4 with coefficients from Q}. Clearly V is a finite dimensional 
bivector space over Q of dimension 9. In order to avoid 
confusion we can follow the following convention whenever 
essential. If v ¢ V=V, U V2 thenv € V; orv € Vo ifv ec Vj 
then v has a representation of the form (x), X2, X3, X4, 0, 0, 0, 0, 
0) where (x1, X2, X3, X4) € V, if v © V2 then v = (0, 0, 0, 0, y1, y2, 
Y3» Y4s Ys) where (y1, y2, Y3, Y4, Ys) € Vo. 


DEFINITION 1.1.3: Let V = V; UV) be a bigroup. If V; and V; 
are linear algebras over the same field F then we say V is a 
linear bialgebra over the field F. 

If both V; and V2 are of infinite dimensional linear algebras 
over F then we say V is an infinite dimensional linear bialgebra 
over F. Even if one of V; or V> is infinite dimension then we say 
V is an infinite dimensional linear bialgebra. If both V; and V; 
are finite dimensional linear algebra over F then we say V = V, 
UV) is a finite bidimensional linear bialgebra. 


Examples 1.1.2: Let V = V, U V2 where V; = {set of all n x n 
matrices with entries from Q} and V2 be the polynomial ring 
Q[x]. V = V; U V> is a linear bialgebra over Q and the linear 
bialgebra is an infinite dimensional linear bialgebra. 


Example 1.1.3: Let V = V, U V2 where V; = Q x Q x Q abelian 
group under ‘+’, V> = {set of all 3 x 3 matrices with entries 
from Q} then V = V; U V> 1s a bigroup. Clearly V is a linear 


bialgebra over Q. Further dimension of V is 12; V is a 12 
dimensional linear bialgebra over Q. 
The standard basis is {(0 1 0), (100), (00 1)} U 


1 0 0\/0 1 0)/0 0 1)/0 0 0)/0 0 0 
0 0 0),)0 0 0))0 0 OF)1 0 O],;0 1 OF, 
0 0 0)\0 0 0/\0 0 0)/\0 0 0) \0 0 0 

0 0 0)/0 0 0\/0 0 0\/0 0 0 

0 0 1),;0 0 O},;0 0 O},)0 0 0 

0 0 O0)/\1 0 O/\0 1 0) \0 0 1 


DEFINITION 1.1.4: Let V = V; UV> be a bigroup. Suppose V is 
a linear bialgebra over F. A non empty proper subset W of V is 
said to be a linear subbialgebra of V over F if 
i. W=W, UW>is a subbigroup of V = V; UV>. 
ii. Wis a linear subalgebra over F. 
iii. Wy is a linear subalgebra over F. 


For more refer [48, 51-2]. For n-linear algebra of type I and II, 
refer[54-5]. 


1.2 Introduction to Neutrosophic Algebraic Structures 


In this section we just recall some basic neutrosophic algebraic 
structures essential to make this book a self contained one. For 
more refer [36-43, 53]. 

In this section we assume fields to be of any desired 
characteristic and vector spaces are taken over any field. We 
denote the indeterminacy by ‘I’, as i will make a confusion, as it 
denotes the imaginary value, viz. i’ = —1 that is {1 =7, The 
indeterminacy I is such that .[=17=L. 

Here we recall the notion of neutrosophic groups. 
Neutrosophic groups in general do not have group structure. 


DEFINITION 1.2.1: Let (G, *) be any group, the neutrosophic 
group is generated by I and G under * denoted by N(G) = {(G 
UT), *. 


Example 1.2.1: Let Z7; = {0, 1, 2, ..., 6} be a group under 
addition modulo 7. N(G) = {(Z7 U I, ‘+’ modulo 7} is a 
neutrosophic group which is in fact a group. For N(G) = {a + bl 
/ a, b € Z,} is a group under ‘+’ modulo 7. Thus this 
neutrosophic group is also a group. 


Example 1.2.2: Consider the set G = Zs \ {0}, G is a group 
under multiplication modulo 5. N(G) = {(G U J), under the 
binary operation, multiplication modulo 5}. N(G) is called the 
neutrosophic group generated by G U I. Clearly N(G) is not a 
group, for I’ = I and I is not the identity but only an 
indeterminate, but N(G) is defined as the neutrosophic group. 


Thus based on this we have the following theorem: 


THEOREM 1.2.1: Let (G, *) be a group, N(G) = {(G UT), *} be 
the neutrosophic group. 

I. N(G) in general is not a group. 

2. N(G) always contains a group. 


Proof: To prove N(G) in general is not a group it is sufficient 
we give an example; consider (Z; \ {0} UI) = G= {1, 2, 4, 3, I 
21,41, 3 DB}; Gis not a group under multiplication modulo 5. In 
fact {1, 2, 3, 4} is a group under multiplication modulo 5.N(G) 
the neutrosophic group will always contain a group because we 
generate the neutrosophic group N(G) using the group G and I. 
So G c N(G); hence N(G) will always contain a group. 
x 


Now we proceed onto define the notion of neutrosophic 
subgroup of a neutrosophic group. 


DEFINITION 1.2.2: Let N(G) = (G UI) be a neutrosophic group 
generated by G and I. A proper subset P(G) is said to be a 
neutrosophic subgroup if P(G) is a neutrosophic group i.e. P(G) 
must contain a (sub) group of G. 


Example 1.2.3: Let N(Z2) = (Z) U I) be a neutrosophic group 
under addition. N(Z,) = {0, 1, I, 1 + I}. Now we see {0, I} is a 
group under + in fact a neutrosophic group {0, 1 +I} is a group 
under ‘+’ but we call {0, I} or {0, 1 + I} only as pseudo 
neutrosophic groups for they do not have a proper subset which 
is a group. So {0, I} and {0, 1 + I} will be only called as pseudo 
neutrosophic groups (subgroups). 

We can thus define a pseudo neutrosophic group as a 
neutrosophic group, which does not contain a proper subset 
which is a group. Pseudo neutrosophic subgroups can be found 
as a substructure of neutrosophic groups. Thus a pseudo 
neutrosophic group though has a group structure is not a 
neutrosophic group and a neutrosophic group cannot be a 
pseudo neutrosophic group. Both the concepts are different. 

Now we see a neutrosophic group can have substructures 
which are pseudo neutrosophic groups which is evident from 
the following example. 


Example 1.2.4: Let N(Zs) = (Z4 U I) be a neutrosophic group 
under addition modulo 4. (Z4 U I) = {0, 1, 2, 3, I, 1 + I, 21, 3], 1 
+ 2],14+31,2+1,2+21,2+31,3+1,3+2I, 3 + 31}. o(Z4U 
D)y=47, 

Thus neutrosophic group has both neutrosophic subgroups 
and pseudo neutrosophic subgroups. For T = {0, 2, 2 + 2I, 2I} is 
a neutrosophic subgroup as {0 2} is a subgroup of Z, under 
addition modulo 4. P = {0, 2I} is a pseudo neutrosophic group 
under ‘+’ modulo 4. 


DEFINITION 1.2.3: Let K be the field of reals. We call the field 
generated by K UI to be the neutrosophic field for it involves 
the indeterminacy factor in it. We define 1° = 1, 1+ I= 2li.e., 1 
+...4 1 =n, and ifk © K then k.I = kl, 01 = 0. We denote the 
neutrosophic field by K(I) which is generated by K UI that is 
K(D = (K UI). (K UI) denotes the field generated by K and I. 


Example 1.2.5: Let R be the field of reals. The neutrosophic 
field of reals is generated by R and I denoted by (R U I) i.e. RM) 
clearly RC (R UI). 


Example 1.2.6: Let Q be the field of rationals. The neutrosophic 
field of rationals is generated by Q and I denoted by Q(I). 


DEFINITION 1.2.4: Let K(I) be a neutrosophic field we say K(1) 
is a prime neutrosophic field if K(I) has no proper subfield, 
which is a neutrosophic field. 


Example 1.2.7: Q(1) is a prime neutrosophic field where as R(I) 
is not a prime neutrosophic field for Q(I) < R(J). 


DEFINITION 1.2.5: Let K(I) be a neutrosophic field, P — K(I) is 
a neutrosophic subfield of P if P itself is a neutrosophic field. 
K(D will also be called as the extension neutrosophic field of 
the neutrosophic field P. 


We can also define neutrosophic fields of prime characteristic p 
(p is a prime). 


DEFINITION 1.2.6: Let Z, = {0,1, 2, .... p—1} be the prime field 
of characteristic p. (Z, I) is defined to be the neutrosophic 
field of characteristic p. Infact (Z, UI) is generated by Z, and I 
and (Z, UI) is a prime neutrosophic field of characteristic p. 


Example 1.2.8: Z; = {0, 1, 2, 3, ..., 6} be the prime field of 
characteristic 7. (Z; U I) = {0, 1, 2, ..., 6, I, 21, ..., 61, 1 + I, 1 + 
21, ...,6+ 61 } is the prime field of characteristic 7. 


DEFINITION 1.2.7: Let G(J) by an additive abelian neutrosophic 
group and K any field. If G(1) is a vector space over K then we 
call G() a neutrosophic vector space over K. 


Elements of these neutrosophic fields will also be known as 
neutrosophic numbers. For more about neutrosophy please refer 
[36-43].We see Z,1 = {al | a € Z,} is a neutrosophic field called 
pure neutrosophic field. Likewise QI, RI and Z,I are 
neutrosophic fields where p is a prime. Thus ZI = {0, I, 21, 31, 
AI} is a pure neutrosophic field. For more about neutrosophic 
vector spaces please refer [53]. 


Chapter Two 


NEUTROSOPHIC LINEAR BIALGEBRA 


In this chapter we introduce the notion of neutrosophic linear 
bialgebras and describe a few properties about them. Strong 
neutrosophic linear bialgebra are also introduced. This chapter 
has four sections. In section one, we introduce the new notion of 
neutrosophic bivector space. Strong neutrosophic bivector 
spaces are introduced in section two. Section three introduces 
the notion of neutrosophic bivector space of type III. Section 
four studies the biinner product in strong neutrosophic bivector 
space. 


2.1 Neutrosophic Bivector Spaces 


In this section we introduce the notion of neutrosophic bivector 
spaces and study their properties. 


DEFINITION 2.1.1: Let V = V; VU V> where each JV; is a 
neutrosophic vector space over the same field F and V; 4 V,, V; 
g V,;and V; & Vi; I Si, j <2, then we define V to be a 
neutrosophic bivector space over the real field F. 


Note: We assume here F is just a real field that is F is Q or Z, or 
R or C. (va prime n <0), 


We will illustrate this by some simple examples. 


Example 2.1.1: Let V; = (QUI) =N(Q) = {a+ bI | a, b € Q} 
be a neutrosophic vector space over Q. Take 


i 


a neutrosophic vector space over Q. V = Vi U Vo is a 
neutrosophic bivector space over Q. 


a,b,c,de No} 


Example 2.1.2: Let V=V, U V2 = {N(Q)[x]} U {(a, b, c) | a, b, 
c € N(Q)}. V is a ncutrosophic bivector space over Q. 


Now we will define a quasi neutrosophic bivector space. 


DEFINITION 2.1.2: Let V = V; UV, be such that V; is a vector 
space over the real field F and V> is a neutrosophic vector 
space over F. We define V =V; U'V> to be a quasi- neutrosophic 
bivector space over F. 


We will give some examples of quasi neutrosophic bivector 
spaces. 


Example 2.1.3: Let V = V, U V2 where V; = {Z,[x] | all 
polynomials in the variable x with coefficients from Z;} is a 
vector space over Z; and V2 = {(Z, 1 x Z7 1x Z, 1x Z, D= {(a, 
b, c, d) | a, b, c, d € Z7 I$} is a neutrosophic vector space over 


Z;. Then V = V, U V>z is a quasi neutrosophic bivector space 
over Z7. 


Example 2.1.4: Let V = V, U V2 where V; = {QxQxQxQx 
R} = {(a, b, c, d, e) | a, b, c, d e Q ande € R} is a vector space 
over Q and V2 = {QI x Q x QI x Q x QI} = {(a, b, c, d, e) | a,c, 
e € QI and b, d € Q} is a neutrosophic vector space over Q. 
Thus V = V, U V>% is a quasi neutrosophic bivector space over 


Q. 

Now we define substructures of these structures. 

DEFINITION 2.1.3: Let V = V; U V2 be a neutrosophic bivector 
space over the field F. Le!teW = W, UW CV, UJ; be such that 
W is a neutrosophic bivector space over F, then we define W to 
be a neutrosophic bivector subspace of V over F. 


We will illustrate this by some examples. 


Example 2.1.5: Let V=V,U V2 


b 
= {Z3I x Z31 x 231 x Z3I} U (( 
Cc 


a,b,c,de ne} 


be a neutrosophic bivector space over the field Z3. Let W = W, 
U W>2 


= (ado.nianezn o {' i) 
c d 


a,b,c,de 2 
CV, U V2; W is aneutrosophic bivector subspace of V over the 
field Z3. 


Example 2.1.6: Let V=V,U V2 


“now {? ie : 
c dfih 


sheds.hete ot} 


be a neutrosophic bivector space over the field Q. Let W = W, 


UW) 
=O18 a be g 
- 000 0 


Cc V; U V2, W is a neutrosophic bivector subspace of V over the 
field Q. 


a,b,e,g <at} 


DEFINITION 2.1.4: Let V = V; U V2 be a neutrosophic bivector 
space over the field F. LeteW = W, UW CV, UJ> be such that 
W is only a quasi neutrosophic bivector space over F; that is 
one of W, or W> is only a neutrosophic vector space over F and 
other is just a vector space over the field F; then we call W to be 
a pseudo quasi neutrosophic bivector subspace of V over the 
field F. 


Example 2.1.7: Let V = V; U V2 where V, = (Z51 x Zs 1 x Zs 1) 
a neutrosophic vector space over Zs; and V2 = N(Zs)[x] a 
neutrosophic bivector space over Zs. V = V; U V> is a 
neutrosophic bivector space over the field Zs. 

Take W = W,; U W2= {ZsI x {0} x {0}} U {ZsI [x]} CV 
U V2; W is a pseudo quasi neutrosophic bivector subspace of V 
over Zs. 


Example 2.1.8: Let V=V,U V2 


bic 
= \/d e f jja,b,c,d,e,f,g,h,ie RI? U 


a, a, a, a, 4, 
b, b, b, b, »b, 


irc) 


a,,b; €e N(Q);1sis 


be a neutrosophic bivector space over the field Q. 
Take W = W,UW? 


a be 
=<10 d eljfa,b,c,dve,f QI? U 
00f 


a a a4, a, 4; 
0 0 0 0 O 


< V, U V2; W is a pseudo quasi neutrosophic bivector subspace 
of V over the field Q. 


a <qisiss| 


DEFINITION 2.1.5: Let V = V; U V2 be a neutrosophic bivector 
space over the field F. Suppose W = W, UW2cV, UV>2is such 
that W is just a bivector space over the field F then we define W 
to be a pseudo bivector subspace of V over the field F. 

We will give some examples of this notion. 


Example 2.1.9: Let V=V,U V2= 


a b 

ec d 
U ({N(Zi1) x N(Zi1) x N(Zi1) x N(Zi1)) be a neutrosophic 
bivector space over the field Z;,;. Let W = W; U W2= 


a b 
c d 
U {(a, b, c, d) | a, b,c, d € Zi;} GC Vi U V2 be a bivector space 


over Z;;. Thus W is a pseudo bivector subspace of V over the 
field Zit. 


a,b,c,de Nz) 


anedez} 


Example 2.1.10: Let V=V,U V2= 


a 4, 4; 
ay. es as 
U {N(Q) x N(Q) x N(Q) x N(Q)} be a neutrosophic bivector 


spaces over the field Q. 
Take W = W, UW2= 


a, a, a; 

a a: 
U (Q x Q x {0} x {0})} CV; U V2; W is a pseudo bivector 
subspace of V over the field Q. 


a, € N(Q);1<is< | 


a, <a:sis6| 


DEFINITION 2.1.6: Let V = V; U V2 be a neutrosophic bivector 
space over the field F. LetW = W, UW, CV, UV; be such that 
W is a neutrosophic bivector space over the subfield K c F. 
Then we call W to be a neutrosophic special bivector subspace 
of V over the subfield K of F. 
We will give some examples. 


Example 2.1.11: Let V = V,; U V2 = {RI[x]} U 


(aed 


be a neutrosophic bivector space over the field R. Take W = W, 


U Wo = {QI [x]} U 
a b 
0d 


sbedeR!| 


a,b,de | 


20 


c< V, U V2; W isa neutrosophic special bivector subspace of V 
over the subfield Q of R. 


Example 2.1.12: Let V=V, U V2 =(RIx RI x RDU 


ay Agr ay say 

as a, a, ag 
be a neutrosophic bivector space over the field Q (V2 ). Take W 
=W, VU Wo= {(QI x QI x QD} U 


a, a, a, a, 
0 0 0 0 
Cc V; U Vo, W is a neutrosophic special bivector subspace of V 


over the subfield Q CQ (V2 ). 


s eRhtsist} 


o <rtisisa| 


DEFINITION 2.1.7: Let V = V; U V2 be a neutrosophic bivector 
space over the field F. If V has no neutrosophic special bivector 
subspace then we call V to be a neutrosophic special simple 
bivector space over F. 


Example 2.1.13: Let V = V; U V2 = {QI x QL} U {QI x]} be a 
neutrosophic bivector space over the field F = Q. V is a 
neutrosophic special simple bivector space over Q as Q has no 
proper subfield. 


Example 2.1.14: Let V = Vi U V2 = Z231 x Zo31 x Z931 x Zy31} U 


a b 
ec d 
be a neutrosophic bivector space over the field Z23. V is a 


neutrosophic special simple bivector space over Z23 as Zo3 iS a 
prime field. 


a,b,c,de 2 


21 


In view of these examples we have the following interesting 
theorem. 


THEOREM 2.1.1: Let V = V; U V2 be a neutrosophic bivector 
space over the field F. If F is a prime field of characteristic zero 
or a prime p then V is a neutrosophic special simple bivector 
Space over F. 


Proof: Given F is a prime field of characteristic zero or a prime 
p, so F has no subfields. Thus for no W = W; U W2c V; U V2 
can be neutrosophic special bivector subspace of V = V; U V2 
as F has no subfield. Hence the claim. 


Now we proceed onto define the notion of neutrosophic bilinear 
algebra. 


DEFINITION 2.1.8: Let V = V; U V2 where both V; and V> are 
neutrosophic linear algebras over the field F, then we define V 
to be a neutrosophic bilinear algebra over F. 


We will illustrate this by some simple examples. 


Example 2.1.15: Let V=V, U0 V2= 


a b 

c d 
U (QI x QI x QI x QI x QI)} be a neutrosophic bilinear algebra 
over Q. 


a,b,c,de a 


Example 2.1.16: Let V=V,UV2= 


(: 9) 


V is aneutrosophic bilinear algebra over the field Zo. 


a, bite 2 U {Zool [x]}, 


22 


Now as in case of neutrosophic bivector spaces we can define 
the following substructures. 


DEFINITION 2.1.9: Let V = V; U V2 be a neutrosophic bilinear 
algebra over the field F. IfW = W; UW2 oV; U V2 is a 
neutrosophic bilinear algebra over the field F then we call W to 
be a neutrosophic bilinear subalgebra of V over the field F. 


We give an example. 


Example 2.1.17: Let V=V, U V2= 


oo 2 


be 
d e|ja,b,c,d,e,f e QI 
0f 


U {QI x QI x QI x QT} be a neutrosophic bilinear algebra over 
the field Q. 
Choose 


0 0 
b 0 |lja,b,c € QI 
0c 


U {QI x {0} x {0} x Q = W, UW. Cc Vi VU Vo; W is a 
neutrosophic bilinear subalgebra of V over Q. 


DEFINITION 2.1.10: Let V = V; UV, be a neutrosophic bilinear 
algebra over the field F. LeteW = W, UW, CV; Ud? bea 
neutrosophic bilinear algebra over a subfield K C F; then we 
define W to be a neutrosophic special bilinear subalgebra of V 
over the subfield K of F. If V has no special neutrosophic 
bilinear subalgebra’s then we call V to be a_ special 
neutrosophic simple bilinear algebra or neutrosophic special 
simple bilinear algebra. 
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We will illustrate this by some simple examples. 


Example 2.1.18: Let V=V, U V2= 


a b 

c d 
U {RI[x] be a neutrosophic bilinear algebra over the field R. 
Take W = W, UW2= 


a b 

c d 
U {QI[x]} < Vi U V2 ; W is a neutrosophic special bilinear 
algebra over the subfield Q of the field R. 


shed 


shedeat| 


Example 2.1.19: Let V=V,U V2 


a, a, a; 
=j|/a, a, a, ja, eQL1sis9 
ds. tig - Ay 


U {RI [x]} be a neutrosophic bilinear algebra over Q. Clearly V 
is a neutrosophic special simple bilinear algebra. 


Example 2.1.20: Let V = V, U V2 = {Z)1 [x]} U {ZI x ZI x 
Zl} be a neutrosophic bilinear algebra over the field Z7. V is a 
neutrosophic simple bilinear algebra. 


In view of these examples we have the following theorem, 
the proof of which is left as an exercise for the reader. 


THEOREM 2.1.2: Let V = V; U V2 be a neutrosophic bilinear 
algebra over the field F, where F is a prime field (i.e., F has no 
subfields other than itself). V is a neutrosophic special simple 
bilinear algebra. 
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DEFINITION 2.1.11: Let V = V; UV, be a neutrosophic bilinear 
algebra over a field F. Suppose W = W; UW, CV, U2 and if 
W is only a bilinear algebra over the field F, then we call W to 
be a pseudo bilinear subalgebra of V over the field F. 


Example 2.1.21: Let V=V, U V2= 


a b 

c d 
U {Q x QI x QI x Q} be a neutrosophic bilinear algebra over 
Q, where W = W, U W2 = 


(°°) 


U {Q x {0} x {0} x {0}} CV; U V2; W is a pseudo bilinear 
subalgebra of V over the field F. 


a,b,c,de no) 


sbesteQ| 


Example 2.1.22: Let V=V, U V2= 


a,b,c, d,e,f,g,h,k e N(R) 


yr mh 0 


a b 
de 
gh 


U {(a, b, c, d) | a, b, c, d € N(Q)} be a neutrosophic bilinear 
algebra over the field Q. Take W = W, U W2 = 


oo f 


bec 
d ella,b,c,dje,f eR 
0 f 
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U {(a, b, 0, d) | a, b, d e Q} CV) U V2; W is a pseudo bilinear 
subalgebra of V over Q. 


DEFINITION 2.1.12: Let V = V; UV> be a neutrosophic bilinear 
algebra over the field F. Let W = W, UW, CV; UV? bea 
proper bisubset of V which is just a neutrosophic bivector space 
over the field F. We define W to be a pseudo neutrosophic 
bivector subspace of V over F. 


We will illustrate this by some simple examples. 


Example 2.1.23: Let V=V,U V2= 


in) 
1 
Sax 
i=0 


a, €QLi -012,..052| U 


(°°) 


be a neutrosophic bilinear algebra over the field Q. Let W = W, 


UW2= 
QM i=0,1,2,....5 me 
a. €QI,i=0,1,2,...,5$ U 
: b 0 


Cc V; U V2, W is a pseudo neutrosophic bivector subspace of V 
over Q. 


shedeat| 


i=0 


a,b <a] 


Example 2.1.24: Let V=V, U V2= 


a be 
de f |ja,b,c,d,e,f,g,hieZ,,1 
gh 


i 
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U [Saw 


i=0 


a, €Z,,L1 H0;,2,.min sc 


be a neutrosophic bilinear algebra over the field Z,,. Let W = 
W,UW2= 


i=l 


oa ® 
coco of 
oo 0 


6 
a,b,c,deZ,I- U {Beaux 


a,E€Z,,L1 <is6| 


Cc V, U Vo, W is only a pseudo neutrosophic bivector subspace 
of V as we see 


c a’+bd ab ac 
O/= ad bd cd] ¢ W). 
0 0 0 O 


Similarly if we take a = 2x° + 3x + 1 and b = (2Ix° + 3Ix + 1) 
(3x* + 2x” + I) = 61x! + 4Ix® + 21x + 9Ix> + 61x? + 31x + 3Ix* 4 
2Ix? + I ¢ W> but a, b © W2. Thus W is only a neutrosophic 
bivector subspace of V and not a neutrosophic bilinear 
subalgebra of V over Z),. 


We have the following interesting theorem, the proof of which 
is left as an exercise for the reader. 


THEOREM 2.1.3: Let V = V; U V2 be a neutrosophic bilinear 
algebra over the field F. V is clearly a neutrosophic bivector 
space over the field F. If V is a neutrosophic bivector space over 
the field F then in general V is not a neutrosophic bilinear 
algebra over the field F. 


DEFINITION 2.1.13: Let V = V; U V2 where V; is only a 
neutrosophic linear algebra over the field F and V> is just a 
linear algebra over F then we define V = V; UV> to be a quasi 
neutrosophic bilinear algebra over the field F. 
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We illustrate this by some examples. 


Example 2.1.25: Let V=V, U V2= 


lee 


be a quasi neutrosophic bilinear algebra over the field Q. 
Example 2.1.26: Let V=V, U V2= 


(Jase fbb 


V is a quasi neutrosophic bilinear algebra over the field Q. 


sheder| U {(abcdef)|a,b,c, d,e, fe QI} 


sheaeal| U {Saw 
i=0 


DEFINITION 2.1.14: Let V = V; UV>2 where V; is a neutrosophic 
vector space over the field F and V> is a neutrosophic linear 
algebra over the field F. V = V; U V3 is defined to be a pseudo 
neutrosophic quasi bilinear algebra over F. 


We will illustrate this by some simple examples. 


Example 2.1.27: Let V=V, U V2= 
a be 
c df 
{: i 
U 
c d 


V is a pseudo neutrosophic quasi bilinear algebra over the field 


Q. 


a,b,c,d,e,f <a] 


a,b,c,de€ NO) ' 
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Example 2.1.28: Let V=V, U V2= 


i=0 


1, <Qhosiss} U 


a be 
d e f jja,b,c,d,e,f,g,h,ieRI}; 
gh 


i 


V is a pseudo neutrosophic quasi bilinear algebra over the field 
Q. 

We can have for any neutrosophic bilinear algebra V a 
substructure which is a pseudo neutrosophic quasi bilinear 
subalgebra of V. 


DEFINITION 2.1.15: Let V = V; UV> be a neutrosophic bilinear 
algebra over a field F. Suppose W = W; UW; CV; U V2 such 
that W, is a neutrosophic vector space over F and W> is a 
neutrosophic linear algebra over F then we define W to be a 
pseudo neutrosophic quasi bilinear subalgebra of V over the 
field F. 

We will illustrate this by some simple examples. 


Example 2.1.29: Let V=V, U V2= 


a b 

c d 
U {(a, b, c, d, e, f) | a, b, c, d, e, f € QI} be a neutrosophic 
bilinear algebra over the field Q. Take W = W; U W2= 


(ees 


rece] 


sre ar} U {(a0c0e0)|a,c,e e QL 
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c V; U V2 W is a pseudo neutrosophic quasi bilinear 
subalgebra of V over the field Q. 


Example 2.1.30: Let V=V,U V2= 


i=0 


1,eZ,h0sisnse| U 


a bc 
de f |ja,b,c,d,e,f,g,h,ieZ,,I 
g hi 

be a neutrosophic bilinear algebra over the field Z);7. Choose W 


=W,UW2= 


i=0 


mn . 
Sax’ 


seZh0si<n so} U 


a 0 0 
b 0 O|fa,b,c,ee ZI 
c e 0 


c V; U V2; W is only a pseudo neutrosophic quasi bilinear 
subalgebra of V over the field Z)7. 


We see 
a 0 0 
b 0 O| € Wp 
c e 0 
But 
a 0 O)\)/a O 0 
b 0 O} |b O 0] € Wy 
c e 0) \c e 0 
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Now we proceed onto define linear bitransformation of a 
neutrosophic bivector space and neutrosophic bilinear algebra 
over the field F. 


DEFINITION 2.1.16: Let V = V; UV> be a neutrosophic bivector 
space over a field F and W = W; UW; be another neutrosophic 
bivector space over the same field F. 

Define T = T; UT>: V= V, UV, >We W, U W) as 
follows T;; Vi; > W; i = I, 2 is just a neutrosophic linear 
transformation from V; to W;. This T = T; UT) is a neutrosophic 
linear bitransformation of V into W. If W = V then we call the 
neutrosophic linear bitransformation as neutrosophic linear 
bioperator. We denote it by BN;(V,W) = {set of all neutrosophic 
linear bitransformations of V = V; U V2 to W = W, VU W>}; 
BN-(V,W) = BN-(V, Wi) U BNr (V3, W)). BN;(V,V) = {set of 
all neutrosophic linear bioperators of V to V and BN;(V;, Vi) VU 
BNr(V2, V2) = BNe (V,V). 


Interested reader can study the algebraic structures of 
BN;(V,W) and BN;(V,V). However we give an example of 
each. 


Example 2.1.31: Let V=V, U V2= 


(eShoafofi ts 


and W = W, U W2= {QI x QI x QU 


i=0 


a,b,c,d,e,f <ar} 


a; eQhisiss| 


be neutrosophic bivector spaces over the field Q. Define T = T, 
UT,:V=V;, U V2 > W= W, U W?2 where T, [Vy >W, and 
T.: V2 > W2as follows: 
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al Ses 
El gccg/|y ee) 


and 


a. Bb. « P , 
To = {a+ bx + cx’ + dx 
def 


t+ ex’ + fx° | a, b, c, d, e, f € QT}. 


Clearly T = T; U Ty is a neutrosophic linear bitransformation of 
V to W. 


Example 2.1.32: Let V=V, U V2= 


a b 
c d 
U {ZI x ZI x ZI x Z7]} be a neutrosophic bivector space over 


the field Z7. T=T,; UT: V= Vi U V2 9 V=VLU V2, where 
Ti: Vi —> Vi 


a,b,c,de€ z1| 


and 
T> : V> > V> 


he tes 


T> (a, b, c, d) = (a, b +c, d,a+d). 


is as follows. 


and 


It is easily verified. T is a neutrosophic linear bioperator on V. 


2.2 Strong Neutrosophic Bivector Spaces 


In this section we for the first time introduce the notion of 
strong neutrosophic bivector spaces and study them. 
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DEFINITION 2.2.1: Let V = V; U V> where V; and V> are 
neutrosophic additive abelian groups. Suppose V = V; UV2is a 
neutrosophic bivector space over a neutrosophic field F then we 
call V to be a strong neutrosophic bivector space. 


We will give some examples. 


Example 2.2.1: Let V = V, U V2 = {ZsI [x]} U {ZsI x Zs] x 
Zsl} be a strong neutrosophic bivector space over the 
neutrosophic field Z;I. 


Example 2.2.2: Let V = V, U V2 = 
a b 

c d 

a bedef 

oh a> “p kd 


be a strong neutrosophic bivector space over the neutrosophic 
field QI. 


a,b,c,de€ | U 


a,b,c,d,e,f,g,h,i, j,k,le al 


DEFINITION 2.2.2: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic field K. IfW =W, UW2C 
V, U V2; and if W is a strong neutrosophic bivector space over 
the neutrosophic field K, then we call W to be a strong 
neutrosophic bivector subspace of V over the neutrosophic field 
F. 


We will illustrate this by some simple examples. 


Example 2.2.3: Let V=V,U V2 = 


e a, | 
a, a, a 


s <Quisis6| 
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a, a, 


a, a, ; 
U a, €QLI <1 <8 
as a 
a, ay 


be a strong neutrosophic bivector space over the neutrosophic 
field QI. Take W = W; U W>2 


_|fa, Oa, 
0 a, O 


a,,43;,a, <a} U 


a, a, 
0 0 
a,,4,,4;,a, € QI 
as a6 
0 O 


Cc V; U V2; W is a strong neutrosophic bivector subspace of V 
over the field QI. 


Example 2.2.4: Let V = V, U V2 = {QI x QI x QI} u {QI [x]} 
be a strong neutrosophic bivector space over the neutrosophic 
field QI. Take W = W; U W2= {(QI x {0} x QI} U 


8 
{Sax a, €QLO0<Sis | 


i=0 


Cc V; U V2, W 1s a strong neutrosophic bivector subspace of V 
over QI. 
Let us define the notion of strong neutrosophic bilinear algebra. 


DEFINITION 2.2.3: Let V = V; UV, be a neutrosophic bilinear 
algebra over the neutrosophic field K, we define V to be strong 


neutrosophic bilinear algebra over K. 


We will illustrate this by examples. 
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Example 2.2.5: Let V = V, U V2 = {QI [x]} U 


a b 

0d 
be the strong neutrosophic bilinear algebra over the 
neutrosophic field QI. 


a,b,de a 


Example 2.2.6: Let V = V,; U V2 = {QI x QI x QI x QI x QR U 


a b 

c d 
be a strong neutrosophic bilinear algebra over the neutrosophic 
field QI. 


a,b,c,de No) 


Example 2.2.7: Let V=V,U V2 = {Zy,1 x Zyl x ZiT} VU 


a be 
de f |/a,b,c,d,e,f,g,h,i e N(Z,,) 
g hi 


be a strong neutrosophic bilinear algebra over the neutrosophic 
field Z ne 


DEFINITION 2.2.4: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. IfW = W, UW, 
CV, Ud; be a strong neutrosophic bilinear algebra over K 
then we define W to be a strong neutrosophic bilinear 
subalgebra of V over the neutrosophic field K. 


Example 2.2.8: Let V=V,;U V2 = 


fe 


aneceo| 
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U {(a, b, c, d, e, f) | a, b, c, d, e, f © QI} be a strong 
neutrosophic bilinear algebra over the neutrosophic field K = 
QI. Take W = W,UW2= 


a 0 

0d 
U {(a, 0, 0, d, 0, f) | a, d, fe QL} GV; U V2; W is a strong 
neutrosophic bilinear subalgebra of V over K = QI. 


de at} 


Example 2.2.9: Let V = Vi U V2 = {Zy] [x]} U 


ie 


be a strong neutrosophic bilinear algebra over the neutrosophic 


field Z;I. 
ae 2 


Take W = W, U W2= 
: aa 
a; £2 i= 04.2.0} u|( 
aa 
Cc V, U V2; W is a strong neutrosophic bilinear subalgebra of V 
over the neutrosophic field ZI. 


a,b,c,de z1| 


i=0 


DEFINITION 2.2.5: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W = W; U 
W, CV, UV? where W, is just a neutrosophic vector space over 
the neutrosophic field K and W> is a neutrosophic linear 
subalgebra over the neutrosophic field K. W = W, VU Wy, is 
defined to be a pseudo strong neutrosophic linear subalgebra of 
V over K. 


We will illustrate this situation by some examples. 
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Example 2.2.10: Let V=V, U V2= 


ay a, a; 
a, a; a, jja, €Z,1<i<9 
a, ag ay 


U {Z1 [x]} be a neutrosophic bilinear algebra over the 
neutrosophic field ZI. 
Take W = W, U W2= 


oo 8 
ona) 


0 
b || a,b,ceZ,I- VU 
0 


[Sa 0<i<nji= 12, 


i=0 


c V; U V2; W is a pseudo strong neutrosophic bilinear 
subalgebra of V over the field ZI. 


Example 2.2.11: Let V=V, U V2= 


a b 

ec d 
U {Zy3I x Zo3l x Zo3] x Z231} be a strong neutrosophic bilinear 
algebra over the neutrosophic field Z 3]. Take W = W, U W2 = 


0d 

a 0 
U {000 b) | a,b € Z3I} Cc Vi U Vo, W is a pseudo strong 
neutrosophic bilinear subalgebra of V over Z3I. 


a,b,c,de 2 


a,de Za 
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Example 2.2.12: Let V = V, U V2 = {QI [x]} U 


c 
f |/a,b,c,d,e,f,g,h,i ¢ QI 


1 


> oo 


a 
d 
g 
be a strong neutrosophic bilinear algebra over the neutrosophic 


field QI. Take W = W; U W2= 


a 0 0 
s,Q) 0 b O|fa,b,de€QI 
00d 


n 
Dax 
i=0 


c V; U V2; W is a pseudo strong neutrosophic bilinear 
subalgebra of V over the field QI. 


DEFINITION 2.2.6: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W = W,; VU 
W, CV, UV; be a strong neutrosophic bivector space over the 
neutrosophic field K. W is defined as the strong pseudo 
neutrosophic bivector subspace of V over the field K. 


We illustrate this by some examples. 


Example 2.2.13: Let V=V, U V2= 


a be 
de f |la,b,c,d,e,f,ghie Zl U 
g hi 


i=0 


a, €Z,,]; Ih 
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be a strong neutrosophic bilinear algebra over the neutrosophic 
field 231. Take W = Ww, a W> = 


bc 
e f |ja,b,c,dje,feZ,.I7- U 
0 0 


oa 2 


a,€ ZK0si<9| 


i=0 


c V, U V2, W is a strong pseudo neutrosophic bivector 
subspace of V over the field Z,3I. 


Example 2.2.14: Let V=V, U V2= 


a, €Z,,51<5i<16 


a3 a4 ais 16 


U (Zax a, €Z,,]; i=h2.oh 


i=0 


be a strong neutrosophic bilinear algebra over the neutrosophic 
field ZI. Take W = W,UW2= 


a, a, a, a, 
Qe, Bg ay al 

ee ee eZ. ELee Re 
0 0 

0 0 0 O 
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6 . 
Sax 
i=0 


a, EZ, bi= Laat 


Cc V, U V3, W is pseudo strong neutrosophic bivector subspace 
of V over Z\I. 


DEFINITION 2.2.7: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Take W = W, VU 
W, <V, UV and F CK (F a field and is not a neutrosophic 
subfield of K). If W is a neutrosophic bilinear algebra over the 
field F then we define W to be a pseudo strong neutrosophic 
bilinear subalgebra of V over the subfield F of the neutrosophic 
field K. 


We will illustrate this by some examples. 


Example 2.2.15: Let V=V, U V2= 


a b 

c d 
be a strong neutrosophic bilinear subalgebra of V over the 
neutrosophic field QI. Take W = W,; U W2 = 


aoa 

aoa 
c V; U V2, W is a pseudo strong neutrosophic bilinear 
subalgebra of V over the subfield Q of N(Q). 


a; eN(Qi0sis| 


i=0 


a,b,c,de No) wy {Saw 


10H} U {Sax 


a, €Qli= On| 


DEFINITION 2.2.8: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W = W; U 
W, CV be a bivector space over the real field F cK. We call W 


= W, UW, CV, Ud? as a pseudo bivector subspace of V over 
the real subfield F of K. 
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We will illustrate this by some simple examples. 


Example 2.2.16: Let V=V, U V2= 


a b 

c d 
be a neutrosophic bilinear algebra over the neutrosophic field 
N(Q). Take W = W, U W2 = 


las 


CV; U V2, W is a pseudo bivector space over the field Q. 


sredeno)| U {Saw 


a, € N(Q);i=9, 9} 


8 
a,b <<} U (daw 
i=0 


a, EQii= 0. 2enbh 


Example 2.2.17: Let V=V, U V2 = 
a 0 0 
0 b O}fa,b,ceZ,oI 
0 0c 


U  {(N(Zo9) x N(Zo9) x N(Zo9) x N(Zo9))} be a strong 
neutrosophic bilinear algebra over the neutrosophic field N(Z29). 
Take W = W, U W2 = 


0 0 
b 0 |Ia,b,c € Z,, ¢U {(Za9 xX Zo9 x {0} x {0})} 
0 


oo fm 


fo) 


Cc V, U V2; W is a pseudo bivector subspace of V over the field 
Z9. 


DEFINITION 2.2.9: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic field K. Let W = W, VU 
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W, CV, UJ; be a bilinear algebra over a real subfield F of K. 
We define W to be a pseudo bilinear subalgebra of V over the 
field F. 


We will illustrate this by some simple examples. 


Example 2.2.18: Let V=V, U V2= 
a b 
c d 


2. : 
D3 a 
i=0 


a,b,c,de No) U 


a; € N(Q);i = 0, ieee -| 


be a strong neutrosophic bilinear algebra over the neutrosophic 
field N(Q). Take W = W,; U W2 = 


la 


c<V,U V2; W isa pseudo bilinear subalgebra of V over Q. 


a,b,c,de a| U {Saw 
i=0 


a, €Q;1=0, 1...., -| 


Example 2.2.19: Let V=V, U V2= 


fo) 


a,b,c,d,e,f,g,h,ie N(Z,,) 


ooo f 
oon ot 
o we o 

= Er rh 


U {(N(Zi7) x N(Zi7) x N(Zi7) x N(Zi7) x N(Zi7))} be a strong 
neutrosophic bilinear algebra over the neutrosophic field N(Z7). 
Take W = W, UW2= 


42 


a,b,c,de€ Z,, 


BIS 1S 
coor o& 
SoG: oS. 6 
a co oOo SO 


U {Zi7 x {0} x Zi7 x {0} x Zi7} C Vi U V2; W is a pseudo 
bilinear subalgebra of V over the field Z)7 C N(Z7). 


DEFINITION 2.2.10: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let W = W, UW, 
be a strong neutrosophic bivector space over the same 
neutrosophic field K. LetT: V >Wi.e, T=T, UT): Vi UV? 
> W, UW, be a bimap such that T, : V; > W; is a strong 
neutrosophic linear transformation from V; to W;; i = 1,2. We 
define T = T,; U T> to be a strong neutrosophic linear 
bitransformation from V to W. If W = V then we call T to be a 
strong neutrosophic linear bioperator on V. 

SNHomx (V, W) denotes the set of all strong neutrosophic 
linear bitransformations from V to W. 

SNHomx (V, V) denotes the set of all strong neutrosophic 
linear bioperator from V to V. 


Interested reader is requested to give examples. 

Also the study of substructure preserving strong 
neutrosophic linear bitransformations (bioperators) is an 
interesting field of research. 


Now we proceed onto define bilinearly independent bivectors 
and other related properties. 


DEFINITION 2.2.11: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic field K. A proper bisubset 
S=S) US; CV; UV? is said to be a bibasis of V if S is a 
bilinearly independent biset and each S; C V; generates V;; that 
is S; is a basis of V; true for i = 1, 2. 
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DEFINITION 2.2.12: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let X =X, UX2C 
V; U V2 be a biset of V, we say X is a linearly biindependent 
bisubset of V over K if each of the subsets X; contained in V; is a 
linearly independent subset of V; over the K; i = 1, 2. 


The reader is expected to prove the following: 


THEOREM 2.2.1: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let B = B; UBzbe 
a bibasis of V over K then B is a linearly biindependent subset 
of V over K. If X = X, UX be a bisubset of V which is bilinearly 
independent bisubset of V then X in general need not be a 
bibasis of V over K. 


We will explain this by some examples. 


Example 2.2.20: Let V=V, U V2= {(QI x QE x QD} U 


i=0 


OSi<sn<soma,; <a} 


be a strong neutrosophic bivector space over the neutrosophic 
Held OL Let B =B, U Bo= {(I, 0, 0), (0, I, 0), (0, 0, D} U {I, Ix, 
Ix’, ..., Ix", ..., Ix” } & Vi U V2 be a bibasis of V over the 
FeutOUGOhIS field QI. Take X = X; U X= {I, 0, 20), (0, 31, I} 
U {I, Ix, Ix’, Ix?, Ix} CV, U V2; X is a linearly independent 
bisubset of V but is not a bibasis of V over QI. 


Example 2.2.21: Let V=V, U V2= 


a b aioe ag. Ay 
a,b,c,de€Z,,I- U 
e d a, a; a 


be a strong neutrosophic bivector space over the neutrosophic 
field Z)31. Let B= B; U Bo= 


a,eZ,b1<1s | 
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{(c oo a(t sho alte 
Cee 
(as a Gee 


CV, U Vo, Bisa bibasis of V over Z)3I. Take X = 
I I\f0 0 
‘ U 
0 O/\I I 
31 0 I\f/0 I 4I\f/0 I O 
0 0 O}\1 I 0/21 0 41 


=X, U X.c V; U V, X is only a linearly independent biset of 
V but is not a bibasis of V over Z)3I. 


DEFINITION 2.2.13: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic field K. Let X = X; UX) C 
V, UV2, if X is not a bilinearly independent bisubset of V then 
we say X is a bilinearly dependent bisubset of V. 


Example 2.2.22: Let V = V,; U V2= {QI x QI x QI x QI} U 


1 <Qh0sis5| 


i=0 


be a strong neutrosophic bivector space over the neutrosophic 
field QI. Let X = X, U X2 = {(I, L, 0, 0), (0, L, I, 0), (0, 0, I, 1), (1, 
LL D, GL 21, L 0)} Uf, Ix’, 1 + 31x’, 5Ix? + 31x’, Ix? + 31x + 
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5Ix? + 3Ix*} cV, U V>. It is easily verified X is a linearly 
dependent bisubset of V over QI. 


Example 2.2.23: Let V = V, U V2= 


a b 

c d 
be a strong neutrosophic bilinear algebra over the neutrosophic 
field Zol. B= B, U Bo = 


{lo oda a} ole a)} eae ant 
F ; : U (I, Ix, Ix’, ..., Ix", ...} 
0 0/\0 O/\I O/\0O I 


is a bibasis of B. 
I I(t o)(1 (1 (0 1 
0 I/lo oli If\t Ilo o 


U {I+ Ix? + Ix? + Ix’, Ix’, L, Ix, 1+ Ix} is a linearly dependent 
bisubset of V over ZI. The number of bielements in the bibasis 
B=B, U B» is the bidimension of V = V; U V>, denoted by | B | 
= ([Bj|, |Bz]). 

If| B | = (Bi, |Bz|) = (a, m) and if n < «© and m < then we 
say V is a finite bidimensional strong neutrosophic bilinear 
algebra (bivector space) over the neutrosophic field K. Even if 
one of m or n is © or both m and n is infinite then we say the 
bidimension of V is infinite. 


0<is<oja, <7] 


i=0 


a,b,c,de 2 U {daw 


Example 2.2.24: Let V=V, UV2= 


a b 

ec d 
be a strong neutrosophic bivector space over the neutrosophic 
field QI. B=B, U B= 


a,b,c,de a U {QI x QI x QT} 
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I 0)/0 I\(0 O0)/0 0 

0 o/\o oJ 0/0 1 
U {10 0), (0, I, 0) (0, 0, I} c Vy U V2; B is a bibasis of V over 
QI and the bidimension of V is finite (4, 3). 


Example 2.2.25: Let V=V, U V2 = 


a, € zt} U {(Zo1 x Z,])} 


ce : 
Dax’ 
i=0 


be a strong neutrosophic bivector space over Z,I. B = By U By = 
{, Ix, Ix’, ..., Ix", ... 0} U {(L 0), (0, D} C Vi U V2 is a bibasis 
of V over Z,I. The bidimension of V is («, 2). 


Example 2.2.26: Let V = V, U V2= 


a, € QLbi= Ldn} U 


2. . 

1 

Dax 
i=0 


a b 

c d 
be a strong neutrosophic bilinear algebra over the neutrosophic 
field QI. B= B, U Bo = {L, Ix, Ix’, ..., Ix", ...} U {an infinite 


basis for V2} is a bibasis of V over QI. Thus the bidimension of 
V is infinite and |B] = (, «). 


a,b,c,de | 


Example 2.2.27: Let V=V, U V2= 


i) 


a,b,c,de a U {RI x RI} 
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be a strong neutrosophic bivector space over the neutrosophic 
field QI. Take B = B,; U B) = 


I 0\/0 I\/0 O)/(0 0 

0 o}\o o/\1 0/0 1 
U {An infinite set}, B is a bibasis of V over QI. The 
bidimension of V is (4, 00); thus the bidimension of V is infinite. 
It is interesting to note that if V and W are strong neutrosophic 
bivector spaces over the neutrosophic field K. Suppose 
bidimension of V is (nj, m2) then we say the bidimension of V 


and W are the same if and only if W is just of bidimension (n, 
No) Or (No, ny). 


DEFINITION 2.2.14: Let V = V; UV and W = W, U W> be two 
strong neutrosophic bivector spaces over the neutrosophic field 
K. Let T = T; U T> be a bilinear transformation (linear 
bitransformation) from V to W defined by T;: V; > W,, i = I, 2, 
J = 1, 2, such that T; : V; > W, and T, : V2 > W, or T;: Vi > 
W, and T> : V2 > W,. The bikernel of T denoted by kerT = kerT, 
U kerT where ker T; ={V EV; | T(V) = 0; i =1, 2}. Thus biker 
T={(V, V) EV, UV) / TV, ¥) = TV) UT(Y) = 0 U0}. 


It is easily verified ker T is a proper neutrosophic bisubgroup of 
V. Further ker T is a strong neutrosophic bisubspace of V. 


Example 2.2.28: Let V = V, U V2 = 


& a, a 
a, a, a, 


1 <0hisis6| U 


a, a, 
a, a, 
a, €QI,1<i<8 
a; a6 
ays 
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be a strong neutrosophic bivector space over QI. W = W,; U W2 


a, a, a, 
s,eQh0si<7} v 0 a, a, |ja,; eQLO<i<6 
0 0 a 


i=0 


be a strong neutrosophic bivector space over QI. Define a bimap 
T=T,; UT2: Vi U V2 > W, VU W2 by T; : Vi  W?2 and T; : 
V2 —> W; such that 


0 a, 
and 
a, a, 
7 
T,| > “4 = \'ax 
ee = 
a, a 


where a; — ao, a2 > aj, A3 — Ad, Ag > A3, AS > Ad, AG — As, AZ > 
a and ag > az. 
T =T, UT}? 18a linear bimap. 


0 0 
biker T= 5/0 0 
0 0 


oOo oOo. 2 © 
ooo Oo 


Interested reader can construct more examples in which 
biker T is a proper non zero neutrosophic bisubspace of V. We 
will prove results when we define strong neutrosophic n-vector 
spaces n > 2, for n = 2 gives the strong neutrosophic bivector 
space. Further neutrosophic bivector spaces (bilinear algebras) 
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and the strong neutrosophic bivector spaces (bilinear algebras) 
which we have defined in sections 2.1 and 2.2 are type I 
neutrosophic bivector spaces and strong neutrosophic bivector 
spaces respectively. In the following section we define type II 
neutrosophic bivector spaces (bilinear algebras). 


2.3 Neutrosophic Bivector Spaces of Type II 


In this section we proceed onto define neutrosophic bivector 
spaces of type II and neutrosophic linear bialgebras (or bilinear 
algebras) of type II. We discuss several interesting properties 
about them. We also give the difference between type I and type 
II neutrosophic bivector spaces. 


DEFINITION 2.3.1: Let V = V; UV>2 where V; is a neutrosophic 
vector space over the real field F; and V2 is a neutrosophic 
vector space over the real field F) such that F; #F 2, F; ¢ Fo, F2 
CF; and V, 4V2,Vi ZV> and Vo ZV}. 

We call V to be a neutrosophic bivector space over the 
bifield F = F; UF» of type I. 
We will illustrate this by some simple examples. 


Example 2.3.1: Let V = V; U V2 where 


fe: 


be a neutrosophic vector space over the field Z7 and 


a,b,c,de 2 


a 4; 
Vo= 5/4; a, |Ja; e N(Q),1<i<6 
as a6 


is a neutrosophic vector space over the field Q. V=V; U V2 isa 
neutrosophic bivector space over the bifield F = Z; U Q of type 
I. 


50 


Example 2.3.2: Let V = V, U V2 where V; = {QI [x]} a 
neutrosophic vector space over the field Q and V2 = 


oo 


b 0 
d e/la,b,c,d,¢feZ,, 
of 


be a neutrosophic vector space over the field Z1;. V = Vi U V2 
is a neutrosophic bivector space over the bifield F = Q U Zi, of 
type II. 


Example 2.3.3: Let V = Vi U V> where Vi = {Zi3] x Z131 x Z431 
x Z131} is a neutrosophic vector space over the field Z;; and 


a, a, a, a 
V2 = 1 2 3 4 
ae Ags “By By 
be a neutrosophic vector space over the field Z23. V = V; U V2 


is a neutrosophic bivector space over the bifield F = Z)3 U Zy3 of 
type II. 


a; cy i58) 


DEFINITION 2.3.2: Let V = V; U V2 be a neutrosophic bivector 
space over the bifield F = F; UF; of type II. Let W = W,; UW, 
CV, Ud>%, if W is a neutrosophic bivector space over the bifield 
F = F, UF» of type II, then we call W to be a neutrosophic 
bivector subspace of V over the bifield F = F, UF; of type II. 


We will illustrate this by examples. 


Example 2.3.4: Let V=V,;U V2 = 


(3) 


a,b,c,de€ 21 U 
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a, a, a; a, 

Hie “Gg. dee dy 
be a neutrosophic bivector space of V over the bifield F = Z7 U 
Zi; of type II. Take W = W; U Wo = 


lee 
[Pee ee 


Cc V, U V2; W is a neutrosophic bivector subspace of V over the 
bifield Z7 U Z1; of type II. 


a, <2 L1siss| 


a,be 2 U 


a, €Z,,Li=1, 2,4, ssa} 


Example 2.3.5: Let V=V, U V2 = 


a b 

c d 
U {Zigl x Zy3l x Zi3l x Zy31 x Zi31} be a neutrosophic bivector 
space over the bifield F = Q U Zj3 of type II. Take W = W; U 


(ees 


c V; U V2; W is a neutrosophic bivector subspace of V over the 
bifield F = Q U Z13. 

Now we define a substructures on these neutrosophic 
bivector spaces over the bifield. It is pertinent to mention here 
that the term type II will be suppressed as one can easily 
understand by the very definition it is distinct from type I. 


a,b,c,de a 


s<ay U {(aaaaa) |ae Z3]} 
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DEFINITION 2.3.3: Let V = V; U V2 be a neutrosophic bivector 
space over the real bifield F = F; UF. LetW = W; UW, CV, 
UV, and K = K; UK; CF, UF) = F. If W is a neutrosophic 
bivector space over the bifield K = K; UK; then we call W to be 


a special subneutrosophic bivector subspace of V over the 
bisubfield K of F. 


We will give an example of this definition. 


Example 2.3.6: Let V = V, U V2 = {Q(V2,V3)I x QW2,V3)R U 


a b 

c d 
be a neutrosophic bivector space over the bifield F = Q(v2 a ) 
LQ(V5,V7) =F. Take W = {Q(V2)Ix Q(W2)R.U 


aoa 

aoa 
=W,UW2C V; U V2, W is a special subneutrosophic bivector 
subspace of V over the subfield Q(V2) VQ(V5) = K,UK,¢c 


Q(V2,V3) UQWS,V7) =F. 


Now we define the neutrosophic bivector space V to be 
bisimple if V has no proper special subneutrosophic bivector 
subspace over a bisubfield. 


rede] 


»<005)} 


We will illustrate this by some examples. 


Example 2.3.7: Let V=V,U V2 = 


enu(' 
cd 
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a,b,c,de 2 


be a neutrosophic bivector space over the real bifield F = 
QUZ,. We see the real bifield is bisimple; i.e., it has no 
subbifields or bisubfields. So V is a bisimple neutrosophic 
bivector space over F. 


Example 2.3.8: Let V = VU V2 = {Zl x Zl x Zyl x ZT} U 


a b 
c d 
be a neutrosophic bivector space over the real bifield F = 
Z, U Z3. V is a bisimple neutrosophic bivector space over F. We 
see both Z, and Z; are prime fields of characteristic two and 


three respectively. 
In view of this we have the following theorem. 


aboster| 


THEOREM 2.3.1: Let V = V; UV> be a neutrosophic bivector 
space over a bifield F = F; UF>. If both F; and F, are prime 
fields then V is a bisimple neutrosophic bivector space over the 
real bifield F = F; UF». 


The proof of the above theorem is left as an exercise to the 
reader. A natural question arise; if one of the fields F, and F, 
alone is a prime field can we have some special type of 
substructures. In view of this we have the following definition. 


DEFINITION 2.3.4: Let V = V; UV> be a neutrosophic bivector 
space over the real bifield F = F,; UF) where one of F; or F> is 
a prime field. Let W = W,; UW, be such that W, is a neutrosophie vector 
subspace of vi Over _K; © F/ (¢2 is a prime field ) and W, is a 
neutrosophic vector subspace of Vz over F2; then we call W = 
W, UW; to be a quasi special neutrosophic bivector subspace 
of V over the quasi bisubfield K; UF». 


(if F = Fi UF, is a bifield, K; c F; is a proper subfield of F; 


then K,; U F, is called the quasi bisubfield of the bifield F = F, 
U F)). We will illustrate this by some examples. 


54 


Example 2.3.9: Let V=V,U V2 = 


a b 

c d 
U {RI x RI x RI} be a neutrosophic bivector space over the 
bifield F = Z17 U Q(V2,V3,V5,V7,V11). Take W = W; U W2 


=») eae; <8 
c d 
{RI x {0} x RE} Cc V; U Vo, W is a quasi special neutrosophic 


bivector subspace of V over the quasi bisubfield Z\7 U Q(v2 ) 
of the bifield F. 


a,b,c,de 2 


a,b,c,de tn U 


Example 2.3.10: Let V = V, U V2 = {Z7I [x]} U {RI x RI x RI} 
be a neutrosophic bivector space over the real bifield Z; U R. 
Let W=W, U W2= 


{ax 0<i<9;a, eZ} U {QIxQlx QR 


i=0 


c V, U V2; W is a quasi special neutrosophic bivector subspace 
of V over the real quasi bifield Z7 VQ GZ,UR. 


Now we proceed on to define the notion of bibasis of the 
neutrosophic bivector space of type II. 


DEFINITION 2.3.5: Let V = V; U V2 be a neutrosophic bivector 
space of type II over the bifield F = F; UF>. Let B = B; VB2 Cc 
V, UV, be a bisubset of V such that B; is a linearly independent 
bisubset of V;; and generates V; for i = 1, 2, then we call B to be 
bibasis of V over the bifield F; UF> = F. 


We will illustrate this by some simple examples. 
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Example 2.3.11: Let V=V,U V2= 


* a, i 
a, a, a, 


a, ay 


sezkosis6| U 


a ; 
Te Zt Leis 
as a, 


ag 


be a neutrosophic bivector space of type II over the bifield F = 


Z7 iJ Zs. 
Take B = B, \ B, 


_{(1 0 0)(0 I 0)\(0 0 I 
00 O/\0 0 O/\0 0 OV 
00 0)(/0 0 0)(0 0 0 
I 0 o}\o 1 oO} lo 0 TI 


I 0\(0 1)(0 0)\(0 0 
5 DAO OTE Oe ah, 
0 O;/|0 O}}0 O70 Oo 
0 0)/\0 o)\o O}lo Oo 
0 0\(0 0)(0 0)(0 0 
0 O|/0 O}]]0 O;]0 Oo 
I o7}0 I]}0 O;|0 oO 
0 0/\0 O}/\I O}lo I 


Cc V, U V2, B is a bibasis of V over the bifield. 
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Example 2.3.12: Let V=V, U V2= 


i 


be a neutrosophic bivector space over the bifield F = F; U F, = 
QU Z37. Take B = B, UB ,= 


aéZ,,] 


sar} U 


go 2 2 
oso 2 2 


an ee oe 
a 


Cc V, U V2, B is a bibasis of V over the bifield F = Q U Z37. 


DEFINITION 2.3.6: Let V = V; U V2 be a neutrosophic bivector 
space over the bifield F = F; UF). Let P= P; UP? cv; Ud; 
be a proper bisubset of V such that each P; is a linearly 
independent subset of V; over F;; i = 1, 2; then we define P = P; 
U P> to be a bilinearly independent bisubset of V over the 
bifield F = F, U F, or P is defined to be the linearly 
biindependent bisubset of V over the bifield F = F, UF). 


It is interesting and important to note that every bibasis is a 
linearly biindependent bisubset, but a linearly biindependent 
bisubset need not in general to be a bibasis of V over the bifield 
F, 

We will illustrate this situation by an example. 


Example 2.3.13: Let V=V, U V2= 
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ees 
eae 


be a neutrosophic bivector space of type II over the bifield F = 
QU Z,. Take B = B, U Bo = 


I 0)/(0 I)\/0 0)\/(0 0 
> ° > + U 
0 0/\0 O/\I 0/)\0 I 
I I 0)f0 0 I)fl Id 
> > Cc Vi U V>. 
00 O/\I 0 O/\0 I I 
Clearly B is a linearly biindependent bisubset of V but is not a 


bibasis of V. Thus in general every linearly biindependent 
bisubset of V need not be a bibasis of V. 


a,b,c,de n| U 


a,b; ezn1sis3| 


DEFINITION 2.3.7: Let V = V; UV be a neutrosophic bivector 
space over the bifield F = F; UF, and W = W, U W;, be 
another neutrosophic bivector space over the same bifield F = 
F, UF; that is V; and W, are vector spaces over the field F,, i = 
1, 2. Let T= T, UT> be a bimap from V to W; where T;: V; > 
W; is a linear transformation from V; to W;, i = 1, 2. We define T 
=7, VUI> V=V, UV > W = W, UW; to be a neutrosophic 
linear bitransformation of V to W of type II. 


We will illustrate this by a simple example. 


Example 2.3.14: Let V=V, U V2= 


es 


a,b,c,de 2 U 
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ap dy yg ay 

a, a, a, a, 
be a neutrosophic bivector space of type II over the bifield F = 
F, U F, = Z7 U Z13- Let W = Ww, U W> i {Z7] x Z71 x Z71 x Z7\} 


a, € Zaisiss| 


a, a, 
a; ay 
Us|a, a, jja,eZ,,b1<i<10 
a, a 
Ay Aig 


be a neutrosophic bivector space of type II over the bifield F = 
F), UF, HZ, VU Z3. 

Define T = T; U Tz: V = V, U V2 > W = W, U W2 where 
Ti: V; > W, and T2: V2 > W;j is defined by 


rel cael ae eee 
lige «Gl a, 0, C, 


and 


It is easily verified T is a linear bitransformation of V to W. 


Note: If we take in the definition 2.3.7; W = V then we call T to 
be a linear bioperator on V of type II. We will denote by 


NHom(V,W), the collection of all neutrosophic linear 
RUF, 


bitransformations of V to W. NHom(V,V) denotes the 


F,UF, 


collection of all neutrosophic linear bioperators of V to V. 
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Example 2.3.15: Let V=V,U V2= 
a b 
c d 

: a ae: Vr 
a, a, as ay Ai 


be a neutrosophic bivector space over the bifield F = Q U Zip. 


Define T= T,; U To: V=V; U V2 3 V=V;, U V2 where T): 
V, — V, and T2: V2 > V2 such that, 


sis fae) 


a,b,c,de al U 


a,€ Zohtsisia), 


where a, b € Zjol. 


It is easily verified T is a neutrosophic bilinear operator on 
V of type II. 


DEFINITION 2.3.8: Let V = V; UV, and W = W, U W; be two 
neutrosopic bivector spaces over the bifield F = F; UF). 

Let T=T, UT>: Vi; UV. = V > W, UW = W be a linear 
bitransformation of V to W. The bikernel of T denoted by ker T 
= ker T; Uker T) where ker T; = {v' €V,|T.(v')=03; i= 1, 2. 
Thus ker T = {(v', V) EV, OV2/ Tv’, V)} = {T)(V') UT’) = 
0 U0}. 


It is easily verified that ker T is a proper neutrosophic 
bisubgroup of V. Futher ker T is a neutrosophic bisubspace of 
V. 


The reader is expected to give some examples. 
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THEOREM 2.3.2: Let V = V; UV, and W = W, U W, be two 
neutrosophic bivector spaces over the bifield F = F; U F> of 
type II and suppose V is finite bidimensional. Let T = T, UT> be 
a neutrosophic bilinear transformation (linear 
bitransformation) of V into W. (T;: V; > W;; i = 1, 2). 

Then 
birank T + binullityT = (nj, nz) dim V 

= bidimension JV; 

that is (birank T =) rank T; U rank T, + (binullity T =) nullity 
T; Unullity T = (bidimension V = ) dimV; Udim V> = (nj, n2). 
(Here dim V; = nj; i = I, 2). 


The proof is left as an exercise to the reader. Further the 
following theorem is also left as an exercise to the reader. 


THEOREM 2.3.3: Let V = V; UV, and W = W, U Wy; be two 
neutrosophic bivector spaces over the bifield F = F,; UF. Let T 
= T, U T, and S = S; VU S> be neutrosophic bilinear 
transformations from V into W. The bifunction 


(T +S) = (T, VT,+S; US)) 
=. pt Spoils = 8p 

is defined by 

(T + S)(a@) ee (T; + $)) U(T) + Sx) (a) UG) 
= (7, +S) a; U(T) + Sia 
= (7, a + Say) 4 (Tra + SQ) 


is a neutrosophic linear bitransformation from V = V; U V> to 
W, UW). (a= a) VOD€ V, UDV)). IfC= C; UC) is a biscalar 
from the bifield then the bifunction 


(CT)a (C; UCy) (T; UT2) (a) U a) 


C,T, (O51 UC) T> a 


is a bilinear transformation (linear bitransformation ) from V 
into W. Thus the set of all linear bitransfomations defined by 
biaddition and scalar bimultiplication is a_neutrosophic 
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bivector space (vector bispace) over the same bifield F = F, vu 
F. 

Let NL(V, W) = NL'(V;, Wi) VU NL?(V2, W2) be a 
neutrosophic bivector space over the bifield F = F; UF». 

Further if V = V,; U V2 is a neutrosophic bivector space 
over the bifield F = F; UF) of finite bidimension (n;, nz) and W 
= W, UW) is a neutrosophic bivector space of finite dimension 
(m1, M2) over the same bifield F = F; UF». Then NL(V, W) is of 
finite bidimension and has (min), m2n2) bidimension over the 
same bifield F = F; UF». 


Further we have another interesting property about these 
neutrosophic bivector spaces. 

Let V = V, U Vo, W = W, U W2 and Z = Z, U Z, be three 
neutrosophic bivector spaces over the same bifield F = F; U Fy. 
Let T be a neutrosophic bilinear transformation from V into W 
and S be a neutrosophic linear bitransformation from W into Z. 
Then the bicomposed bifunction S o T = ST defined by ST(a) = 
S(T(q@)) is a neutrosophic bilinear transformation from V into Z. 
The reader is expected to prove the above claim. 


Now we proceed on to define the notion of neutrosophic 
bilinear algebra or neutrosophic linear bialgebra of type I over 
the bifield F = F, U F). 


DEFINITION 2.3.9: Let V = V; UV be a neutrosophic bivector 
space of type II over the bifield F = F; U F>. If each V; is a 
neutrosophic linear algebra over F;, i = 1, 2, then we call V to 
be a neutrosophic bilinear algebra over the bifield F = F; UF} 


of type IT. 


We will illustrate this by some simple examples. 


Example 2.3.16: Let 
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U {(a, b, c, d, e) | a, b, c, d, e € ZI} be a neutrosophic bivector 
space over the bifield F = Q U Z,. V is clearly a neutrosophic 
bilinear algebra over F. 


Example 2.3.17: Let V=V,U V2 


a a), 4; 
=4/a, a, a, |ja,eZ,Ij;1<i<9 
a a a 


9 

{Zi3I[x]; all polynomials in the variable x with coefficients from 
Zi31}; V is a neutrosophic bilinear algebra over the bifield F = 
ZU Zy3. 


Example 2.3.18: Let V=V, U V2 = 


ay a, b 
a 

aay ||apeZ,LIS1s6 ¥{( ‘| shsaeal], 
c 

as a 


V is only a neutrosophic bivector space over the bifield Z,;7 U 
Q. Clearly V is not a neutrosophic bilinear algebra over the 
bifield of type II as V; is not a neutrosophic linear algebra over 
the field Z7. 


Thus we have the following interesting result, the proof of 
which is left as an exercise for the reader. 


THEOREM 2.3.4: Let V = V; U V> be a neutrosophic bilinear 
algebra over a bifield F = F; UF) of type Il. Clearly V is a 
neutrosophic bivector space over the bifield F. However a 
neutrosophic bivector space of type II need not in general be a 
neutrosophic bilinear algebra of type IL. 
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Now we proceed on to define the new notion of neutrosophic 
linear bisubalgebra or neutrosophic bilinear sub algebra of type 
II 


DEFINITION 2.3.10: Let V = V; UV> be a neutrosophic bilinear 
algebra over a bifield F = F; U F> of type II. Take W = W, VU 
W, © V,; U V2; W is a neutrosophic sub bilinear algebra or 
neutrosophic bilinear subalgebra of V if W is itself a 
neutrosophic linear hialgebra of type II over the bifield F = F 
UF). 


We will illustrate this situation by some examples. 


Example 2.3.19: Let V=V,;U V2= 


a b 
c d 
U {(a a2 a3 a4 as ag) | a E Zol; 1 <i < 6} be a neutrosophic 


bilinear algebra of type II over the bifield F= QU Z). 
Take W = W, U W2 = 


aa 

aa 
c V; U V2, W is a neutrosophic bilinear subalgebra of V over 
the bifield F = Q U Z, of type IL. 


a,b,c,de a 


<Q U {(aaaaaa)|ae ZI} 


Example 2.3.20: Let V=V,; U V2= 


a, a, a, |la,eZ,[,1<i<9 
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U {QI[x]; all polynomials in the variable x with coefficients 
from QJ} be a neutrosophic bilinear algebra of type II over the 
bifield F = Z; UQ. 

Take W = W, UW2= 


a; a, a3 
O a, a, |ja, €Z,1;1<i<6 
0 0 a, 


U {All polynomials of even degree with coefficients from the 
field QI} c V; U V2; W is a neutrosophic bilinear subalgebra of 
V of type II over the bifield Z; U Q. 


DEFINITION 2.3.11: Let V = V; UV> be a neutrosophic bilinear 
algebra over a bifield F = F; UF> of type Il. Let W = W, UW, 
CV, U v2, suppose W is only a neutrosophic bivector space of 
type II over the bifield F = F; UF and is not a neutrosophic 
bilinear subalgebra of V of type II over the bifield F then we say 
W is a pseudo neutrosophic bivector subspace of V over the 
bifield F = F,; UF» of type Il. 


We will illustrate this by some examples. 


Example 2.3.21: Let 


sbedeQl 


U {ZI[x]; all polynomials in the variable x with coefficients 
from Z7I} be a neutrosophic bilinear algebra over the bifield F = 
F, UF, =QU Z,. Take W = W, U W2= 


(a 


a,e€ Ziasis20} 


20 
a,be a U {Sax 


i=0 
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c V\ U V2. Clearly W is only a bivector space over the bifield F 
=QvUZ,. For product of two elements is not defined in both W, 
and W>. Thus W is a pseudo neutrosophic bivector subspace of 
V over the bifield F = Q U Z,. 


Example 2.3.22: Let V=V, U V2= 


a be 
d e f |/a,b,c,d,e,f,g,h,ieZ,,I 
g hi 


U {(a, b, c) | a, b, ¢ € Zyl} be a neutrosophic bilinear algebra 
over the bifield F = Z|; U Zoo. Take W = W,; U W2= 


b 
0 |) a,b,c,d € Z,,I-U {(aaa) | a € Zoo] } 
0 


a oe 
oa oO 


c V; U V2; W is a pseudo neutrosophic bivector subspace of V 
as W, is only a neutrosophic vector space over Z,, which is not 
a neutrosophic linear algebra over Z,;, but W2 is neutrosophic 
linear algebra over Z2. Thus W is only a pseudo neutrosophic 
bivector subspace of V. 


Let V = V, U V> be a bivector space over the bifield F = F; U 
F,. A linear bitransformation f = f; U f: from V = V,; U V> into 
the bifield F = F, U F, of biscalars is called as a linear 
bifunctional or bilinear functional. 

However when the bivector space which are neutrosophic 
bivector spaces are defined over a real bifield F = F; U F) we 
see the notion of linear bifunctional is not possible. Hence to 
have the concept of linear bifunctional we need the bivector 
spaces to be defined over neutrosophic bifields. 

However we can define neutrosophic hyper bispace of a 
neutrosophic bivector space. 
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DEFINITION 2.3.12: Let V = V; U V2 be a finite dimensional 
neutrosophic bivector space of type II over the bifield F = F) VU 
F, of dimension (nj, nz). Let W = W; U Wy CV, U V2 be a 
neutrosophic bivector subspace of V of dimension ((n; — 1), (n2 
— 1)) over the bifield F = F, UF. Then we call W to be a 
neutrosophic hyper bispace of V. 


We will illustrate this situation by some examples. 


Example 2.3.23: Let V=V, U V2 = 


a b 

c d 
U {(a bc) | a, b, ¢ € Z71} be a neutrosophic bivector space of 
finite bidimension over the bifield F = Q U Zj7. Take W = W, VU 


(: 3) 


U {(a, b, 0) | a, b € Zy71} C Vi U V2; W is a neutrosophic hyper 
bisubspace of V over the bifield F = Q U Zi. 


a,b,c,de a 


a,b,de a 


Example 2.3.24: Let V=V, U V2 = 


8, 621) U a, a, |ja, €Z,I 


as a 


12 
{daw 


i=0 


be a neutrosophic bivector space over the bifield F = Z, U Z;3. 
Take W = 


a; € zt} U 


i=0 


u 
Dax 
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a, 0 |la, e Z,b1=1,2,3,5,6 


5 Ae 


Cc V,; U V2; W is neutrosophic hyper bispace of V over the 
bifield Z, U Z3. Clearly the bidimension of V is (13, 6) where 
the bidimension of W is (12, 5). 


The notion of biannihilator of a biset S of a neutrosophic 
bivector space over a real bifield cannot be defined as the notion 
of linear functional is undefined for these bispaces. 

We can define neutrosophic bipolynomial ring over the 
bifield F. Let F[x] = Fi[x] U F,[x] be such that Fi[x] is a 
polynomial ring over F; then we cannot call F[x] = F)[x] U F,[x] 
to be a neutrosophic bipolynomial biring over F; U F) as F; and 
F, are not neutrosophic fields they are only real fields. 


Now we can define yet another new substructure. 

DEFINITION 2.3.13: Let V = V; UV> be a neutrosophic bivector 
space over the bifield F = F; UF». LetW =W, UW cV; UV 
be such that W is just a bivector space over the real bifield F = 
F, UF); i.e., W is not a neutrosophic bivector space over the 
bifield F; then we call W to be a pseudo bivector subspace of V 
over the bifield F. 


We will illustrate this by the following examples. 


Example 2.3.25: Let V=V,UV2= 


a b 

c d 
U {(a, b, c, d, e, f) | a, b, c, d, e, f € N(Z,)} be a neutrosophic 
bivector space over the bifield F = Q U Zp. Take W = W, U Wo 


a,b,c,deé No) 
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_ f(a b 
c d 
U {(a, b, c, d, e, f) | a, b,c, d, e, fe Z2} CV; U Vo. Clearly W 


is only a bivector space over the bifield F. Thus W is a pseudo 
bivector subspace of V over the bifield F = Q U Zp. 


sheds} 


Example 2.3.26: Let V = Vi U V2 = £{Z17 I[x]; all polynomials 
in the variable x with coefficients from Z)7I} U 


a, a, a; 
a, G,. (SZ 
be a neutrosophic bivector space over the bifield F = Z,7 U Zy3. 
We see there does not exist a W = W; U W2 c V; U V> such 
that W is a bivector space over the bifield F = Z)7 U Z)3. 
Thus we see from this example that all neutrosophic 


bivector spaces need not in general contain pseudo bivector 
subspaces. 


a, € N(Z,, | 


In view of this we have the following result which proves the 
existence of a class of neutrosophic bivector spaces which do 
not contain pseudo bivector subspaces. 


THEOREM 2.3.5: Let V = V; U V2 be a neutrosophic bivector 
space over the real bifield F = F; UF >. Even if one of V; (or V>) 
has its entries from the neutrosophic field F iI (or Fol) then we 
see V has no pseudo bivector subspaces. 


Proof: We see in V = V, U V; the entries are in one of V, or V2 
or in both V; and V>, the entries are taken from FI (F2I) or from 
F,I and F.I. Since F; ¢ F,l; i= 1, 2 we see V; can never be a 
vector space over F; but only a neutrosophic vector space over 
Fj, i= 1, 2. Hence the claim. 
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We say a neutrosophic bivector space V = V, U V3 is a pseudo 
simple neutrosophic bivector space if V has no proper pseudo 
bivector subspace. 


Example 2.3.27: Let V=V, U V2= 


(° 


be a neutrosophic bivector space over the bifield F = Z7 UQ. V 
is a pseudo simple neutrosophic bivector space. 


a 
she del} * Ha. eQbI<i<4 
a 


a, 


Example 2.3.28: Let V = V, U V2 = {ZI [x]; all polynomials in 
the variable x with coefficients from the field Z),I} U {(ai, a, 
43, a4, as, a, a7) | aj € N(Q); 1 <1 < 7} be a neutrosophic 
bivector space over the bifield F = Z,, U Q. V is a pseudo 
simple neutrosophic bivector space over the bifield F. 


Now we proceed onto define the notion of quasi pseudo 
bivector subspace of a neutrosophic bivector space. 


DEFINITION 2.3.14: Let V = V; UV> be a neutrosophic bivector 
space over the bifield F = F; UF». LetW = W; UW, CV, Ud? 
where only one of W; or W> is a vector space over F; or F; and 
the other is a neutrosophic vector space over F’, or F then we 
call W to be a quasi pseudo bivector subspace of V over the 
bifield F =F), UF». 


We will illustrate this situation by some examples. 


Example 2.3.29: Let V = Vi U V2 = {(a, b, c, d) | a, b,c, d € 
Zi31} U 
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a a, a; 
5 a |]a, Ee N(Z,);1<i1<9 


Big tig Ay 


be a neutrosophic bivector space over the bifield F = Z)3 U Zs. 
Take W = W, U W2= {(a, a, a, a) |a © Zl} U 


a, a, a, |jla, €Z.3;1<1<9 


Cc V; U V2; W, is a neutrosophic vector subspace of V; over Z)3 
and W) is just vector space of V2 over Zs. We see W> is not a 
neutrosophic vector subspace of V2 over Zs. Thus W = W, U 
W> is a quasi pseudo bivector subspace of V over the bifield F = 
Z3 VU Zs. 


Example 2.3.30: Let V =V, U V2 = {N(Zj9)[x]; all polynomials 
in the variable x with coefficients from the field N(Zi9)} U 


ee 


be a neutrosophic bivector space over the bifield F = Z5 U Z.. 
Take W = W,; U W2 = {Zi[x]; the set of all polynomials in the 
variable x with coefficients from Z 9} U 


aaa 
{ ) ae 2 
aaa 


Cc V, U V2; W is a quasi pseudo bivector subspace of V over the 
bifield F = Zi9 W Za3. 


a,b,c,d,e,f € 2 
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Now it may so happen we can have for some neutrosophic 
bivector subspace both pseudo bivector subspace as well as 
quasi pseudo bivector subspaces. 

We will illustrate this situation by an example. 


Example 2.3.31: Let V=V, U V2= 


a b 
c d 
U {N(Za7)[x]; all polynomials in the variable x with coefficients 


from the neutrosophic field N(Z47)}be a neutrosophic bivector 
space over the bifield F = Q U Z47. Take W = W, U W2 = 


(eee! 


U [Za7[x]; all polynomials in the variable x with coefficients 
from the field Z47 C V; U V2; clearly W is a pseudo bivector 
subspace of V over the bifield F = Q U Zu. 


LetS=S,; US,= 
aa 
{ Jeo] 
aoa 


U {Za71[x]; all polynomials in the variable x with coefficients 
from Z471$ CV; U V>. S is a quasi pseudo bivector subspace of 
V. Thus V can have both types of bivector subspaces. 


a,b,c,de Noy} 


Finally we define subneutrosophic bivector subspace. 


DEFINITION 2.3.15: Let V = V; UV> be a neutrosophic bivector 
space over the bifield F = F; UF, LetW = W, UW, CV; Ud)2 
be a neutrosophic bivector space over the bisubfield K = K; VU 
K) CF, UF); K; CF;; K; is a proper subfield of F;; i = 1, 2. We 
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then call W to be a subneutrosophic bivector subspace of V over 
the subbifield K of the bifield F. If V = Vi; U V2 has no 
subneutrosophic bivector subspace then we call V to be a sub 
bisimple neutrosophic bivector space. 

We will illustrate this situation by some examples. 


Example 2.3.32: Let V=V, U V2= 


pes 


be a neutrosophic bivector space over the bifield, 


a,b,c,de Rl U {(a, b, c, d, e) | a, b, c, d, e € RI} 


F = Q(V2,V3,V7,V11,VI7) U Q(V19,V23, V43, V41,V7 ). 


Take W = W, U W2 = 


aa 

aa 
W = W; UL W> is a neutrosophic bivector space over the 
subbifield 


K = Q(v2,VI1,VI7) Uv Qv19,V41) 


= K,UK CF, UF». 


ski} {(a, a, a,a,a)|ae RI} CV, U Vo, 


Thus W is a subneutrosophic bivector subspace of V over the 
subbifield K = K, U Ko. 


Example 2.3.33: Let V=V, U V2 = 


: dy Ay a, | 
Ag A, Ag Ag Ag 
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fev) 


a 
Z,[x] 
: > I 
ee lia [ae 


be a neutrosophic bivector space over the bifield R U 
Z,[x] 


(x? +x +1) 


aaaaa 
aaaaa 


c V; U V2; W is a subneutrosophic bivector subspace of V over 
ZX] 


eee ee) 


© 


. Take W = W, U W2= 


aa 
* <0} U a aja, eZ, 


aia 


the subbifield K = K; UK» =QUZ,cCRU 


Now we proceed onto define the notion of strong neutrosophic 
bivector space and discuss a few important properties about 
them. 


DEFINITION 2.3.16: Let V = V; UV> be a neutrosophic bivector 
space over the neutrosophic bifield F = F,; UF, then we call V 
to be a strong neutrosophic bivector space of type II. 


We will illustrate this by some examples. 


Examples 2.3.34: Let V=V,U V2= 


a b 
c d 
U {(a, b, c, d, e, f, g) | a, b, c, d, e, f, g © Z, I} be a strong 


neutrosophic bivector space over the neutrosophic bifield F = F, 
U F, = QI U Zy1. 


a,b,c,de a 
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Example 2.3.35: Let V=V, U V2= 


k ay As *] 
a, a, a, ag 


a,€ Noutsiss} U 


ay a, a; 
a, as a, |ja, EN(Z,,);1<is9 
a; ag Ay 


be a strong neutrosophic bivector space over the neutrosophic 
bifield F = QI U ZI. 

We see strong neutrosophic bivector spaces are defined over 
neutrosophic bifields but neutrosophic bivector spaces are 
defined over real bifields. We see only incase of strong 
neutrosophic bispaces we can define neutrosophic bifunctionals 
but incase of neutrosophic bivector spaces we cannot define 
neutrosophic bifunctionals. 


Now we will proceed onto define substructures in strong 
neutrosophic bivector spaces. 


DEFINITION 2.3.17: Let V = V; U V2 be strong a neutrosophic 
bivector space over the neutrosophic bifield F = F, U F>. Let W 
= W, UW, CV, Ud if W is a strong neutrosophic bivector 
space over the neutrosophic bifield F = F; UF, then we call W 
to be a strong neutrosophic bivector subspace of V over the 
neutrosophic bifield F = F; UF». 


We will illustrate this by the following examples. 


Example 2.3.36: Let V=V, U V2= 


(ees 


a,b,c,d,e,f x2] U 
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is) 


a, EN(Z,,);1Sis5 


w 


2» 2 © ® » 
b 


ay 


be a strong neutrosophic bivector space over the neutrosophic 
bifield Z71 U Zyl. Take W = W, U W> = 


ae ZI 


2 
a) 
N 
a 
— 
uU~_-—~ 
< 
» 2 » © 


c V, U V2; W is a strong neutrosophic bivector subspace of V 
over the neutrosophic bifield Z7 IU Z,1. 


Example 2.3.37: Let V=V, U V2= 


aj dg: ago Ay 


O a, a a, 

a, €Z,,b1<is10- U 
0 O a, a, ; 
0 0 aio 


a, O a, 0 a, O a, ’ 
a, € Z,,1;1<i<7 
0 a, a, 0 a, 0 
be a strong neutrosophic bivector space over the neutrosophic 


bifield F =F, UF, =2Z31U Zy7 I. 
Let W= W, U W2= 


Oo 
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aaaa 
Oaaa 
(NG aéZ,,1¢ U 
aa 
00 0a 
a 0a0O0Oao0O0a 
000000 0) °o" 


c V; U V2; W is a strong neutrosophic bivector subspace of V 
over the neutrosophic bifield F = F, U Fy. 


DEFINITION 2.3.18: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F; U F>. Let W 
=W, UW, CV, U v2; is defined to be a pseudo strong 
neutrosophic bivector subspace of V if W is a neutrosophic 
bivector space over the real bifield K = K,; UK; CF; UF». 


We will illustrate this by some examples. 


Example 2.3.38: Let V=V, U V2= 


a b 
c d 
{(a1, 2, 3, a4, a5, a6, a7) | a © N(Z1); 1 <i < 7} be a strong 


neutrosophic bivector space over the neutrosophic bifield F = 
N(Zi1) U N(Zi7) =F, UF). Choose W = W,UW2= 


a b 
Cc h6C 
{(a: 0 a3 0 as 0 a7) | a1, a3, as, a7 € N(Zi1)} C Vi U V2. W isa 


pseudo strong neutrosophic bivector subspace of V over the real 
bifield Zi, U Zy7 C Fy U Fo. 


a,b,c,de Nz) U 


a,b,ce zh U 


77 


Example 2.3.39: Let V = V, U V2 = {N(Zj9)[x]; all polynomials 
in the variable x with coefficients from N(Z19)} U {(X1, X2, X3, 
X4, Xs) | Xi € N(Zo3); 1 <1 < 5} be strong neutrosophic space 
over the neutrosophic bifield F = N(Zi9) U Za3I. 

Take W = W; U W2 = {Ziol[x]; all polynomials in the 
variable x with coefficients from Zj9I} U {(aaaab)]a, be 
Zo31} CV; U V2; W is a pseudo strong neutrosophic bivector 
subspace of V over the real bifield K = Ky U Ky = Zj9 U Z3 € 
F, UF, = N(Zj9) U Al. 

Recall a bifield F = F,; U F, is said to be a quasi 
neutrosophic bifield if one of F; or F, is a neutrosophic field and 
the other is just a real field. F = QI U Zj7 is a quasi neutrosophic 
bifield. F = Q U ZI is a quasi neutrosophic bifield. F = N(Z2) 
U Z; is a quasi neutrosophic bifield. 


DEFINITION 2.3.19: Let V = V; UV> be a neutrosophic bivector 
space over the bifield F = F, UF). If F = F,; UF; is only a 
quasi neutrosophic bifield then we call V to be a quasi strong 
neutrosophic bivector space over the quasi neutrosophic bifield. 


We will illustrate this situation by some simple examples. 


Example 2.3.40: Let V=V,;U V2= 


(° 3) 


sreaea| U 


a,b,c,d,e,f €Z,,I 


oor 2 
oR a 2 
o oo oO 
mh Oo Oo OG 


be a quasi strong neutrosophic bivector space over the quasi 
neutrosophic bifield F = Q U Zj7I. 
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Example 2.3.41: Let V=V, U V2= 


a, jla, € N(Z,,);1Sis12-U 


7 
a, Ao ay Ai. 


8 


{Zi i1[k]; all polynomials in the variable x with coefficients from 
the field Z,,I} be a quasi strong neutrosophic bivector space 
over the quasi neutrosophic bifield F = Z.3 U Zy1. 


DEFINITION 2.3.20: Let V = V; UV> be a neutrosophic bivector 
space over the bifield F = F; UF». LetW = W, UW, CV, Ud 
be a strong neutrosophic bivector space over the neutrosophic 
subbifield K = K; UK, C F; UF); then we call W to be a 
strong neutrosophic bivector subspace of V_ over the 
neutrosophic bisubfield K = K,; UK; CF; UF». 


We will illustrate this situation by some examples. 


Example 2.3.42: Let V=V, U V2= 


Qh, Pdgs Ba es OAs 


aw 0 O O a, |} a, Ee N(Q);1sis15>- U 


413 0 ayy 0 a5 
a, a, 
0 a, 
a, 0 
0 a,|ja,eN(Z,,);lsis9 
a, O 
0 a, 
a, ay 
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be a strong neutrosophic bivector space over the neutrosophic 
bifield F = F, wd Fy = N(Q) ie N(Zi)). Take W = Ww, U W> = 


» OM OD 
Sot OP fw 
» © OOD 


aEN(Q); U 


or oO fF &@ 
sco of FO 


ae ZI 


so orn Oo fF OC ® 


so 7 oO fF GO 2 ®& 


CV; U V2; W is a strong subneutrosophic bivector subspace of 
V over the neutrosophic bisubfield K = K,; U K, = QIU Zi, 1c 


N(Q) U N(Zi1). 
Example 2.3.43: Let V=V, U V2= 
a, 4, 4, 
a, a; a 
a, ag 
a0 ay ai. 
43° Ay As 
a, a, a, a, a; a6 a, 
ag Ay Ay Ay Ay 43 Ayy 
a5 a6 a7 aig Ajo Aro an 


a, ||a, ¢ N(Z,,);1<i<15 


a, € N(Z,);1<i1<21 


be a strong neutrosophic bivector space over the neutrosophic 


bifield F =F, U 


F, = N(Z47) U N(Z3). 


Take W = W, U W2= 
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aaa 
aaa aaaaaaa 

aa ajjaeZ,I; Us}0 00 0 0 0 OjjaeZ,I 
aa a a 0aO0Oa 0 0 

aa 


fab) 


c V, U V2; W is a strong subneutrosophic bivector subspace of 
V over the neutrosophic bisubfield K = K; U Ky = Zyl U ZI Cc 
N(Za7) U N(Zs) = F, U F). 


Now we state a result which will prove the existence of strong 
subneutrosophic bivector subspaces. 


THEOREM 2.3.6: Let V = V; U V2 be a strong neutrosophic 
bivector space over a neutrosophic field F = F, UF) where 
both F, and F, are of the form F; = N(K;) where K; is a real 
field; i = 1, 2 then V has a strong subneutrosophic bivector 
subspace provided V has neutrosophic bivector subspaces. 


The proof of this theorem is left as an exercise for the reader. 
DEFINITION 2.3.21: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F; U F>. If V 
has no strong sub neutrosophic bivector subspaces then we call 
V to be a bisimple strong neutrosophic bivector space. 


We will illustrate this by some simple examples. 


Example 2.3.44: Let V=V, U V2= 


ie X, X, Xy Xs a 
xy Xs Xo Xo Xy Xi 


x, € Zahisista| U 
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a,b e Z,1 
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be a strong space over a neutrosophic bivector space over the 
neutrosophic bifield F = F; U F, = Zj31 U ZsI. We see there 
exists no strong neutrosophic bivector subspace for V. This is 
true as F = F; U Fy = Z,31 U ZsI has no neutrosophic subbifield. 
Hence the claim that V is a bisimple strong subneutronsophic 
bivector space. 


Example 2.3.45: Let V = Vi U V2 = {N(Zi9)[x]; all polynomial 
in the variable x with coefficients from N(Zj9)} U 


* Ila, EN(Z,,);1<Si< 6 


be a strong neutrosophic bivector space over the neutrosophic 
bifield ZjoI U Z23I. Take any W = W,; U W2 Cc V; U V2; we see 
as F has no subbifield which is neutrosophic, V has no strong 
subneutrosophic bivector spaces; so V is a bisimple strong 
subneutrosophic bivector space. 


Now we give a theorem which guarantees the existence of 
bisimple strong subneutrosophic bivector spaces. 
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THEOREM 2.3.7: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F, UF, where 
F, and F) are of the form KI where K is the prime real field of 
characteristic zero or a prime p. Then V is a bisimple strong 
subneutrosophic bivector space over the neutrosophic bifield F 
= F) UF). 


Proof: Given V = V; U V> is a strong neutrosophic bivector 
space over the neutrosophic bifield F = F, U F, and F; = KJ 
where K; is a prime field, i = 1, 2. So F,; has no proper 
neutrosophic subfield for i= 1, 2. Hence V cannot have a strong 
subneutrosophic bivector space over any subfield of the bifield 
F. Hence V = V; U V3 is a bisimple strong subneutrosophic 
bivector space over F. 

Thus we have proved the existence of bisimple strong 
subneutrosophic bivector spaces. 


Now we proceed on to define the concept of linearly 
independent bisubset and the basis for the strong neutrosophic 
bivector spaces. 


DEFINITION 2.3.22: Let V = V; U V2 be a strong neutrosophic 
bivector space defined over the neutrosophic bifield F = F, VU 
F>, A bisubset S = S; US; CV; UV; is said to be a linearly 
biindependent or bilinearly independent over F if each S; is a 
linearly independent subset of V; over F;; i = 1, 2. If S = S; US) 
be a linearly biindependent bisubset of V and if each S; 
generates V; over F; for i = 1, 2 then we say S is a bibasis of V = 
V, UV> over F = F, UF». 


We will illustrate this situation by some examples. 


Example 2.3.46: Let V=V, U V2= 


aa 
a allaeN(Z,,)p VU {(aaa)|a e N(Zi7)} 
aa 
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be a strong neutrosophic bivector space over the neutrosophic 
bifield F = N(Zi1) U N(Z}7). Take S = S| U So a 


isi 
Pt ODP OVE 
Lye 


S is a bibasis of V we say the bidimension of V is the (number 
of elements in S;) U (number of elements in S2) where S = S; U 
S. is a bibasis of V over the neutrosophic bifield F = F,; U F, 
and it is denoted by (|Sj|, |S.|) or |S;| U |S.|. We see the 
bidimension of V = V,; U V> in example 2.3.46 is (1, 1). 


Example 2.3.47: Let V = V, U V2 = {Zi I[x]; all polynomials in 
the variable x with coefficients from the neutrosophic field 
Zi7l} U {(N(Q) x N(Q) x N(Q))} be a strong neutrosophic 
bivector space over the neutrosophic bifield F = Z)7I U N(Q). 

Take S = S; U S) = {I Ix, Ix’, ..., Ix", ...} U {(100), (010), 
(001)} CV; U V2; S is a bibasis of V over the bifield F = Z,71 U 
N(Q) and bidimension of V over F is (%, 3). 

We say the bidimension is bifinite if both |S,| and |S,| are 
finite; even if one of |S,| or |S,| is not finite we say the 
bidimension of V is biinfinite over F. We see the bidimension of 
V given in example 2.3.47 is biinfinite. 

Next we will prove that in general every linearly 
biindependent bisubset of a strong neutrosophic bisubset of a 
strong neutrosophic bivector space need not form a bibasis of V 
=V, UV over F = F; U F). 

We will illustrate this by some examples. 


Examples 2.3.48: Let V=V,U V2 = 


Ap, say 
a; 4 : 
a, €Z,b1<is8- U 
as a, 
a, ay 
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{(a1, a2, a3, a4, as) | aj € N(Zy); 1 < i < 5} be a strong 
neutrosophic bivector space over the bifield F = Fy U F2 = Zyol 
U N(Zi1). Take S = Si ae S> = 


> 


-—“ Oo Oo Oo 


I 0 
0 I 
0 0 
0 0 


ooo fF 


{(I, 0, 0, 0, 0), (0, I, I, 0, 0), (0, 0, I, 0, D} CV; U V2; S isa 
linearly biindependent bisubset of V over the bifield F = ZjoI U 
N(Z,,). Clearly S is not a bibasis of V = V; U V2 over F = Zjol 
U N(Zj1). 


Example 2.3.49; Let V=V, U V2 = 


a 4, a3; a4 
a; a, a, ay 


a, caus} U 


a,b,c € Z,] 


be a strong neutrosophic bivector space over the bifield F = F, 
UF, =QIvU ZI. Take S=S, US. = 


I I 0 0) (0 0 31 I 0 00 0 
000 0)’\0 0 0 0)’ \-31 I 0 0)’ 
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00 0 0 00 0 0 
: 1) 
0 0 71 0 0 0 0 2I 


a 
[come Sas <> ae a a ie a 


ort oO Oo Oo OS 
a a a ee a) 


ore OOF eS OC 


H oO Oo Oo Oo Fe 


LI I} [0 0} [I 0] 


Cc V; U V2; S is a linearly biindependent bisubset of V = V; U 
V2 over F = F, U F, = QI U Zy1. 


Now we will proceed on to define the notion of strong 
neutrosophic bilinear algebra or strong neutrosophic linear 
bialgebra. 


DEFINITION 2.3.23: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F, VU F>. If 
each V; is a neutrosophic linear algebra over the field F;, i = 1, 


2 then we call V = V; UV; to be a strong neutrosophic bilinear 
algebra over the neutrosophic bifield F = F,; UF». 


We will illustrate this by some simple examples. 


Example 2.3.50: Let V=V, U V2= 


a b 

c d 
{(a, b, c, d, e, f, g, h, i) | a, b, c, d, e, f, g, hh, i € Z))1} be a strong 
neutrosophic bilinear algebra over the bifield F = QIU ZyI. 


a,b,c,de al U 
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Example 2.3.51: Let V = Vi U V2 = {Zi3I[x]; all polynomials in 
the variable x with coefficients from Z,3I} U 


(Sez 


be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F, U F, = Zi31 U Zo3l. 

We see in general all strong neutrosophic bivector spaces 
are not strong neutrosophic bilinear algebras. But all strong 
neutrosophic bilinear algebras are strong neutrosophic bivector 
spaces. 

We will illustrate the former one by an example as the latter 
claim simply follows from the very definition of strong 
neutrosophic bilinear algebra. 


Example 2.3.52: Let V=V\ U V2 = 


a,b,c,d,eeZ,,I¢U 


oanaao»° 2 


kf a, a a, ‘ 
a, a, ag ay aio 

be a strong neutrosophic bivector space over the neutrosophic 
bifield F = Zj31 U Z7I. We see V = V; U Vz is not a strong 
neutrosophic bilinear algebra over the bifield F = F, U F, = Z,31 


U Zyl as we see multiplication of elements within V; are not 
defined for i= 1, 2. 


a; € zuisisio| 


Now we define yet a new concept called quasi strong 
neutrosophic bilinear algebra. 
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DEFINITION 2.3.24: Let V = V; U V2 where V; is a strong 
neutrosophic vector space over the neutrosophic field F) (V; is 
only a vector space and V> is a strong neutrosophic linear 
algebra) over the neutrosophic field F, then we call V = V; U 
V> to be a quasi strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = F; UF). 


We will illustrate this by the following examples. 


Example 2.3.53: Let V=V, U V2= 


a; a, a, ag |la, €Z,.;1<i<12- U 


Ay yg yy AD 


{QI[x]; all polynomials in the variable x with coefficients from 
QI} be a quasi strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = ZI U QI. 


Example 2.3.54: Let V=V, UV2= 
ji fy. “Gy, Hy “Be A; 
ag Ay Ay Ay, Ay 43 Ayy 

a b 
c d 


be a quasi strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = Z;I U Zpl. 


a, € zitsisi| U 


a,b,c,de 2 


DEFINITION 2.3.25: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F, VU F». 
Suppose W = W, UW, CV, U V2 is such that W is a strong 
neutrosophic bilinear algebra over the neutrosophic field F = 
F, UF; then we call W to be a pseudo strong neutrosophic 
bilinear subalgebra of V over F = F, UF». 
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Example 2.3.55: Let V=V, U V2= 
0 x 
y 0 


O a; O /\a,,a,,a,,a,,a; €Z.] 


xX,ye 2 U 


be a strong neutrosophic bivector space over the bifield F = F, 
UF) =Z,I UZsI. Take W = W; U Wo = 


a, 0 a, 
vez U 0 O |ja,,a, €Z,1 
0 0 


to be a strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = Z;I U ZI, both W, and W3 is closed 
under matrix multiplication. Thus W = W,; U W2c V; U V2isa 
pseudo strong neutrosophic bilinear subalgebra of V over the 
neutrosophic bifield F. 


Example 2.3.56: Let V=V, U V2= 
a b 
c d 


aaa 
0 0 bifa,b,c,deZ,,I 
0d 


a,b,c,de Za U 


be a strong neutrosophic bivector space over the neutrosophic 
bifield F = F; U Fy = ZjoI U Za,1. Take W = W, U W2 = 
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ea) 


Cc V; U V2. W is a pseudo strong neutrosophic bilinear sub 
algebra of V over the bifield F = Zjol U Za I. 


a 0 0 
de Z| U 0 0 O|ladeZ, I 
Oh 10): e 


DEFINITION 2.3.26: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F; UF»). Let 
W=W, UW. CY; VUN;, if W is a strong neutrosophic bivector 
space over F then we call W to be pseudo strong neutrosophic 
bivector subspace of V over F provided W is not a strong 
neutrosophic bilinear subalgebra of V over F. 


We will illustrate this situation by some Examples. 


Example 2.3.57: Let V=V,U V2= 
a be 
d e f |ja,b,c,d,e,f,g,h,ie N(Q)? U 
g hi 
a b 
c d 
be a strong neutrosophic bilinear algebra over the neutrosophic 


bifield F=F, U Fy) =N(Q)U Zyl. 
Take W = W, UW2= 


abode? 
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c Vi U V2; W is a pseudo strong neutrosophic bivector 
subspace of V over F. 


Example 2.3.58: Let V=V, U V2 = 


{ax |a; ¢ Z,1; x is a variable or indeterminate} U 


) 


be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = Z.I U Z3I. Take W = W, U W2 = 


: 0 b 
a, €Z,1;0<51<597 VU 
c 0 


c V; U V2; W is a pseudo strong neutrosophic bivector 
subspace of V over the bifield F. 


sbederZ| 


i=0 


bce z| 


DEFINITION 2.3.27: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F; UF. Let 
W=W, UW? CV, U V2, where one of W; or W2 is alone a 
strong neutrosophic linear subalgebra and the other is just a 
strong neutrosophic vector subspace; then we call W to be a 
quasi strong neutrosophic bilinear subalgebra of V over the 
neutrosophic bifield F = F,; UF). 


We will illustrate this situation by some examples. 


Example 2.3.59: Let V=V, U V2= 


(0) 


smedeZ| U {Sex | a; cZ,:0sise| 


i=0 
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be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F, U F, = Z71 U Zyl. Take W = Ww) U W> ee 


aa 

aa 
Cc V, U V2; W is a quasi strong neutrosophic bilinear subalgebra 
of V over F = ZI U ZI. 


i=0 


8 . 
ae 2 U {daa 


a, <7,k0<1<8| 


Example 2.3.60: Let V=V, U V2= 


a bc 
d e f jja,b,c,d,e,f,ghieZ1- U 
g hi 


{N(Q)[x]; all polynomials in the variable x with coefficients 
from N(Q)} be a strong neutrosophic bilinear algebra over the 
bifield F = Z7I U QL Take W = W,; U W2 = 


00a 
0 b Ofa,b,ceZ1- VU 
c 0 0 


{QI[x]; all polynomials in the variable x with coefficients from 
QI} c V; U V2; W is a quasi strong neutrosophic bilinear 
subalgebra of V over F. 


Now we proceed onto define the notion of strong neutrosophic 
bilinear subalgebra. 


DEFINITION 2.3.28: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F; UF»). Let 
W=W, UW2 CV, Ud? be a proper bisubset of V; if W is a 
strong neutrosophic bilinear algebra over the bifield F = F; U 
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F.; then we call W = W, U W; to be a strong neutrosophic 
bilinear subalgebra of V over the bifield F = F; UF». 


We will illustrate this situation by some examples. 


Example 2.3.61: Let V=V,;UV2= 


a b 
c d 
{N(Z11)[X]; all polynomials in the variable x with coefficients 


from N (Z,;)} be a strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = Z4,I U Z,,I. Take W = W, U W2 = 


a b 
c d 
{Zii1[x]; all polynomials in the variable x with coefficients from 
the neutrosophic field ZI} GC Vi; U V2; W is a strong 


neutrosophic bilinear subalgebra of V over the bifield F = Z4,I 
UZyl. 


a,b,c,de Nz.)) U 


a,b,c,de 2. U 


Example 2.3.62: Let V=V, U V2 = 
a be 
de f jja,b,c,d,e,f,g,h,ie Z,,I-U 
g hi 


{(abcdef)| a,b,c, d,e, f € Zs3I} be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = ZI U Zs3l. 
Let W = Ww, ha W> = 
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a be 
0 d e/fa,b,c,d,e,f €Z,.I¢ U 
00 f 


{(a 0 b0d0) | a,b, d € Zs3I} C Vi U Vo; W is a strong 
neutrosophic bilinear subalgebra of V over the neutrosophic 
bifield F = Zool U Z531. 


DEFINITION 2.3.29: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F; UF». Let 
W=W, UW, CV, UV V2; be such that W is a strong 
neutrosophic bilinear algebra over the proper neutrosophic 
bisubfield K = K; UK; CF) UF); K; is a proper neutrosophic 
subfield of Fi, i = 1, 2. We call W = W, UW, to be a strong 
subneutrosophic bilinear subalgebra of V over the neutrosophic 
subbifield K = K, UK) CF, UF»). 


We will illustrate this by some examples. 


Example 2.3.63: Let V=V, U V2= 


a be 
d e f |ja,b,c,d,e,f,g,h,ie N(Q)7? U 
gh 


i 


{N(Z47)[x]; all polynomials in the variable the x with 
coefficients from the neutrosophic field N(Z47)} be a strong 
neutrosophic bilinear algebra over the neutrosophic bifield F = 
N(Q) J N(Za7). Take W = W, U W2= 


aaa 
aa ajlaceQI> Uu 


aaa 
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{Z47][x]; all polynomials in the variable x with coefficients from 
the neutrosophic field Z47I} Cc V; U V2; W is a strong 
subneutrosophic bilinear subalgebra of V over the neutrosophic 
subbifield K = K, U K, = QI U Za7l Cj N(Q) U N(Za7). 


Example 2.3.64: Let V=V, U V2 = 


a be 
De EEN Mader wise ie 
00h i 
00 0 j 
a 0 0 
b c O|ja,b,c,d,e,f e N(Z,,) 
def 


be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F, UF,=N (Z11) UN (Zy7). 
Take W = W, U W2= 


aaaa 
Oaaa 
aéEéZ, lr U 
0 0aa 
00 0a 
a 0 O 
b c Ojfa,b,c,d,e,f €Z,,1 
def 


c V; U V2; W is a strong subneutrosophic bilinear subalgebra 
of V over the neutrosophic subbifield K = K, U Ky, = Zyl U Zi71 
Cc N(Zi1) U N(Z7). 
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A neutrosophic bifield F = F, U F, is said to be 
neutrosophic biprime if both F, and F,) have no _ proper 
neutrosophic subbifields contained in them. F = Z),I U Z)I is 
neutrosophic biprime. F = QI U Z3I is neutrosophic biprime. 

We see if F; is a neutrosophic prime field then it is of the 
form QI or Z,I; p a prime. 


Now we will define bisimple strong subneutrosophic linear 
bialgebra. 


DEFINITION 2.3.30: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F; UF. If V 
has no proper strong subneutrosophic bilinear subalgebra then 
we define V to be a bisimple strong subneutrosophic linear 
bialgebra. 


We will illustrate this by some simple examples. 


Example 2.3.65: Let V=V, U V2= 


a b 
c d 
{(X1, X2, X3, X4, Xs, Xo) | Xi € Zyl, 1 < i < 6} be a strong 
neutrosophic linear bialgebra over the neutrosophic bifield F = 


F, U F, = QIU ZI. Since F has no neutrosophic subbifield V is 
a bisimple strong subneutrosophic linear bialgebra over F. 


a,b,c,de No) U 


Example 2.3.66: Let V=V,U V2= 


a be 
de f |ja,b,c,d,e,f,g,hieZ,I- U 
g bh i 

{N(Zi1)[x]; all polynomials in the variable x with coefficients 


from N(Z,,)} be a strong neutrosophic linear bialgebra over the 
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neutrosophic bifield F = Fy U F, = ZI U Z,\1. Clearly V is a 
bisimple strong subneutrosophic bilinear algebra over F. 


In view of this we have the following theorem. 


THEOREM 2.3.8: Let V = V; U V2 be a strong neutrosophic 
bilinear algebra over the bifield F = F; UF) if each F; is of the 
form Kil where K; is a prime field i = 1, 2 then V is a bisimple 
strong subneutrosophic bilinear algebra over F. 


Proof: Follows from the fact that F = F; U F., the neutrosophic 
bifield has no proper neutrosophic subbifield. 

Now as in case of strong neutrosophic bivector spaces we 
can define the bibasis of a strong neutrosophic bilinear algebra 
and linearly biindependent bisubset. This task is left as an 
exercise for the interested reader. 


We define linear bitransformation of a strong neutrosophic 
bilinear algebra into a strong neutrosophic bilinear algebra 
which we choose to call as strong neutrosophic linear 
bitransformation or when the context of reference is clear we 
just call it as strong bilinear transformation or in short just 
bilinear transformation or linear bitransformation. 


DEFINITION 2.3.31: Let V = V; UV> and W = W, U W> be two 
strong neutrosophic bilinear algebras over the same 
neutrosophic bifield F = F; UF>. A bimap T= T; VT): V=V;, 
UV, > W = W, My, is defined to be a strong neutrosophic 
bilinear transformation or strong bilinear transformation or 
just bilinear transformation if each T; : V; > W; is a linear 
transformation of V; to W; over F; for i = I, 2. 


We will first illustrate this by some examples. 


Example 2.3.67: Let V=V, U V2= 


les 


a,b,c,de 2 U 
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a be 
d e f |/a,b,c,d,e,f,g,h,ieZ,,I 
ane aoe | 


be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F, U F, = Zi71 U Zyl. Take W = Ww, U W> = {(a, b, 
c, d) | a,b,c, d € Zi7]} U {(ay, ag, a3, a4, a5, Ae, 47, Ag, Ao) | ai E 
Ziil; 1 Si < 9} to be a strong neutrosophic bilinear algebra over 
the same neutrosophic bifield F = Z,7I U Z,,1. The bimap T = T, 
W T>: V=V, UV. > W, U W2 = W where T): Vi > WwW, and 
T2: V2 > W> defined by 


a b 
n( = (a, b, c, d) 
c d 


and 


a be 

T,}d e f]|=(a,b,c,d,e, f, g, h, i) 
g h i 

is a Strong neutrosophic bilinear transformation of V to W. 


Example 2.3.68: Let V = V, U V2 = {N(Q)[x], all polynomials 
in the variable x with coefficients from N(Q)} U 


a be 
de f jja,b,c,d,e,f,g,h,ieZ,I 
gh 


i 


be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = QI U Z,I. Let W = W, U W2 = 


{yar Ja, € N(Q);0<i< =} U 


i=0 
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{(ai1, a2, 43, a4, as, a) | a © Zool; 1 < i < 6} be a strong 
neutrosophic bilinear space over the same neutrosophic bifield F 
= QI U ZI. Define the bimap 

T=T,UT,:V=V;, UV,7> W=EW, UW 
where T,: V; > W, and T,: V2 > W> are defined by 


i=0 


T, [Sax = [Sex that is x > x* 
i=0 


and 
a bc 
To} g d e|]—> (a,b, c,d, ¢, f) 
h if 


T =T, U Tp 1s a strong neutrosophic bilinear transformation of 
V into W. 

If in the definition of a bilinear transformation we put W = 
Vie, W=W, UW2=V; U V2 Le., Vi = Wi; i = 1, 2. That is 
the range bispace W is the same as the domain bispace then we 
call the strong neutrosophic bilinear transformation as the strong 
neutrosophic bilinear operator or strong neutrosophic linear 
bioperator on V. 


We will illustrate this by some examples. 


Example 2.3.69: Let V=V, U V2= 


a b 

c d 
be a strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = ZsI U QI. Define T = T,; U T; a bimap from V = V, 


U V> into V = V; U V2 where T;: V; > V, and T>: V2 > V> is 
given by 


i=0 


shedeZ| U {daw | a; eNQi0<i-| 
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a) 
n[Eer'}-(Zex"] 


i.e., X x’. T is a strong neutrosophic linear bioperator on V. 


and 


Example 2.3.70: Let V=V, U V2= 


jg. Og 
O a, a, |ja,; @N(Q);l<i<s6; U 
0 0 a 


{(a1, 4, 43, a4, a5) | ai € Z111; 1 <i <5} be a strong neutrosophic 
bilinear algebra over the bifield F = QI U Z,,I. Define T= T; U 
Th: V=Vi0W75V=V;, U V> and T; :Vi7 V; and T>: V> 
— V> given by 


and 
To (a1, a2, a3, a4, As) = (a5, a3, a4, a2, a1) 


T =T, UT» is a strong neutrosophic bilinear operator on V. 


It is interesting to study the collection of all strong neutrosophic 
linear transformation of strong neutrosophic bilinear algebra V 
= V, U V> into a strong neutrosophic bilinear algebra W = W, 
U W>) defined over the bifield F = F, U Fy. 

We will denote this collection by 


SNH,.,.U7,(V,W) = SNH, (V,,W,) U SNH,, (V,,W,) 
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= {Collection of all bilinear transformation of V; U V> into 
WU W>} 

= {Collection of all linear transformation of V, into W,} U 
{Collection of all linear transformation of V2 into W>}. 


Interested reader can study and analyse the algebraic structure 
of SNH,..,(V,W). On similar lines the set of all strong 


neutrosophic bilinear operators (linear bioperators) of a strong 
neutrosophic linear bialgebra over the neutrosophic bifield F = 
F, U F, is denoted by 


SNH, (V, V) = SNH, (V,,V,) USNH, (V,,V,) 
= SNH, up (V, UV,,V, UV) 
= {Collection of all strong neutrosophic linear bioperators of 
V=V; UV) into V=V, U V3}. 
= {Collection of all strong neutrosophic linear operators of V; 


into V;} U {Collection of all strong neutrosophic linear 
operators on V> into V>}. 


Interested reader is requested to study the algebraic structure of 
SNH, U,,(V,V).We will prove the following interesting 


property about strong neutrosophic linear bitransformation. 


THEOREM 2.3.9: Let V = V; U V2 be a (nj, n2) bidimensional 
finite strong neutrosophic bivector space over the neutrosophic 
bifield F = F; U F>. Let {0r; ...a, } U £@, itt) be a bibasis 
of V over F = F,; U Fy. Let W = W, U Wy, be a strong 
neutrosophic bivector space over the same neutrosophic bifield 
F=F, UF). 

Let fee ee U one ae, be any bivector in W. Then 


there is precisely a bilinear transformation T = T; UT) from V 
=V, UV> into W = W; UW? such that T;(a,) = (B,) forj = 
1, 2, ..., nj andi = 1, 2. 
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Proof: Given V = V; U V2 and W = W, U W; are two strong 
neutrosophic bivector spaces defined over the neutrosophic 
bifield F = F, U Fp. Let T=T,; UT,: V=V;, UVi7 W=W, 
i) W>. 

Let {Oy Mapes Wie es an} be a bibasis of V. 
Given Dis Boas Pa U {Bi B3 +: } is a bivector in W = W, 
U W>. To prove there is a bilinear transformation T = T; U T> 
with T;(a;) = (B;) for each j = 1, 2, ..., nj and i= 1, 2. For 
every a=! Uo’ in V = V; U Vo we have for every a € V; (i 
= 1, 2) a unique se em such that 

au = X}Oy +X505 +...+X), 
This is true for every i; i= 1, 2. For this vector a' define 
Ti (a) = x,B; + x28, +... +x), B,, 
true for 1 = 1, 2. Thus T; is well defined for associating with 
each vector a' in V; a vector T,a' in W; (i= 1, 2). This rule for T 
= T, UT) is a well defined rule for each T; : V; ~ Wj; 1= 1, 2. 
From the definition it is clear that T;a; = 8; for each j. To 
see T is bilinear. Let 
B= yi, + Y20y +...+Y,, 05, 
be in V and let C' be any scalar from F;. Now 
Cla’ + B'= (Cx; +; )Bi +~+(C'x,, +95, )Bh, 5 
i=1,2. 

On the other hand 

T(Ca' +B) = C')’x/8) + ‘Bi 
jel jel 


true for each i = 1, 2; 1.e., true for every linear transformation T; 
in T. 


T,(C'a' + B') = C; T; (a') + T; (B') 
true for every 1. 
Thus 
T (Ca + B) = T; (Cio1 + Bi) + T2 (Cr + By). 
If S = S; U S» is a bilinear transformation from V = V; U V2 
into W = W, U W; with Sa; =6 34 = 1,2, ...,n;,1= 1, 2 then 
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for any bivector a = a! U a we have for every a’ in o (i = 1, 


2); 
+ a 
1 2s jason 
= DXi 
j=l 
We have 


Sai = SD iia 
= Xx'8:(4)) 
= 
= xp} 
jel 


so that S is exactly the rule T which we have defined. The prove 
T. =P; ie. ifa =a' Ua’ andB =f! U B’ then T; a’ =B;;1< 
j<nji=1,2. 

The reader is requested to make the bimatrix analogue of 
the linear bitransformation from a strong neutrosophic bivector 
space V into a strong neutrosophic bivector space defined over 
the same neutrosophic bifield F = Fy U Fo. 


Now we proceed onto define the notion of binull space or null 
bispace and birank of a bilinear transformation T. 


DEFINITION 2.3.32: Let V = V; UV> and W = W, UW), be two 
strong neutrosophic bivector spaces defined over the 
neutrosophic bifield F = F, UF of bidimensions (nj, nz) and 
(Mm), M2) respectively. Let T= T, VT): V=V; UV7 9>W=W;, 
U W, be a bilinear transformation. The binull space or null 
bispace of T = T; UT) is the set of all bivectors a = a; Ua in 
V such that T; & = 0; i = 1, 2. 

If V is finite dimensional the birank of T is the dimension of 
the birange of T = T; UT and binullity of T is the dimension of 
the null bispace of T. 


We have the following interesting relation between the birank of 
T and binullity of T. 
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THEOREM 2.3.10: Let V = V,; UV2 and W = W, UW, be strong 
neutrosophic bivector space defined over the neutrosophic 
bifield F = F, U F; and suppose V is finite say (nj, no) 
dimensional T is a linear bitransformation from V into W. Then 
birank T + binullity T = bidimension V = (nj, nz). Thus (rank T, 
Urank T>) + (nullity T; Unullity Ty) = (nj, np). 


The proof is left as an exercise to the reader. 

Now as in case of usual neutrosophic bivector spaces we 
have in case of strong neutrosophic bivector spaces the 
following result to be true. 

Suppose V = V, U V2 and W = W; U W; be any two strong 
neutrosophic bivector spaces over the bifield F = F, U F). 

Let T and S be strong neutrosophic linear bitransformations 
from V into W. The bifunction 

(T+8)=(T1 UT2 + $1 U 82) = (Ti + $1) U (2 + S) 
is defined by 


(T+ S)a=Ta+Sa; 


i.e., 
(T; U Tz + Sy U Sz) (1 U G2) = (Ti + $1) (1) U (To + Sz) (2) 
= (Tio) +r Sa) U Tod. + SQ. 


For any C € F; U F, = F the bifunction CT is defined by 
(CT)a = C(Ta) is a linear bitransformation from V into W. 
Further it can be proved that the set of all linear 
bitransformations from V = V; U V2 into W = W; U Wo 
together with addition and scalar multiplication defined above is 
a strong neutrosophic bivector space over the same neutrosophic 
bifield F = F, U F,. Further it can be proved that if V = V; U V2 
be a finite bidimension (n;, n:) strong neutrosophic bivector 
space over the bifield F = F; U F, and W = W, U W; be a finite 
(m,, mM) bidimension strong neutrosophic bivector space over 
the same neutrosophic bifield F = F, U Fy), then the bispace 
SNH,U,(V,W) = SNL2 (V, W) is a finite bidimensional 


bispace of bidimension (m,n,, m2nz) over the same neutrosophic 
bifield F = F, U F). These results hold good when the strong 
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neutrosophic bivector spaces are strong neutrosophic bilinear 
algebras. 


We now proceed onto define biinvertible bilinear 
transformation. 


DEFINITION 2.3.33: Let V = V; UV and W = W, UW? be two 

strong neutrosophic bivector spaces defined over the same 

neutrosophic bifield F = F, U F, of type Il. A bilinear 

transformation T = T; UT, from V into W is biinvertible if and 

only if 

i. T =T, UT) is one to one that is each T; is one to one from 
V; into W; such that T,a, = T; 8; implies a; = § true for each 
L,i=1, 2, .., 7. 

ii. T is onto, that is birange of T is all of W = W; UW) i.e., 
each T; : V; > W; is onto and range T; is all of W; true for 
every i; i = 1, 2. 


We will first illustrate this situation by some examples. 


Example 2.3.71: Let V=V, U V2 = 


a b 

ec d 
{(a1, 42, 3, a4, as) | aj © Z1 1]; 1 <i < 5} be a strong neutrosophic 
bilinear algebra defined over the neutrosophic bifield F = ZI U 


Z,,1. Define T = T; U Tr: V=V; U V2 > V=V, U V> where 
T,:Vi7 Vi and T>: V2 > Vo. 


a b ba 
T) = 
ec d dc 
T> (a1, a2, a3, a4, As) = (As, a4, 3, Ao, a1). 


Clearly T = T, U Ty, is a strong neutrosophic linear 
bioperator of V into V. 


a,b,c,de 2 U 


such that 


and 
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Take S =S, U S, and define from V = V; U V2 to V= V, VU 


V2 by 
a b ba 
S| = 
c d dc 


So (a1, a2, a3, a4, 45) = (As, a4, 43, A, a1). 


and 


S=S8, US; =T=T, UT) such that S is a strong neutrosophic 
linear bioperator of Vinto V. 

We see T, - T; = T; - S; = S, - T, is identity linear bioperator 
on V. We have S, = T). 

For consider 


vat DGC 9) 


Thus 


hence 
S,-T,;=T,-S,;=T,;-T,;=8,-S; 
(as S; = T)) is such that T; = T,". 
Now consider T, : V2 > V2 we see T> = Sz 
T2 - So [(a1, a2, a3, Ag, s)] = Tr (5, aa, As, a2, a1) 
= (a1, a2, a3, a4, as) 


= identity bioperator on V>. 


Thus T, = T; ' We see T = T; U T; has the inverse bioperator 
Ty 1, 


Now we can also give an example of a linear bitransformation 
of strong neutrosophic bivector spaces (or bilinear algebras). 
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Example 2.3.72: Let V=V, U V2= 
a b 
c d 
a, a, a; 
de. de “Ae 
be a strong neutrosophic bivector space over the neutrosophic 


bifield F = ZU ZyyL. 
Take W = W, UW2= 


a 0 b 
0cd 


a,b,c,de 21 U 


a, €Z,,L1 <is6| 


a,b,c,de z1| U 


a; ay 
a, a, |ja,eZ,b1<1<6 
as a 


to be a strong neutrosophic bivector space over the same 
neutrosophic bifield F = Z7I U ZI. Define T= T; UT2: V= 
V,0U V2.3 W=W, U Wp where T, : V; 3 W; and To : V2 3 


W, such that 
a b a 0 b 
T; = 
c d Oecd 


and 
a, a, 
a, a, a 
1 2 3 
n[ )- a, a, 
a, a, a& 
a, a 


T = T, U T is a neutrosophic linear bitransformation of V = V, 
U V2 into W = Ww, U W>. 
Define a bimap S = 8; U Sp: 
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W=W,UW2>5 V= VU V2 
where S; : W; > V; and S2 : W2 > V> such that 


a 0 b a b 
Si = 
é Cc : ‘| 


and 
Hs wea a, a, a 
_ 1 2 3 
S.}a; a, |= 
a, a, a 
a; a 


S =S, U S: is clearly a linear transformation from W = W, U 
W.toV=V, U Vo. 
Now we find T: S and S - T. 


T-S=T,-S;UTo-S 
Now 


That is T,- S; is the identity transformation of V). 
Now consider 


a 0 b a 0 b 
S,-T; =T, Ss 
0Ocd Ocd 
a b a 0 b 
=) = ; 
c d 0cd 


Thus S, - T, is the identity transformation of W,. 
Now consider 
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Thus T> - S, is the identity linear transformation on V>. 


Consider 
a, a, a, a, 
S2- T> a, a4 =T>, S3 a, a, 
a, ae a, ag 
aa, a ae 
=, 1 2 3 = 
=T2 =|a, a, 
a, a, 4, 
a; ae 


Thus S, - T; is the identity linear transformation on W>. Thus T - 
S=T,-S, UT) - Sp is the identity bilinear transformation on V, 
UV, and S - T=S,-T; U So - Ts is the identity linear 
bitransformation on W = W, U W>. 

In view of this example the reader is requested to prove the 
following result. 


Let V = V; U V2 and W = W, U W; be two strong neutrosophic 
bivector spaces defined over the neutrosophic bifield F = Fy U 
F, of type II. Let T= T, U T, be a strong linear bitransformation 
from V = V; U V> into W = W; U W>. If T is biinvertible then 
the biinverse bifunction T' = T,' U T;' is a bilinear 
transformation from W into V. 

Suppose T = T, U T) 1s a linear bitransformation from the 
strong neutrosophic bivector spaces V = V; U V2 into W = W, 
LU W> then T is binon singular if and only if T carries each 
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bilinearly independent bisubset of V = V, U V> into a bilinearly 
independent bisubset of W = W, U W). 


The following nice result is left as an exercise for the reader. 


THEOREM 2.3.11: Let V = V; U V2 and W = W, UW> bea 
strong neutrosophic bivector spaces defined over the same 
neutrosophic bifield F = F; UF) of type Il. IfT =T; UT, isa 
bilinear transformation of V into W then the following are 
equivalent. 

i. T=T, UT is biinvertible 

ii. T= T, UT) is binon singular 

iii. T = T, UT? is onto that is the birange of T = T; UT) is 

W=W, UW. 


We prove an important result. 


THEOREM 2.3.12: Every (nj), 2) bidimensional strong 
neutrosophic bivector space V = V; U V2 defined over the 
neutrosophic bifield F = F; UF» is biisomorphic to F" UF; . 


Proof: Let V = V; U V2 be a (nj), ny) bidimensional strong 


neutrosophic bivector space over the neutrosophic bifield F = F, 
U F, of type II. Let B = {a1s0p, ss0Q \ U {a .03, ere be 


a bibasis of V. We define a bifunction T = T, U T> from V = V; 
U V2 into F" UF,” is follows. 

Ifa= a, U a isin V=V, U Vy, let Ta = T)(a,) U T2(a2) 
be the (nj, no) pair, (Xo: sung, VO x. vigX ) of the 


ny ny 
bicoordinate of a = a; U a» relative to the biordered bibasis B; 
i.e., the (n), no) pair such that 


ae ed. 11 1 1 2.22 22. 2 2 
GQ = XO, +X,0, +...+X, 0, U XO) +X705 +...+X) O), . 


Clearly T is a linear bitransformation; T is a one to one map 
of V = V; U V2 onto F" UE,” or each T; is linear and one to 


one and maps Vj to F"; i= 1, 2 for every i. Thus as in case of 
vector space transformation by matrices give a representation of 
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bitransformation by bimatrices where the bimatrices are 
neutrosophic bimatrices. 

Let V = V; U V> be a bivector space of (nj), ny) bidimension 
over F = F; U F). Let W = W, U W bea bivector space over the 
same bifield F = F; U F, of (m;, m,) dimension. Let 


haf Wt AO Oceana. 
be a bibasis of V = V; U V> and 

C= {Bis Bina Best OB Boewaka 
be a bibasis for W. If T = T, U T> is any bilinear transformation 
of type II from V = V; U V2 into W = W, U W; then T; is 
determined by its action on a’, i = 1, 2. Each of the (nj), no) pair 
vector; T; a; ;j=1,2,...,n.1= 1, 2 is uniquely expressible as a 


ss 1 1 
B= {hs we 


linear combination 


That, =>" AL, 
k,-l 
This is true for every i, 1 <j < nj 1= 1, 2; of BE ; the scalars 
being the coordinates of Apne, Tia; in the basis 


Bi,...,B,, of C. True for each i; i= 1, 2. 


m,; 


Accordingly the bitransformation T = T, U T) is determined 
by the (mini, mpm) scalars A, ;. The m; x nj; neutrosophic 
matrix A' defined by A, ; 1s called the component neutrosophic 
matrix T; of T relative to the component basis YOO 
and {BisBossseB} of B and C respectively. Since this is true 
for every i; i= 1, 2; We have A = Agi VAY, = A' U A’ the 


neutrosophic bimatrix associated with T = T; U To. Each Ai 
determines the linear transformation T;; for i = 1, 2. If a' = 
X,Q,+X50, +...+X),., is a neutrosophic vector in V; then 


T; a! = [aS = [Sein 
ial ia 
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“(3s SDAP i} (AL x) , iene 


If X' is the coordinate neutrosophic matrix of a! in the 
component bibasis of B then the above computation shows that 
A‘ X' is the coordinate neutrosophic matrix of the vector T'a’; 
that is the component of the bibasis C because the scalar 


is the k™ row of the column neutrosophic matrix AX’, This is 
true for every i; i= 1, 2. Let us also observe that if A‘ is any m; 
x nj neutrosophic matrix over the neutrosophic field F;, then 


Sn) (as) 


defines a linear transformation T; from V; into W;, the 
neutrosophic matrix of which is A’ relative to ree ft) 


and {Bi.B>, hes Bs e this is true for every 1 and i = 1, 2. Hence 


T=T, UT? is a linear bitransformation from V = V, U V> into 
W = W, U W;, the neutrosophic bimatrix which is A = A; U Ap 


relative to the bibasis B = Kono es au, } U {oti 503. a a; } 


and C = {PisBpdoes' Bag 2 (eee Bet 


Now as in case of bivector spaces of type II we can in case 
of strong neutrosophic bivector spaces prove that we can 
construct a biisomorphism between the strong neutrosophic 
bispace NL(V, W) and the neutrosophic bispace of all 
neutrosophic bimatrices of biorder (m, x n;, mz x ny) over the 
same neutrosophic bifield F = F; U F, over which V = V; U V2 
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and W = W, U W>? are defined as strong neutrosophic bivector 
spaces of bidimensions (n;, n2) and (mj, m2) respectively. 


Now we will proceed onto define the notion of bilinear 
functionals or which we may call as linear bifunctionals. We 
know linear bifunctionals could not be defined for neutrosophic 
bivectors spaces of type I. 


Let V = V; U V2 be a strong neutrosophic bivector space over 
the neutrosophic bifield F = F; U F, of type II. A bilinear 
transformation or linear bitransformation f= f, U f from V into 
the bifield F = F; U F, is defined as the linear bifunctional or 
bilinear functional on V, i.e., f= f; U fp is a bifunction from V = 
VU V2 into F = F; U F, such that 
f(ca+B) = fi (C101 + Bi) + fp (C2Q2 + Br) 

= {eifi(a1) U Crfo(o)} + {fi(Bi) U f(Bo)} 
where c = c, Uc) anda =a, Ua, and B = 8; U fp, Bi a € Vi, 1 
= 1, 2. That is f= f; U f2 where each f; is a linear functional on 
Vi; 1= 1, 2. 


The following observations are both interesting and important. 
Let F = F, U F, be a neutrosophic bifield and let F" UF,” bea 
strong neutrosophic bivector space of type II over the bifield F; 
U F). A bilinear functional f = f, U f; from F" UF,” to F; U Fo 
given by 

f; see terre cd ) 8s (REG seg, | 

= Xj + X40, +...4K, 0 U XO) +70; +...+X) Oy, 
where au e F; 1 <j <n; andi= 1, 2; is a bilinear functional of 
BME? s 
It is the bilinear functional which is represented by the 

neutrosophic bimatrix 

| Ostia veces | U [Ory sacs. | 
relative to the standard bibasis for F" UF,” on the bibasis {1} 
U {1} or { U {I} for F =F, U Fy depending on Fj = N(Kj) or 
Fj = KjI respectively; K; — real field; i= 1, 2. 
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a =A E.) ;j=1, 2, ..., nj for every i = 1, 2. Every bilinear 


functional on F" UF,” is of this form for some biscalar 


I 
ait 


{eqgOlestooet \ U os gee . This is immediate from the 


definition of bilinear functional of type II because we define a 


=i(E, ). Heiice 


Now we proceed onto define the new notion of strong 
neutrosophic bidual space or equivalently strong dual bispace of 
the strong neutrosophic bivector space V = V,; U V2 defined 
over the neutrosophic bifield F = F, U F) of type I. 

Now as in case of SNL*(V, W) = SNL(Vj, W;) U SNL(V3, 
W2) we in case of bilinear functional have SNL7(V, F) = 
SNL(V,, F;) U SNL(V>, F2). We define V' = SNL’(V, F) = 
V, UV, =SNL (Vi, F1) U SNL (V2, F2) 


That is each V, is the strong neutrosophic dual space of Vi, 
V; defined over Fi, 1 = 1, 2. We know if the strong neutrosophic 
vector space V;, dim V; = dim V, for every i, 1 <i <2. 


Thus 


dim V dim V; U dim V3 
dim V" 
dimV, UdimV,. 


= 1 1 1 2 2 2 I ; a = 
If B= een eaet,. | U Secor ae is a bibasis for V = 


Vi U V2, then we know for a bilinear function of type I, f= f, 
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U f we have f, on V_ is such that i (at) = 5; true for k = 1, 
2. In this way we obtain from the biset B = B, U By: a pair of nj 
sets of distinct bifunctionals (i = 1, 2); {ff.f},..f,} U 
ie eee on V = V; U V>. These bifunctionals are also 
bilinearly independent over the bifield F = F,; U Fy, Le., 
visas) is linearly independent on V; over the 


neutrosophic field F;, for every i, 1 <1< 2. 
Thus 


f= [Sse =i? 
jel 
That is 


ny Ny 
= I¢l 2¢2 
f = Dieifi v Dicif?. 
jel jel 
nj 
i gi k 
Deed, (a) 
k=l 
a 
igh 1 
~ 68a 
k=l 


=. igh. 
J 
This is true for1= 1, 2 and 1 <j < nj. 


In particular if each fi is a zero functional f ‘a = 0 for each 


, 
"eens 
ae 
— 

I 


ny 


j and hence the scalar cs are all zero. Thus HE af \ are Nj 


linearly independent linear functionals of V; defined on F;, true 
for cach i; 1 <i <2. Since V, is of dimension nj; it must be that 


aes is a basis of V, which is the dual basis of B. Thus 
B* = B UB; = {fff} U {fff} is the bidual 
basis or dual bibasis of B = {ol Giseae,,| U Hr ssn, | , 
B* forms the bibasis of V* = V,; UV,. 


Interested reader is left with the task of proving the following 
theorem. 
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THEOREM 2.3.13: Let V = Vi; U V2 be a finite (nj, np) 
bidimension strong neutrosophic bivector space defined over 


the neutrosophic bifield F = F; UF. Let B = {aja pies Q \ 


U {aj,a3,...,0;,} = By UB, be a bibasis for V = Vi U V>. 


n 


There is a unique bidual basis (dual bibasis) B = B; UB; = 
VSrikgnvords) Or dy smote | for V8 = V; OY, such that 
re (a,) = Oy. For each bilinear functional f = f' Uf? we 


have 
i Src in’) 
That is 
fe [Sr (at) ul Se (ae) 
and for each bivector a = a! Ud inV =V, UV> we have 


(Store) {Srter) 


Now we proceed onto defined yet a new feature of the strong 
neutrosophic bivector space of type IL. 

Let V = V; U V3 be a strong neutrosophic bivector space 
defined over the neutrosophic bifield F = F; U F) of type II. Let 
S=S, U S; be a bisubset of V = V; U V> (that is Si c Vi; i= 1, 
2); the biannihilator of S is S° = S, US, of bilinear functionals 
on V = V,; U V> such that f(a) =0U Oe, if f=f! U f? for 
every & = a Ud) € S=S, US) (Me Sj, & € S)); F(a) = 0 
for every aj € Sj; i= 1, 2. 

It is interesting to note that S° = SUS, is a strong 
neutrosophic bisubspace of V = V, UV, ; whether S = S; U Sy 
is a bisubspace of V = V; U V> or only just a bisubset of V = V, 
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U Vo. If S = (0 U 0) then S° = V' =V, UV,. If S=V, ie, Vi 
U V2 = S; U S, then S° is just the zero bisubspace of Vee 
areas 


We leave the following theorem for the reader to prove. 


THEOREM 2.3.14: Let V = V; U V> be a strong neutrosophic 
bivector space of (nj, Nz) bidimension over the neutrosophic 
bifield F = F, UF, of type II. Let W = W, U W, be a strong 
neutrosophic bisubspace of V = V; UV>2. Then dim W + dim W° 
= dim V that is (dim W,; Udim W2) + dim W, Udim W, = dim 
V, Udim V> = (nj, n2). (That is if dim W = (k;, ky) = dim W, VU 
dim W, that is (ki, kp) at (n; — kj, nN? — k») _ (11, N»)). 


Now only in case of strong neutrosophic bivector spaces of 
finite (n,, n2) bidimension over the neutrosophic bifield F = F, 
U F, we are in a position to define the strong neutrosophic 
bihyper subspaces of V = V U Vo. 

Suppose V = V; U V> be a strong neutrosophic bivector 
space over the neutrosophic bifield F = F, U F. of (mn, nm) 
bidimension. f = f' U f? be a bilinear functional on V. The 
binull space of f or the null bisubspace of f denoted by Nr = 
New Ne. 

The bidimension of N;= dim Ni U N°. ; but dim Ni = dim 
V; '=n;— 1 true for i= 1, 2. Thus bidimensin of Nr = dim (Vi- 
1) Udim (V2 —- 1) = dim N'. Udim N°, ‘ 


We know in a vector space of dimension n a subspace of 
dimension n — 1 is called a hypersubspace likewise in a strong 
neutrosophic bivector space of bidimenion (n;, n2) over the 
neutrosophic bifield F = F; U F, the bisubspace of bidimension 
(n;} — 1, no — 1), we call that bisubspace to be a strong 
neutrosophic bihypersubspace of V. 

Thus Ne = Ni U Ne is a strong neutrosophic bihyper subspace 


of the strong neutrosophic bivector space of V = V; U Vo. 
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One can prove as in case of bivector space in case of strong 
neutrosophic bivector spaces of type II if W; = W, UW, and 
W2 = W, UW, be strong neutrosophic bivector subspaces of a 
strong neutrosophic bivector space V = V; U V2 over the 
neutrosophic bifield F = F, U F, of bidimension (nj, nz) then W, 
= W, if and only if W, =W, that is if and only if 
(wi) =(Wi) fori=1,2. 

Further as in case of bivector spaces of type II we can 
define the concept of dual space of a dual space V = V, UV; = 
V1 U V>. 

Let V = V, U V> be a strong neutrosophic bivector space 
over the neutrosophic bifield F = F; U F. (Le., each V; Is a 
strong neutrosophic vector space over Fi, i = 1, 2) Let V = 
V, UV, be the bivector space which is the bidual of V over the 
same bifield F = F, U F). The bidual of the bidual space Vv, i.e., 
Vin terms of the bibasis and bidual basis is given in the 
following: 

Let a = a' Ua’ bea strong neutrosophic bivector space V 
= V, U V> then o induces bilinear function L, = Li, UL’, 
defined by 

Ke. = La@ jor a 

= f(a) 
= fi(a')Uf@?’) 


feV, UV, =V;fie V,3;i=1, 2. The fact each U is linear is 
just a reformation of the definition of the linear operators on V, 


for each i = 1, 2. The fact that each Li is linear is just a 


reformation of the definition of linear operators in Vv, ;1= 1,2. 


L¢cf+g) = LU, (@if'+g)+ L (of +m) 

= (cif + g)) (a') U (of +g) (a’) 
cif! (a!) + gi(a') U cof? (a°) + g(a’) 
= Cy L.(f) ats L.(g) 
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where f= f' Uf’ and g=g, Ug. If V=V, U V2 is a strong 
neutrosophic finite (n;, nj) bidimensional and a #0 = a! Uw 
then L, = 6 Es # 0 U 0, in other words there exists a 


bilinear function f= f' U f° such that f(a) # 0; Le., f(a) = f'(a') 
U f(a’) for each f(a’) # 0; i= 1, 2. Further the bimapping a = 
a Cos Le= Li, U Ls is a biisomorphism of V = V, U V2 


onto V = Vv, U V> ; 

Several properties in this direction can be analysed by any 
interested reader. 

It can be easily proved as in case of bivector spaces of type 
I; 


“If S =S, U So is any biset of a (nj, nz) bifinite dimensional 
strong neutrosophic bivector space V = V; U V> then (S°) ° = 


((s}) U(s:)) 7 (S} y U (S; y is the bisubspace spanned by S 


a S| U S>. 

Thus if V = V; U V> is a strong neutrosophic bivector space 
of type II defined over the neutrosophic bifield F = F, U Fo. We 
define the bihypersubspace or hyperbispace of V = V, U V2. 
Assume V = (V; U V3) is a (nj, n2) dimension over F = F; U Fy. 
If N=N, U N> is a bihyperspace of V that is N = N; U N> is of 
(n,; — 1, np — 1) bidimensional over F = F; U F, then we can 
define N = N; UN; to be a hyper space of V if 


(1) N= N,; U N> is a proper strong neutrosophic bivector 
subspace of V. 

(2) If W is a strong neutrosophic bisubspace of V which 
contains N then either W = N or W=V. 


Condition (1) and (2) together say that N = N, U N> is a proper 
strong neutrosophic bisubspace and there is no larger proper 
strong neutrosophic bisubspace; in short N = N; U No is a 
maximal proper strong neutrosophic bisubspace of V. Thus if V 
= V,; U V> is a strong neutrosophic bivctor space over the 
neutrosophic bifield F = F,; U Fy, a bihyper space in V = V, U 
V> is a maximal proper strong neutrosophic bisubspace of V = 
VU V> over the neutrosophic bifield F = F, U F). 
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The following property about bihyperspace of V can be 
easily proved. 

If f = f| Uf is a nonzero bilinear functional on the strong 
neutrosophic bivector space V = V; U V> over the neutrosophic 
bifield F = F; U F, of (nm, n2) finite bidimension over F then the 
bihyperspace of V is the binull space of a non zero bilinear 
functional on V. It need not be unique. 


We just give another interesting property about strong 
neutrosophic bivector spaces over a bifield of type II. 


Let V=V, U V2 and W = W, U W; be two strong neutrosophic 
bivector spaces over the same neutrosophic bifield F = F; U Fo. 
For each bilinear transformation T = T, U T2 from V = V; U V2 
into W = W, U W; there is a unique bilinear transformation T' = 
T; UT; from W* = W, UW, into V*= V, UV, such that 


(Tijo = (Ti, UT) @! Uo) 


g Ig; 22 
gi(Tia') U g(T> a’) 
= g(Ta) 


for every g= 2, U @ € W*= W, UW, anda=a' Ua inV= 
Vi U V2. 

We call T'= T/ UT; as a bitranspose of T = T; U To. This 
bitransformaiton T' is also called as the biadjoint of T. 


We now prove an important property about T'. 


THEOREM 2.3.15: Let V = V' UV? and W = W' UW? be any 
two strong neutrosophic bivector spaces over the neutrosophic 
bifield F = F' U F’ and let T = T' UT be a strong 
neutrosophic bilinear transformation from V = V' UV? into W 
= W' UW. The binull space of T = Ti UT; is the 
biannihilator of the birange of T = T' UT’. If V and W are 
finite bidimensional then 

i. birank (T') = birank T. 

ii. The birange of T = T; UT, is the annihilator of the binull 


space of T=T; UT». 
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Proof: Let g = g' U g* be in W* = W, UW, the dual space of 
the strong neutrosophic bivector space W = W; U W). By 
definition we have (T;) a =g (Ta) where for each a =a Uw 
EV, U V2. T=T,; UT2: Vi U V2 3 W, U Wo. The statement 
that g = g' U g’ is in the binull space of T' = T, UT; means that 
g(Ta) = 0; ie, g'Tja' U gT.0? = 0 U0 for every a=a' UW? 
€eV=V,U V>. 

Thus the binull space T' = T/ UT; is precisely the 


biannihilator of the birange of T = T; U To. Suppose V = V; U 
V, and W = W,; U W>, are finite bidimensional, we say 
bidimension V = (n;, n2) and bidimension W = (m;, mz). 


Proof of (i): Let r = (11, 1) be the birank of T = T; U Ts, ie., the 
bidimension of the birange of T is (1, r2). 

By earlier results the biannihilator of the birange of T = T, 
U T> has bidimension (m, — r;, m2 — r2). By the first statement of 
the theorem the binullity of T'= Ti UT, must be (m; — 1, my — 
tr). Since T'= T;/ UT, is bilinear transformation on an (m,, mp) 
bidimensional bispace the birank of T'= T; UT, is (m)- (m; — 
1), Mz — (mz —1)) and so T and T' have the same birank. 


Proof for (ii): Let N = N; U Nz; be the binull space of T = T; U 
T>. Every bifunction in the birange of T' = T; UT, is in the 
biannihilator of N = N, U N), for suppose f = T'g; ie, f Uf = 
T\g' UTjg’ for some g = g' Ug in W* = W, UW, then if a= 
a! Uo’ is inN=N, UN); 


f(a) = f(a')U f(a’) 
= (T; Jo = (Tig')a! U(Tig?)o? 


= g(Ta) 

= g'(T:a') U g.(T2a”) 
= g'(0)Ug (0) 

= Q0V0. 
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Now the birange of T' = T/ UT, is a bisubspace of the 
space N°= N? UNS and 
dim N° = (n,—dim N;) U (m — dim N)) 
= birank T 
= birank T' 
so that birange of T' must exactly be N°. 


THEOREM 2.3.16: Let V = V; UV, and W = W, U W, be two 
(N};, 12) and (m;, mz) dimensional bivector spaces over the 
neutrosophic bifield F = F,; UF. Let B be a bibasis of V and 
B* the bidual basis of V*. Let C be a bibasis of W with dual 
bibasis C*. Let T = T; UT) be a bilinear transformation from V 
into W; let A be the neutrosophic bimatrix of T = T; vu T) 
relative to B and C and let B be a neutrosophic bimatrix of T’ 


relative to B*, C*. Then B — A; for k = 1, 2. That is 


1 2S 1 2 
A, UA; = BeUB,. 


Proof: Given V = V; U V2 and W = W,; U W;, are strong 
neutrosophic bivector spaces over the neutrosophic bifield F = 
F, U F). Given V = V, U Vz is (nj, nz) bidimension and W = W, 
U W2 is of (m;, mz) bidimension over the bifield F = F, U Fy. 


Let 
= 1 1 1 2 2 2 
B= {Or rectly 1 has a \ 


nN, 


be a bibasis of V = V; VU V> and the dual bibasis of B, 


Bra BOBS = {fb apt Oi tau, | 
Let 
C=C, UC2= {B),B5, ..-sBh, } U{BiBa.---Ba, | 


be a bibasis of W = W, U W). 
The dual bibasis of C, 


C2 OC Suk OB ese, 3 
Now by definition for a =a' Uo’; 


Th 0; - > AGh rl = I, 2; sees mh; k= 1, 2: 
i=l 
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ij 


Ti g; = > Bef. ;j=1,2,..., mandk=1, 2. 
i=l 
Further 
(Te gp(as) = gF (Te oF) 
= k ~ k ak 
~ Bj [Saxe 
zz 


= DAnsi (By) 


p=l 


= 3 A,dip 
p=l 


k 
Ae 


For any bilinear functional f =f! U f? on V, 


f= Sift (at)! res Lo 
i=l 


If we apply this formula to the functional f* = ly g; and use the 


fact (T; gt a = Aj,, we have 


(Te!) = Dae 
i=l 
from which it follows By = Ax ; true for k = 1, 2. That is 
1 2. 1 2 
B UB; = A; UA;. 
IfA=A! UA’ isa (m; X nj, M2 X N2) neutrosophic bimatrix 


over the neutrosophic bifield F = F; U F, then the bitranspose of 
A is the (n,; x mj, np x my) neutrosophic bimatrix A‘ defined by 
t t 
(Aj) U(Aj) = AYU Ay. 
We leave it as an exercise for the reader to prove the birow 
rank of A is equal to the bicolumn rank of A, that is for each 


neutrosophic matrix A’ we have the column rank of A’ to be 
equal to the row rank of A’; i = 1, 2. 
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We see all these results holds good for strong neutrosophic 
bilinear algebras defined over the neutrosophic bifield F; U F) = 
F with appropriate modification if necessary. 


Now we proceed onto define the notion of neutrosophic 
bipolynomial over a neutrosophic bifield F = Fy U Fo. 


DEFINITION 2.3.34: Let F/x] = F)[x] UF [x] be such that each 
F,[x] is a polynomial over F;, F; a neutrosophic field; i = 1, 2 
and F # Fy) i.e., F = F; UF) is a neutrosophic bifield. We call 
F [x] the neutrosophic bipolynomial over the neutrosophic 
bifield F = F; UF. Any element p(x) © F[x] will be the form 
POCO = Pix) U p2(x) where p(x) is a neutrosophic polynomial in 
F [x]; t.e., p(x) is a neutrosophic polynomial in the variable x 
with coefficients from the neutrosophic field F;, i = 1, 2. The 
bidegree of p(x) is a pair given by (nj), nz) where n; is the degree 
of the polynomial p,(x); i = I, 2. 


We will illustrate this situation by some simple examples. 


Example 2.3.73: Let F = F; U F) = Z3 IU QI be a neutrosophic 
bifield. F[x] = Fi[x] U F.[x] = Z][k] U QI[x] = {all 
polynomials in the variable x with coefficients from the 
neutrosophic field Z3I} U {all polynomials in the variable x 
with coefficients from the neutrosophic field QI}is a 
bipolynomial strong neutrosophic bivector space over the 
neutrosophic bifield F = F; U F; = ZI U QI. 

Let p(x) = 21 + Ix + 21x? + Ix’ U 31 + 7Ix + 2701 x’ — 57621 
x’ + 30061 x”; p(x) € F[x]. 


Example 2.3.74: Let F = F; U Fo = N(Q) U N(Zj)) be a 
neutrosophic bifield. F[x] = Fi[x] U F.[x] = N(Q)[xk] VU 
N(Zj1)[x] = {all polynomials in the variable x with coefficients 
from the neutrosophic field N(Q)} U {all polynomials in the 
variable x with coefficients from the neutrosophic field N(Z),)} 
is a bipolynomial strong neutrosophic bivector space over the 
neutrosophic bifield F = N(Q) U N(Z})). 
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Take p(x) = pi(x) U p2(x) = 3 + 17x” — 245 x° + 346 x’ — 
93/2 x* + 471 x” — 5009 x! U 31+ 8 + 4Ix + 5x? + 101 x’ + 2x"! 
+ 9x°° © F[x] is a bipolynomials with coefficients from the 
bifield N(Q) U N(Zi1) 


DEFINITION 2.3.35: Let F/x]/ = Fif[x] U F.[x] be a 
bipolynomial over the neutrosophic bifield F = F) UF). F[x] is 
a strong neutrosophic bilinear algebra over the bifield F. Infact 
F [x] is a bicommutative neutrosophic linear bialgebra over the 
bifield F. F[x] the strong neutrosophic bilinear algebra may or 
may not have the biidentity lL =1 UlorI vIlorI Ulori vl 
depending on the neutrosophic bifield F = F; U F>. We call a 
neutrosophic bipolynomial p(x) = pi(x) V p2(x) to be bimonic 
polynomial if each p;(x) is a monic neutrosophic polynomial in x 
fori=1, 2. We will call a neutrosophic bipolynomial to be a 
neutrosophic monic bipolynomial if for each p(x) © F;[x] the 
coefficient associated with the highest degree is I for i = 1, 2. 


We will first illustrate these situations before we proceed on to 
prove further results. 


Example 2.3.75: Let F = F, U F) = Z7I U Zi3I be a neutrosophic 
bifield. F[x] = F,[x] U F,[x] = Z7][x] U Z3[X] = {all 
polynomials in the variable x with coefficients from the 
neutrosophic field ZI} U {all polynomials in the variable x 
with coefficients from the neutrosophic field Z\3I} is a 
bipolynomial strong neutrosophic bilinear algebra over the 
bifield F = F, U F, a Z71 U Z,31. 

It is easily verified that F[x] has no monic bipolynomial 
however F[x] has neutrosophic monic bipolynomials. For take 

p(x) = Ix” + 21 x* + 41x? + 51 U Ix” + 12Ix® + 101 x"? + 71 
x’ + 5Ix + 31 © Fi[x] U F,[x]. Clearly p(x) is a neutrosophic 
monic bipolynomial in F(x). 


Example 2.3.76: Let F = F; U Fo = N(Zo3) U N(Za7) be a 
neutrosophic bifield. F[x] = Fi[x] U F)[x] = N(Z3)[x] U 
N(Z47)[x] = {all polynomials in the variable x with coefficients 
from the neutrosophic field N(Z3)} U {all polynomials in the 
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variable x with coefficients from the neutrosophic field N(Z47)}. 
F[x] is a bipolynomial strong neutrosophic bilinear algebra over 
the neutrosophic bifield F = N(Z23) U N(Za7). Take p(x) = pi(x) 
U pax) € NZas)[x] U NZar)Ex]s p(x) = {x + 31x? + 15x"° 
Alx*® + 131 x’ + 5x? + 201 + 4} U {x'™ + 461 x! + 45Ix”? + 
27x°8 + 40x?’ + 37x° + Ix? + 71 + 4} is a monic bipolynomial in 
F[x]. 


It is interesting to note that in case of these bipolynomial strong 
neutrosophic bilinear algebra the conditions under which the 
bilinear algebra will have monic bipolynomials and when it will 
never have monic bipolynomials. 


THEOREM 2.3.17: Let F = F; UF; be a neutrosophic bifield 
F[x] = Filx] U Fo[x] be a bipolynomial strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F; UF». 

If both F, and F, are of the form K, I and K; I where K, and 
K, are real fields then the bipolynomials strong neutrosophic 
bilinear algebra F[x] will not contain monic bipolynomial. 


Proof: Given F = F, U F, is a neutrosophic bifield where F; = 
K, I and F; = Kz I with K, and K; real fields. 

F[x] = F\[x] U F,[x] = KiI[k] U KoI[x] is the bipolynomial 
strong neutrosophic bilinear algebra over the neutrosophic 
bifield F = F; U F,. We see clearly F = F; U F) = Kil U Kil 
does not contain any real element; every bipair in K,I U Kgl is 
neutrosophic. Hence 1 ¢ Kil for i= 1, 2. Thus no bipolynomials 
in the variable x has real coefficients i.e., no polynomial p(x) in 
the variable x in K,I[x] has real coefficients; for i = 1, 2. 

Thus F[x] = K,I[x] U K,I[x] has no monic bipolynomial. 

Hence the claim. 


THEOREM 2.3.18: Let F = F; UF, be a neutrosophic bifield. 
F[x] = Fi[x] VU F2[x] be a bipolynomials strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F, VU F). If 
each F; is of the form N(K;) where K; is a real field for i = 1, 2 
then the bipolynomial strong neutrosophic linear bialgebra has 
monic bipolynomials. 
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Proof: Given F = F; U F2 = N(K,) U N(K2) (where K, and K» 
are real fields) is a neutrosophic bifield. F[x] = F,[x] U F.[x] = 
N(K,)[x] U N(K;)[x] is a bipolynomial strong neutrosophic 
bilinear algebra over the neutrosophic bifield F = F, U Fy. 

Now clearly K; c N (Kj) for i = 1, 2; that is the neutrosophic 
field N (K,) contains the real field K; as a proper subfield, true 
for i= 1, 2. Thus | € N (K;) fori =1, 2. Now we can take p(x) 
= pi(x) U p2(x) where both p,(x) is a monic polynomial of the 
form say x7"? + 71 x7”? + 141 x'* + 27x" + 205 in F,[x] and p2(x) 
to be a monic polynomial of the form x* + 7x + 21] in F,[x] we 
see p(x) is a monic bipolynomial in F[x]. 

Hence the claim 

Thus we see when both the neutrosophic fields F;; i = 1, 2, 
are not pure neutrosophic fields then certainly the bipolynomial 
strong neutrosophic bilinear algebra has monic bipolynomials. 

Further even if one of the neutrosophic field F; is a pure 
neutrosophic field that is F; = K; I where K; is a real field i = 1, 
2; then F[x] = F,[x] U F,[x] has no bipolynomial which is a 
monic bipolynomial. 

The reader is expected to prove the following results. 


THEOREM 2.3.19: Let F/x] = F)[x] VU F2[x] be a strong 

neutrosophic bilinear algebra of bipolynomials over the 
neutrosophic bifield F = F; UF) then 

i. If fy) =fied) Uf and g(x) = gi(x) Ug2(x) are two non 

zero bipolynomials in F [x], the bipolynomial f(x) g(x) = 

Sid) 2100) Ufo) Z2(x) is a non zero bipolynomial in F[x]. 

ii. The bidegree of (f(x) g(x)) = bidegree of f(x) + bidegree 
of g(x) where bidegree of f = (n;, nz) and bidegree of g = 
(my), m2). 

iii. f(x) g(x) is monic bipolynomial if both f(x) and g(x) are 
monic polynomials and F = F, VU F) is neutrosophic 
bifield of the form F = N(K,) U N(K2) where K; and K> 
are real fields. 

iv. f(x) g(x) is a monic neutrosophic bipolynomial if both f(x) 
and g(x) are monic neutrosophic bipolynomials. (F = KI 
U Kol). 
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Ve APES = fe Ops Perea 
= fit g) Vii + 82) 

0U0 

max (bideg f, bideg g). 

vi. Iff g, hare Sbcoinomiel over the neutrosophic bifield F 
= F, UF. fs) = fils) U fil), BC) = g(x) U go(x) and 
h(x) =hix) Vhox); gx) 40 VO, fa) 40 V0 and h(x) # 
0 UO and if fg = fh then g = h. 


K 


As in case of polynomials we can derive most of the results in 
case of neutrosophic bipolynomial. 

Let A = A; U A, be a strong neutrosophic bilinear algebra 
with biidentity 1 = 1 U 1 over the neutrosophic bifield F = F, U 
F, where we make the convention for any real & = a) U Q) (Q; 
and a, are both real). 

eo Ve, —iwilek. 

We cannot derive the properties enjoyed by usual 
bipolynomials. 

Thus to get the analogue of the Lagrange biinterpolation 
formula in case of bipolynomial strong neutrosophic spaces we 
have to make more assumptions. We can derive several results 
analogous to bipolynomial bilinear algebra. 

Suppose f = f; U f) and d = d; U dp be any two non zero 
neutrosophic bipolynomials over the neutrosophic bifield F = F, 
U F, such that bideg d < bideg f (i-e., bideg d = (nm), nm) and 
bideg f = (m), my) and n; < m; for i = 1, 2 (then we say bideg d < 
bideg f) then there exists a bipolynomial g = g; U go in F[x] = 
F,[x] U F,[x] such that either f — dg = 0 that is (f, — dig;) U (Hh — 
dog.) = 0 U 0 or bideg (f— dg) < bideg f. 


We have also the following interesting result in case of 
neutrosophic bipolynomials. 


THEOREM 2.3.20: Let f = ff U fo and d = d; U dz be 
bipolynomials over the neutrosophic bifield F = F; UF and d 
=d, Ud) is different from 0 V0 then there exists bipolynomials 
d= qi Vq andr =r, Vr in F[x] = F)[x] UF 2[x] such that f 
=dq + rie, f=fi Up = (di qi t+ ry) Ud go + 12). 
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(2) Either r =r; Ur, = (0 UO) or bideg r < bideg d. The 
bipolynomials q = qi U q2 and r =r; Ur» Satisfying the 
conditions (1) and (2) are unique. 


The proof is direct hence left as an exercise for the reader. 


DEFINITION 2.3.36: Let d = d; Ud be a non zero bipolynomial 
over the neutrosophic bifield F = F,; UF». If f = fi Uf is in 
Fl[x] = F [x] UF>[x], the proceeding theorem show there exists 
atmost one bipolynomial q = q; U q2 in F[x] such that f = dq 
ie, f=fi Ufp = diqy Udog2. If such a q = qi Uqp exists we say 
that d = d; Ud, bidivides f = f; Uf and f is bidivisible by d = 
d; Ud, and f=f; Ufp is a bimultiple of d = d; Ud, and we call 
gq =41 U@ to be the biquotient of f and d = d; Ud and write q 
=f/d that is q =q; Vq2 =f) /d1 Ufp/d. 


The following result is direct. If f = f; U f) is a bipolynomial 
over the neutrosophic bifield F = F; U F) and c = c; U cp be an 
element of F. f is bidivisible by x — c = (x —c,) U (k — cp) if and 
only if f(c) = fi(c)) U fh(e2) =0 VU 0. 


We can prove the fundamental theorem of algebra namely that 
every polynomial of degree n has atmost n roots can be proved 
in case of neutrosophic bipolynomials. A bipolynomial f= f, U 
f, of degree (nj, no) over a neutrosophic bifield F = F, U F, has 
atmost (nj, No) biroots in F = F, U Fy. Now we will prove 
Taylors formula for bipolynomials over the neutrosophic bifield 
F= F, U Fp. 


THEOREM 2.3.21: Let F = F; UF) be a neutrosophic bifield of 
bicharacteristic (0, 0). c = ¢; Uc2 be an element in F = F; UF} 
and (nj), nz) be a pair of positive integers. If f = fi Ufo is a 
neutrosophic bipolynomial over the bifield F = F; U F> with 
bideg f S (nj, nz) then 

f 3 Dict eae)! UY x Die, a- 6)” 


ky=0 kr k5=0 |k> 


129 


Proof: We know Taylors theorem is a consequence of the 
binomial theorem and the linearity of the operators D’, Dy, waa 
D". We know the binomial theorem 


(a zig b)™ = lea am ‘ps 


k=0 


! - ad 
where a 2 a eee is the familiar 
k) k(m-k)! l2uk=lk 


binomial coefficient giving the number of combinations of m 
objects taken k at a time. 


Now we apply the binomial theorem to the pair of neutrosophic 
polynomials 


x™ xm = (cy + (K—C1))™ UC. + (K— €2))™ 


m™ (Mm ™ (m 
) gains (x = c,) U ¥| ; om (x ~C, ye 
Cc 0 Co 


1 


ll 
“M 


m),— 


ion +m,c7" "(x -¢,)+..4+(x -c,)™} U 


c,? +m,c, '(K-¢,)+...4(x-e,)™} 


and this is the statement of Taylor’s biformula for the case 
f= x™Ux™, 


If 
By tg 
= iL; m, 2 m. 
f= y aye > ain X > 
m,=0 m,=0 


ny Ny 
Ds (C)= Dy ay,D'x™(c,) UD an, DEx™ (Cy) 
m,=0 m,=0 


and 
y D"£,(c,Xx-¢,)" VU x DY f,(C,)(& —¢))" 
k,=0 |k, k3=0 [ky 
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= ; Die (c, (x -¢,)" 
aa ae 


D’x™(c,)(x—c,)” 
2 2 2 


_ \ Dex (c, (x= B 


je DPX k=) 
dAn, Lk ; 


If c = cy; U @ 1s a biroot of the neutrosophic bipolynomial f 
=f, U f; with bimultiplicity c = c, U c as a biroot of f= f, U f, 
is the largest bipositive integer (r1, r) such that (x -—¢,)* U(x- 
C2)” bidivides f=f,; U fy. 


Now we have still an interesting result on these neutrosophic 
bipolynomials and their bimultiplicity. 


THEOREM 2.3.22: If F = F U/F> is a neutrosophic bifield of (0, 
0) bicharacteristic (i.e., each F; is of characteristic zero for i = 
I, 2) and f =f; Ufp be a neutrosophic bipolynomial over the 
bifield F = F,; UF with bideg f S$ (n,, nz). Then the biscalar c = 
Cc; Uz is a biroot of f =f; Ufo of multiplicity (r1, rz) if and only 
f(D fle) GD" Hey = 0 Os 0 < S KH 1 i = 1,2. 
D" f; (cj) #0 for every i = 1, 2. 


Proof: Suppose that (1, rm) is the bimultiplicity of ¢ = c; U c, as 
a biroot of f=f, U fi. 

Then there exists a neutrosophic bipolynomial g = g) U g 
such that f = (x — c;)' g) U (kK — 2)? go and g(c) = gi(c)) U 
QC) #0U 0. 

For otherwise f = f; U f; would be bidivisible by (x — cy yn 


U(x — ¢2)°*!. By Taylors biformula applied to g = g; U g, 
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(D™ £ Nc, x = c,)™ U 


f = (x-ay ¥ = 
m,=0 1 


(x —c,)" > (D™ gy (Cy (X= C5) 
‘3 Dig hae) U ss (OMe xo) : 


m,=0 m, m,=0 m, 


Since there is only one way to write f = f; U fp (i.e., only one 
way to write each component fj of f; i = 1, 2) as a bilinear 
combination of bipowers of (x — c, yt U (xk -¢2 ye [0<k<nj,1i 
= |, 2 it follows that 


(D'f)ic,) 0 Ht OS keel 


Kk 5 
Ik; ao if <k, <n, 
iG): 


This is true for every i, i= 1, 2. Therefore D“ f,(c;) = 0 for 0 <k; 

<r-1;i=1,2 and D*‘ fc) ¥ g(c;) 4 0 for every i, i= 1, 2. 
Conversely if these conditions are satisfied, it follows at 

once from Taylor’s biformula that there is a neutrosophic 


bipolynomial g = g; U g» such that f= f, Uf = (k-—¢))"' gy U 
(x—Cy)? go and g\(c;) U g2(c2) = g(c) 40 U0. 

Now suppose that (r), m) is not the largest positive biinteger 
pair such that (x — c,)'' U (k—c2)” bidivides f; U fi; i.e., each 
(x—c;)" divides f;; i = 1, 2. then there is a bipolynomial h = h, 
U hy such that f = (x —c;)"*"hy U (x —c))®*" hp. But this implies 
S= 21 VU M. = (K—Cy)hy U (K — Cp)hy; hence g(c) = gi(c1) U g2(C2) 
=0 UU 0 acontradiction; hence the claim. 


Now we proceed onto define principal biideal generated by the 
neutrosophic bipolynomial d = dy U dp. 
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DEFINITION 2.3.37: Let F = F; UF) be a neutrosophic bifield. 
A biideal in F[x] = F)[x] U F2[x] is a strong neutrosophic 
bisubspace m = m; U mp) of F[x] = F [x] VU F2[x] such that 
when f =f; Ufo and g = g; Ug then fg = fi g1; Ufo g belongs 
tom =m, Um; ie. each fig; € m; whenever f is in F[x] and g 
em(i=I1, 2). 


If in particular the biideal m = d F[x] for some bipolynomial d = 
d, U dy in F[x] = Fi[x] U F,[x], 1-c., the biset of all bimultiple df 
= dif, U dof, of d = d; U dy by arbitrary f = f, U fp in F[x] = 
F,[x] U F)[x] is a biideal; for m is non empty; m infact contains 
d. If f, g © F[x] = F,[x] U F,[x] and c = c; U c is a biscalar then 
Cc (df) = dg = (c, dif, = digi) U (Codofy = dog>) = di(cif; = 21) U 
do(c2f2 — g2) belongs to m = m; U my, that is di(cifj — g;) € mj; 1= 
1, 2; so that m is strong neutrosophic bivector subspace. Finally 
m contains 

(df)g = d(fg) 

(difi)gi U (dof)go 

di(figi) U do(fg2) 

as well m = m; U mis called the principal biideal generated by 
d= d, oe dp. 


We will prove the following biprincipal ideal or principal 
biideal of F[x] = F, [x] U F2[x]. 


THEOREM 2.3.23: Let F = F; U F> be a bifield which is a 
neutrosophic bifield and m = m; Um a non zero biideal in 
Flix] = Fi[x] VU F.[x]. Then there is a unique monic 
bipolynomial d = d; U dz in F[x] where each d; is a monic 
polynomial in F,[x]; i = 1, 2 such that m is the principal biideal 
generated by d. 


Proof: Given F = F; u F, is a neutrosophic bifield and F[x] = 
F,[x] U F,[x] be the bipolynomial strong neutrosophic bivector 
space over the neutrosophic bifield F = Fy U Fp. Let m = m; U 
m, be a non zero biideal of F[x] = F\[x] U F.[x], we call a 
bipolynomial p(x) to be bimonic, i.e. if in p(x) = pi(k) U p2(x) 
every p(x) is a monic polynomial for i = 1, 2. Similarly we call 
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a bipolynomial to be biminimal if in p(x) = pi(x) U p2(x) each 
polynomial p,(x) is of minimal degree. Now m = m, U m 
contains a non zero bipolynomial p(x) = pi(x) U p2(x) where 
each px) # 0 for 1 = 1, 2. Among all the non zero 
bipolynomials in m there is a bipolynomial d = d; U dp) of 
minimal bidegree. Without loss in generality we may assume 
that minimal bipolynomial is monic, i.e., d is monic. Suppose f 
= f; U f, is any bipolynomial in m then we know f = dq+r=f; 
U fp = diq) +1 U doqz + fr where r = (1, 2) = (0, 0) or bidegree 
rt < bidegree d; i.e., f= f, U fp = (diqy + 11) U (doqn + 1). Since d 
is in m, dq=d,q; Udoq, e mandf «e msof—dg=r=r,Une 
m. But since d is a bipolynomial in m of minmal bidegree we 
cannot have bidegree r < bidegree d sor=0 U0. 

Thus m = dF[x] = d\|F)[x] U d)F.[x]. If g is any other 
bimonic polynomial such that gF[x] = m = g)F,[x] U goF)[x] 
then there exists non zero bipolynomial p = p; U pz and q = qi 
U qo such that d = gp and g = dq. ie., d=d) U db = gipi U po 
and g) U g = d)q) U doq2. Thus 
d = = dpq 

dipiqi U dopoqe 

= (di VU do)pq 
and bidegree d = bidegree d + bidegree d + bidegree p + bideg 
q. Hence bidegree p = bidegree q = (0, 0) and as d and g are 
bimonic p = q = 1. Thus d= g. 

Hence the claim. 

If in the biideal m we have f = pq + r where p, f € m; ie., p 
=p,Up. e mandf=f, Uf em; f=f, UL=(piqi +11) U (— 
q2 + 1) where the biremainder r = r; U r. € m and is different 
from 0 U 0 and has smaller bidegree than p. 


The interested reader is requested to prove the following results. 


COROLLARY 2.3.1: Jf p’, p’ are bipolynomials over a 
neutrosophic bifield F = F; UF; not all of which are zero; i.e., 
0 UO, then there is a unique bimonic polynomial d = d; Ud) in 
Fx] = F [x] UF2[x] such that 
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i. d=d, Ud) is the biideal generated by p', p’ where p' = 
Pp) UP; and p° = p, VU p3. 
ii. d = d; U ad, bidivides each of the bipolynomials p' = 
pV Pp that is d,/ pi ,fJ=1,2andi=1, 2. 
iii. d is bidivisible by every bipolynomial which bidivides each 
of the bipolynimial p' and p’. 


Any bipolynomial satisfying (i) and (ii) necessarily satisfies (iii). 


Next we proceed on to define greatest common bidivisor or 
bigreatest common divisor. 


DEFINITION 2.3.38: Jf p’, p’ (where p' = p) Up) and p> = 
PD; U p;) are neutrosophic bipoynomials over the neutrosophic 
bifield F = F, UF such that both the bipolynomials are not 0 
U 0. Then the monic generator d = d; Ud of the biideal 
{i Filx]} + py Filx]} VU €p; Folx]} + p; Fo[x]} is called the 
greatest common bidivisor or bigreatest common divisor of p' 
and p’. This terminology is justified by the proceeding 
statement. We say the neutrosophic bipolynomials p' = p) V p! 
and p) = p, Up; are birelatively prime if their bigreatest 


common divisor is (1, 1) or (I, 1) or equivalently if the biideal 
they generate is all of F[x] = Fj[x] U F>[x]. 


This result and definition 2.3.38 can be extended to any 
arbitrary number of bipolynomials p', p’, ..., p", n > 2. We will 
now proceed onto define bifactorization, biprime, biirreducible 
of neutrosophic bipolynomials over the neutrosophic bifield F = 
F, U Fy. 


DEFINITION 2.3.39: Let F = F) UF) be a neutrosophic bifield. 
A bipolynomial f = f, Uf in F[x] = Fi[x] U F2[x] is said to be 
bireducible over the bifield F = F, U F> if there exists 
bipolynomials g, h € F[x], g = 21 Ug, and h = h; Uh) in F[x] 
= F [x] U F2[x] of bidegree = (1, 1) or (I, 1) such that f = gh = 
gh; Vg hp =f, Ufo and if such g and h does not exist f =f; VU 
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jo is said to be biirreducible over the bifield F = F; UF. Anon 
biscalar, bi-irreducible neutrosophic bipolynomial over the 
neutrosophic bifield F = F; U F) is called the biprime 
polynomial over the bifield F = F; U F2 and some times we say 
it is biprime in F[x] = Fi [x] U F2[x]. 


The following results can be proved by any interested reader. 


THEOREM 2.3.24: Let p =p! Up’, f=f Uf and g=g' Ug’ 
be neutrosophic bipolynomials over the neutrosophic bifield F 
= F, UF). Suppose that p is a biprime bipolynomial and that p 
bidivides the product fg = f; g; Ufo g then either p bidivides f 
or p bidivides g. 


THEOREM 2.3.25: If p = p’ Up’ is a biprime bipolynomial that 
bidivides a biproduct f; and f, that is fifo then p bidivides one of 
the bipolynomial f; or fo. 


THEOREM 2.3.26: If F = F, U F> be a neutrosophic bifield a 
non zero biscalar monic neutrosophic bipolynomial in F[x] = 
F [x] U F2[x] can be bifactored as a biproduct of bimonic 
primes in F[x] = F [x] U F2[x] in one and only one way except 
for the order. 


THEOREM 2.3.27: Let f = fi Ufo be a non scalar neutrosophic 
monic bipolynomial over the neutrosophic bifield F = F; UF 


1 
Ny 


and let f= p" vag Dat pu ar Pe: be the prime bifactorization 
of f. For each j,; 1Sj, Sky; t= 1, 2, let fi = fi |p = Te" : 
i¢j 


then Pimwte are relatively prime for t = I, 2. 


THEOREM 2.3.28: If f = fi Uf> is a neutrosophic bipolynomial 
over the bifield F = F, UF» with derivative f’ = f/ VU f; . Then f 
is a biproduct of distinct irreducible bipolynomials over the 
bifield F = F; UF? if and only if f and f ‘are relatively biprime, 
that is each f;and f, are relatively prime for i = 1, 2. 
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Now we proceed onto define bicharacteristics values of a strong 
neutrosophic bilinear operator on a strong neutrosophic bivector 
space V = V, U V> over a neutrosophic bifield F = F, U F). 


DEFINITION 2.3.40: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F; UF and let 
T =T, UT, be a bilinear operator on V; i.e., T= T; Y To; V= 
V, UV, 9 V = V, U V2 and T;: V; > V;, i = 1, 2. This is the 
only way bilinear operator can be defined on V. A 
bicharacteristic value of T is a biscalar c = c; Uc) (c; € Fj, i = 
1, 2) in F = F; UF) such that there is a non zero bivector a = 
a, Vain V= V, UV, with Ta=ca,ie., Ta=T,a, UT>a@ = 
C1) UV C70; Le, Tia, = qa, i = 1, 2. fe =c) Uaeisa 
bicharacteristic value of T = T; UT> then 


i. anya = a; VU @ such that Ta = ca is called the 
bicharacteristic bivector of T = T; UT> associated with the 
bicharacteristic value c = Cc; Uc. 

ii. The collection of all a = a VU @ such that Ta = ca is 
called the bicharacteristic space associated with c. 


If T = T, UT) is any bilinear operator on the bivector space V 
=V, UV>. We call the bicharacteristic values associated with T 
to be bicharacteristic roots, bilatent roots bieigen values, 
biproper values or bispectral values. 

These can be neutrosophic or real; will always be 
neutrosophic if F = F; UF, = K, | UK 1 where K; and K2 are 
real fields. 

These can be real or neutrosophic if F = F; UF = N (Kj) 
UN (K2), K; and K2 are real fields. 


If T is any bilinear operator and c = c; U Cc in any biscalar the 
set of bivector @ = a; U OQ such that Ta = co is a strong 
neutrosophic bivector subspace of V. It is infact the binull space 
of the bilinear transformation (T — clg) = (Ti — ¢, 1, ) U (T2 — 


Co1,,) where I, denotes the unit neutrosophic matrix for j = 1, 
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2. We call c = c; U cp the bicharacteristic value of T = T; U T> 
if this bispace is different from the bizero space 0 = 0 U 0; that 
is (T—c Ia) = (T1 — er Ty) U (To — 2, ) fails to be one to one 
bilinear transformation that is when the bideterminant of T — clg 
= det(T, —C| Ty ) U det(T, =05: 1, ) =0U0. 


We have the following theorem. 


THEOREM 2.3.29: Let T = T; U/T> be a bilinear operator on a 
finite (n}, nz) bidimensional strong neutrosophic bivector space 
V = V,; UV> defined over the neutrosophic bifield F = F; UF 
and let c = c; “cp be a biscalar in F. The following are 
equivalent. 

i. C=; Uczis a bicharacteristic value of T = T; UT». 
ii. The bioperator (T; — ¢)1,,) U (T) — e214) = (T— ¢ Iy is 

bisingular or (nor biinvertible. 
iit. Det(T—cly = 0 VO; i.e., det (T; — c, 1, ) Udet (T2- ¢21,,) 


=0V0. 


This theorem is direct and the interested reader is expected to 
prove it. 

Now we define the bicharacteristic value of a neutrosophic 
bimatrix A = A; U A») where each A; is a n; x n; neutrosophic 
matrix with entries from the neutrosophic field F;, i = 1, 2, so 
that A is a neutrosophic bimatrix defined over the bifield F = F, 
U F,. A bicharacteristic value of A in the bifield F =F, U F, isa 
biscalar c = c) U cz in F = F; U F> such that the bimatrix A — clg 
= (A; — 1, ) U (Az — C21, ) is bisingular or not biinvertible. 


c =c; U C7 18 a bicharacteristic value of A = A; U Az a (n, x 
Ny, Ny X Ny) neutrosophic bimatrix over the neutrosophic bifield 
F=F, U F, if and only if bidet (A — cly) = 0 U 0; Le., det (A; — 
cI, ) U det(A, —e21,, ) = 0 U 0; we form the bimatrix (xIy— A) 
=(xI, —Ai) U (I, — Az). Clearly the bicharacteristic values of 
A in F = F, U F, are just biscalars c = c; U cz in F, U F, such 
that f(c) = fi(c1) U f(c2) = 0 U O. For this reason f = f; U fy is 
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called the bicharacteristic polynomial of A. Clearly f is a 
neutrosophic bipolynomial of differ degrees in x over different 
neutrosophic fields. It is important to note that f = f, U fp is a 
bimonic bipolynomial which has bidegree exactly (nj, nz). The 
bimonic neutrosophic bipolynomial is also a neutrosophic 
bipolynomial over F = F; U F). 

We will illustrate this situation by some examples. 


Example 2.3.77: Let 


I 0 1 
A=A,;UA2=]0 1 O} U 
I 0 0 


oOo Fr NY 
oe NO = 
iS) 

—_ 


be a neutrosophic bimatrix of order (3 x 3, 4 x 4) over the 
neutrosophic bifield F = F,; U F, = N(Z)) U N(Z;). The 
bicharacteristic neutrosophic bipolynomial associated with the 
neutrosophic bimatrix A is given by 


(xla— A) = (XIb,x3 — Ai) U (KIgx4 — Ad) 


x+l 21 0 21 


x+I 0 1 
21 x4+2I 0 0 
=} 0 x4l 0] vU 
1 x+I 2 
I 0 x 


0 0 0 x+2 


is a neutrosophic bimatrix with neutrosophic polynomial entries. 


f = f; U f> 

= det(xly— A) 

= det(x Ing — Aj) U det (x Ty.4 — Az) 
{(x+D(xK+1)xt+1T K+) UGK+1«K+2D (K+) 
(x +2) +21 (x +1) (x + 2)} 

= 4+R°+k+V4+ +R vu (% + 2kk+x4+ 20 
(x? + 21+Ix+2I)+2Ix’+I 

= {Pt(1t1)x?+]} U {xt + 214 Ix’ + 2x}. 
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Thus the bipolynomial is a monic neutrosophic polynomial 
of degree (3, 4) over the bifield F = N(Z2) U N(Z3). 


Example 2.3.78: Let 


I 

I 0 
A=A,UA)= U 10 
2 2 0 


oro 
— ee 


be a neutrosophic bimatrix with entries from the neutrosophic 
bifield F = F,; U Fy, = N(Z3) U N(Z,). The bicharacteristic 
neutrosophic bipolynomial associated with the neutrosophic 
bimatrix A is given by 


(xIg = A) = (x lho = Aj) U (x 133 Ao) 


x 0 0 I 0 1 
x 0 I 0 
= - Us|/O x O}-|0 1 I 
0 x 2.2 
0 0 x 0 0 I 
x+I 0 1 
x4+2I 0 
= 0 xt+l I 
1 x+l 
0 0 x+iI 


Let f= f, wy f, = det(xIq aa A) = det(xlx2 = Aj) U det(xIs,.3 as Ad) 


x+I 0 1 
x+2I O 
= 0 x+1 I 
1 x+l 
0 0 x4iI 


{K+ a«t+D}U {(x+I? «+ )} 
= {x?4+2Ix+x+2]} u {(x?+21+D (+1) 
= (xX +2Ikt+x+2DW+D(x+)} 
67+ (214+ 1) xt 2 &?4+ikt+x7?+hh. 
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We see det(xI, — A) is a neutrosophic bipolynomial which is 
monic neutrosophic bipolynomial of bidegree (2, 3) over the 


We now proceed onto define similar neutrosophic bimatries 
when the entries of these neutrosophic bimatrices are from the 
neutrosophic bifield F = Fy U Fy. 


DEFINITION 2.3.41: Let A = A; UA be a (n; X ny, nz X Np) 
neutrosophic bimatrix over the neutrosophic bifield F = F; VU 
F>, that is each A; takes its entries from the neutrosophic field 
F;, i = 1, 2. We say two neutrosophic bimatrices A and B of 
same order are similar if there exists a neutrosophic non 
invertible bimatrix P = P; UP2 of (nj x nj, nz X Nz) order such 
that B = P’' AP where P' = P-'UP;', B=B,; UBz and 


B= P! A, P, UP,’ A2P>. 


Clearly 
det (xIj-B) = det (xI,—P" AP) 

= det (P" (xI,—A) P) 

= det P". det (xI,— A) det P 

= det (xIy— A) 

= det (x1, —Aj) Udet (x1, — A). 
Thus 


det(x 1, —Bi) Udet (x I, — Bz) = det(x 1, — Aj) U det(x 1, — Ad). 


DEFINITION 2.3.42: Let T = T; UT) be a linear bioperator on a 
strong neutrosophic bivector space V = V, VU V2 over the 
neutrosophic bifield F = F; UF). We say T = T; U Tp is 
bidiagonalizable if there is a bibasis for V = V; UY V2 and for 
each bivector of which is a bicharacteristic bivecor of T = T; U 
T>. Suppose T = T; UT) is a bidiagonalizable bilinear operator. 
Let 
Cie, PS pin Coy 


be the bidistinct bicharacteristic values of T = T; U T>. Then 
there is a bibasis B = B; UB in which T is represented by a 
bidiagonal matrix which has for its bidiagonal entries the 
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scalars C! each repeated a certain number of times t = 1, 2. If 


C! is repeated d; times then the neutrosophic bimatrix has the 
biblock form 


Gi 0 <8 @ Ci DP . eB 
se lee eee 2 
Oe he 8 0 O + Ch 


{ae t Eo a H _ 
re is the d; x d; identity matrix t = 1, 2. 


From this neutrosophic bimatrix we make the following 
observations. 

First the bicharacteristic neutrosophic bipolynomial for T = 
T, U T> is the biproduct of bilinear factors f = f; U f = (x — 
GY oC GHC)* uC). 

If the biscalar neutrosophic bifield F = F, U F, is 
bialgebraically closed, if each F; is algebraically closed for i= 1, 
2; then every bipolynomial over F = F, U F, can be bifactored; 
however if F = F,; U Fy, is not algebraically biclosed 
(bialgebraically closed) we are citing a special property of T = 
T,; U To, when we say that its bicharacteristic polynomial does 
not have such a factorization. 


The second thing to be noted is that d; is the number of 
times Cc is repeated as a root of f, which is equal to the 
dimension of the space in V; of characteristic vectors associated 
with the characteristic value C;; i= 1, 2, ..., ki t = 1, 2. This is 
because the binullity of a bidiagonal bimatrix is equal to the 


number of bizeros which has on its main bidiagonal and the 
neutrosophic bimatrix 


[T -CliJs =[T1 - Cy1, J, UV [T2- Ch ly, Is, 


has (di ; di ) bizeros on its main bidiagonal. 
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We give some results, the proof of which is direct and the 
interested reader can analyse them. 


THEOREM 2.3.30: Suppose that Ta = Ca that is (T; UT>)(a, VU 
C2) = Cia) U Cra Le., T)a@) UToQ) = Cia) U Cra; T=T, VU 
T> be a bilinear operator when the biscalar C = C; UC) € F = 
F, UF) (F = F, UF, a neutrosophic bifield) and a = a, U a 
is a bivector from a strong neutrosophic bivector spaceV = V; 
U V> over F = F, U F>. If f = f; Uf is any bipolynomial then 
fDa=flOa; i.e., 
S(T) a Pf(Ty 02 =fi(Cy) a Ufx(Cy) a. 


THEOREM 2.3.31: Let T = T; UT) be a linear bioperator on the 
finite (n}, nz) bidimensional strong neutrosophic bivector space 
V =V, UNV? over the bifield F = F; U F>. Li CC aC} U 


f (Oe Greer Or } be distinct bicharacteristic values of T = T; U 
T>. Let W; = ie U We be the strong neutrosophic bisubspace of 
bicharacteristic iveerors associated with the bicharacteristic 
values C; = GC NG If W = {W/+..+W) U 
{W; ast w; the bidimension 
W = \(dimW/'+...+dimW, )\ U {(dimW; +...+ dimW; )\ 
= dim W' Udim W’. 

Infact if B; is the basis of Wi; 1 <i; <k, t = 1, 2, then B = 
{By a U (By, oBe} is a bibasis of W. 


THEOREM 2.3.32: Let T = T; U T> be a bilinear operator 
(linear bioperator) of a finite (nj), nz) bidimension strong 
neutrosophic bivector space V = V; U V2 over the bifield F = F 
UF). 

Let ier, | U cee ore be the distinct 


bicharacteristic values of T = T; UT) and let W; = Ww UW, be 
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the binull space of T — Cig = [T; - Clad U [T> - Gist. 
The following are equivalent 
i. T is bidiagonalizable 
ii. The bicharacteristic bipolynomial for T = T; UT) is 

t= Sr Up 

1 1 2 2 

= (-—ch)4 .@— chy U@— cp)... @- ch) 
We will discuss more elaborately by giving proofs when V is a 
strong neutrosophic n-vector space over a neutrosophic n-field; 
n> 2. We define the notion of bipolynomial for the bioperator T 
:VOV. 


DEFINITION 2.3.43: Let T = T; UT) be a bilinear operator on a 
finite (n}, Nz) bidimensional strong neutrosophic bivector space 
V =V, Ud» over the neutrosophic bifield F = F; U F>. The 
biminimal neutrosophic bipolynomial for T is the unique monic 
bigenerator of the biideal of bipolynomials over the bifield F = 
F, UF) which biannihilate T = T; UT. 


The biminimal neutrosophic bipolyomial starts from the fact 
that the bigenerator of a neutrosophic bipolynomial biideal is 
characterized by being the bimonic bipolynomial of biminimum 
bidegree in the biideal that implies that the biminimal 
bipolynomial p = p; U p>» for the bilinear operator T = T; U T> is 
uniquely determined by the following properties. 


i. p is a bimonic neutrosophic bipolynomial over the biscalar 
neutrosophic bifield F = Fy U Fo. 

ii. p(T) =pi(T)) V pxTr) = 0 U 0. 

iii. No neutrosophic bipolynomial over the bifield F = Fy U F) 
which biannihilates T = T, U T> has smaller bidegree than p 
= pi U p>» has. (mn, X ny, Ny X Mm) to be the order of the 
neutrosophic bimatrix A = A; U A: over the neutrosophic 
bifield F = F; U F, where each A; has a n; x n; neutrosophic 
matrix with entries from the neutrosophic field Fi, which 
associated matrix of T;; i= 1, 2. 
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The biminimal neutrosophic bipolynomial for A = A; U Az: is 
defined in an analogous way as the unique bimonic generator of 
the biideal of all neutrosophic bipolynomial over the bifield F = 
F, U F, which biannihilate A. 

If the neutrosophic linear bioperator T = T; U T> is 
represented by some bibasis by the neutrosophic bimatrix A = 
A; U A) then T and A have the same neutrosophic biminimal 
bipolynomial because f(T) = f(T) U f:(T2) is represented in the 
bibasis by the neutrosophic bimatrix f (A) = f\(A,) U f:(A2), so 
f(T) = 0 U 0 if and only if f(A) = f)(A1) U f,(A2) = 0 U O, that is 
if and only if f(T) = f,(T,) U f,(T2) =0 U0. 

So 
f(P'AP) 


fi(P-' AiPy) U fh( Py! AoP2) 
P'f,(Ai)P; U Ps! fx(Aa)P2 

P 'f(A)P 

for every neutrosophic bipolynomial f= f, U fo. 

Another important feature about the neutrosophic biminimal 
polynomials of neutrosophic bimatrices is that suppose A = A, 
U Ay is a (nm; X My, Ny X Ny) neutrosophic bimatrix with entries 
from the bifield F = F; U F,. Suppose K = K; U K, is a 
neutrosophic bifield which contains the neutrosophic bifield F = 
F, UF); that is K > F and K; 3 F; for every i, i= 1, 2. A= Aj U 
A> iS a (ny X Ny, Ny X Ny) neutrosophic bimatrix over F = F; U F 
or over K = K; U Ky but we do not obtain two neutrosophic 
biminimal polynomial but only one neutrosophic minimal 
bipolynomial. 


We now proceed on to prove one interesting theorem about the 
neutrosophic biminimal polynomials for T (or A). 


THEOREM 2.3.33: Let T = T; UT? be a neutrosophic linear 
bioperator on a (nj, Nz) bidimensional strong neutrosophic 
bivector space V = V; U V2 (or let A be a (n; X nj, n2 X Nn) 
neutrosophic bimatrix that is A = A; UA; where each A; is an; 
x n; neutrosophic matrix with its entries from the neutrosophic 
field F; of F = F, UF) true for i = I, 2). The bicharacteristic 
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and biminimal neutrosophic bipolynomial for T = T; UT) (for A 
= A; UA2) have the same biroots except for bimultiplicities. 


Proof: Let p = pi U po be a neutrosophic biminimal 
bipolynomial for T = T; U T2. Let c= c; U c2 be a biscalar from 
the neutrosophic bifield F = F; U F). To prove p(c) = pi(c1) U 
p2(c2) = 0 U 0 if and only if c = c; U Cc is the bicharacteristic 
value of T. 

Suppose p(c) = pi(c1) U po(c2) = 0 U 0 then p = (x — ¢1)qi U 
(X — C)q2 where q = q; U qp is the neutrosophic bipolynomial 
since bideg q < bideg p, the neutrosophic biminimal 
bipolynomial p = p; U p> tells us q(T) = qi(T1) U qo(T2) #0 U 
0. Choose the bivector 6B = B, U Bz such that q(T) B = q\(T)) B: 
U qo(T2) Bo #0 U 0. Let a = q(T) p that is a = a U & = q\(T)) 
Bi U go(T2) Bo. 

Then 
0U0 = pTp 
pi(T;) Bi U po(T2) Bo 
(Tcl) q(T) B 
(Ti — ¢; L)qu(T1) Bi U (12 = ¢2 12) qa(T2)B2 
(T, —C Ia, U(T2 —C2 1,)O2 
and thus c = c; Uc» is a bicharacteristic value of T= T; U To. 

Suppose c = c; U ¢ is the bicharacteristic value of the 
bilinear operator T = T; U T2 say Ta = ca; i.e., T; a U T2 a2 = 
C; Oy UCr & witha #0 V0. 
From the earlier results we have p(T) o = p(c) o that is 

pi(Ti)ou U po(T2) O2 = pi(ci) O1 V pr(c2) 2 « 

Since p(T) = pi(Ti) VU p2(T2) = 0 U 0 and a =a, Um 4#0U0 
we have p,(c;) U p2(c2) = p(c) #0 UO. 


Let T = T; U T) be a bidiagonalizable bilinear operator and 


let tohavee U (oimsee, | be the bidistinct bicharacteristic 


values of T. Then the biminimal neutrosophic bipolynomial for 
T =T, UT) is the neutrosophic bipolynomial p = p, U pz = (x — 
Cae c.) wie ej etie= aoe 

If a = a U Q Is a bicharacteristic bivector then one of the 
bioperators {(T; — cil), ..., (Ti — Gy. Ips = ey 
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(T2 - C, I,)} send a = a; U a into 0 U 0, thus resulting in {(T) 
— oh), ...,(Ti - & L)} U {(T2- ef hh), ...,(T2- ef, L)} =0U 


0 for every bicharacteristic bivector @ = a) U Qn. 
Hence there exists a bibasis for the underlying bispace 
which consists of bicharacteristic vectors of T= T,; U T2. Hence 


p(T) = pi(Ty) V po(T2) = (Ti - chi), «5 Ti - & L)} U (Ta - 
ci 1), ..., (T2— ef, L)} =0 V0. 


Thus we conclude if T is bidiagonlizable bilinear operator 
then the neutrosophic biminimal bipolynomial for T = T; U T. 
is a product of bidistinct bilinear factors. 

Now we proceed onto prove the Cayley Hamilton theorem 
for strong neutrosophic bivector spaces of finite bidimension 
defined over the neutrosophic bifield of Type IL. 


THEOREM 2.3.34: (Cayley Hamilton): Let T = T; UT bea 
bilinear operator on a finite (nj, nz) bidimensional strong 
neutrosophic bivector space defined over a neutrosophic bifield 
F=F, UF) Iff=fi Vf is the bicharacteristic neutrosophic 
bipolynomial for T then f(T) = fi(T) Ufo(Ty = 0 VO, in other 
words the biminimal neutrosophic bipolynomial bidivides the 
bicharacteristic neutrosophic bipolynomial for T. 


Proof: Let K = K; U Ky, be a bicommuting neutrosophic ring 
with biidentity I, = (1, 1) consisting of all bipolynomial in T = 
T, U Ts. K=K, Uv Ky 1s actually a bicommuting bialgebra with 
biidentity over the neutrosophic bifield F = F, U F, (that is both 
F, and F, are not pure). 


Let feet janis Ot \ U fory,--10t,, } be a bibasis for V = V; U 


V, and let A= A! U A’ be a bimatrix which represents T = T, U 
T> in the given bibasis. 

Then 
Ta; om T, O, UT) a; 


ll 
M 
ome 
3 

C 

s M = 
=, 
af 
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I <ji < n,;1= 1, 2. These biequations may be equivalently 


written in the form 


Ys, T, - Aj, I, or, UX, T,-Aj,1, )aj, =0U0. 


ji ji Joly Jada Jo 
j=l b=l 


Let B = B' UB?’ denote the element of Ki wis mi 
B' is an element of K?*"" with entries By, =94, 0 —Aiug le 


1,2. When n,=2,1<ft,i Sng 


-Aj,I T, -Aj,I 


Bt= " — Ail, Agl, 
wl t aol t 

and det B'= (T,-Aj,I,) (T, -AbsT,)-(At,As, JI, = f(L) where 

f, is the neutrosophic characteristic polynomial associated with 

T, t=1,2. f= x’ — trace A\ + det A‘. For case n, > 2 it is clear 


that det B' = £,(T;) since f, is the determinant of the neutrosophic 


matrix xI, — A; whose entries are ig ae polynomial; 


(xI, - ie = ith 


We will shown f(T,) = 0. In order that f,(T,) is a zero 
operator it is necessary and sufficient that 


(det BY). =0 fork, = 0, 1, ..., n: 


By definition of B' the vectors a; U...U a) satisfy the 


equations; 


SB ea, =0;1<i<n,. 
j=l 


When n, = 2 we can write the above equation in the form 


r= =n anil, a, _ 0 
-AI, T,-AbL, JLab} LO] 


In this case the usual adjoint B' is the neutrosophic matrix 
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Bi = fe Av AG 
ACE. A eoAl 


227 t 


BB - det B' 0 
0 det B' 


and 


Hence 


In the general case B' = adj B'. Then > 8,8 a = 
i= 
for each pair k;,, i, and summing on i; we have 


= +> 6,.8 ide oF 


ip=l j=l 


-3fBx.m. 


Now B'B' = (det B,) ise that 
2B..B, = 6,, detB 
Therefore 
0= D8 (det B')a) = (det B') ay ;1<k <n. 


Since this is true for each t; t = 1, 2; we have 0 U 0 = (det B’) 
Oe U (det B’) ay, ;l<k <nji=1,2. 
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The Cayley-Hamilton theorem is very important for it is 
useful in narrowing down the search for the biminimal 
neutrosophic bipolynomials of various bioperators. 

If we know the neutrosophic bimatrix A = A' U A’ which 
represents T = T; U T> in some ordered bibasis then we can 
compute the bicharacteristic neutrosophic bipolynomial f = f; U 
f;. We know the biminimal neutrosophic polynomial p = p; U p2 
bidivides f that is each p; / fi; for 1 = 1, 2 (which we call as 
bidivides f) and that the two neutrosophic bipolynomials have 
the same biroots. 

However we do not have a method of computing the roots 
even in case of polynomials so it is more difficult in case of 
finding the biroots of the neutrosophic bipolynomials. However 


1 
if f= f, U fy factors as f= (x - c})" ... (K- of, ™ UK of)" 
eae ate )* the distinct bisets d, 2t;t=1,2,...,k then p= 
zi rl Rr 1. 
PiU pr=(K-¢))' ... KG) UR oF)" (KES I 


<ri<d' 
<1, <d;. 


We will illustrate this by a simple example. 


Example 2.3.79: Let 
3 1 I 
0 I 
A=A,;UA,=]2 21 1] vu a4 
21 2 0 


be a neutrosophic bimatrix with entries from the neutrosophic 
bifield F = Fy U F) = N(Zs) U N(Zz). Clearly the bicharacteristic 
neutrosophic bipolynomial associated with the neutrosophic 
bimatrix A is given by 

f = fru. 


31 3 x 
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is the biminimal neutrosophic bipolynomial of the 
neutrosophic bimatrix A. 


Now we proceed onto define the notion of biinvariant subspaces 
or equivalently we may call them as invariant bisubspaces. 


DEFINITION 2.3.44: Let V = V; UV> be the strong neutrosophic 
bivector space over the bifield F = F; UF» of type Il. Let T = T; 
UT) be a bilinear operator on V. If W = W, UW) is a strong 
neutrosophic bivector subspace of V we say W is biinvariant 
under T if each of the bivectors in W, i.e., for the bivector a = 
a; U @& in W the bivector Ta = T,;a; U Toa is in W; i.e., each 
T; a; € W; for every a@ © W; under the operator T; for i = I, 2, 
i.e., if T(W) is contained in W; that is TW) CW; for i = 1, 2. 
1.€., T(W) = TW) UT)(Wy) CW, U W>. 


The simple examples are we can say V = V, U V5, the strong 
neutrosophic bivector space is invariant under a_ bilinear 
operator T on V. Similarly the zero subspace of a strong 
neutrosophic bivector space is invariant under T. 


Now we proceed onto give the biblock neutrosophic matrix 
associated with a bioperator T of V. 

Let W = W; U W>? be a strong neutrosophic bivector 
subspace of the strong neutrosophic bivector space V = V, U 
V2. Let T= T' UT’ be a bioperator on V such that W = W, U 
W, is biinvariant under the bioperator T then T = T! U T? 
induces a bilinear operator; Ty = oe wy. on the bisubspace 


W. This bilinear operator T,, defined by T,(a@) = T(a) for all a 
EW; Le., if a =a) U O& then 
Ty(a) = Ty(a,U a) 

= Ty, (4, )UTw, (2). 

Clearly T,, is different from T as bidomain is W and not V. 
When V = V, U V2 is a (mj, m2) finite bidimensional the 
biinvariance of W = W, U W) under T = T, U T>2 has a simple 
neutrosophic bimatrix interpretation. 
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Let B = B,; U Bo = { Gia, | J yoiewons be a bibasis 
for W. The bidimension of W is (1, 12). 

Let A = [T]p, that is if A = A; U A, is the neutrosophic 
bimatrix such that A= A;U A.=[T'] U[T?] so that 


fori=1,2. Thus 
To, =T! a, T° Q;, 


— = Daal oa Anal ger . 


Since W = W, VU W> is biinvariant under T the bivector Ta; 
belong to W for j; <r; and ja <fo. 


= Dalal io DAiel 


that is Age = 0 if jx < m and & > % for every k = 1, 2. 
Schematically A has the biblock 


B C B! C! B- @? 
A= = U 
0 D 0 D' 0 D 
where B' is a 1, x 1, neutrosophic matrix, C' is a rm x (m — 1) 
neutrosophic matrix and D' is a (mn, — r;) x (m — 1) neutrosophic 
matrix for t = 1, 2. B = B, U B: is the neutrosophic bimatrix 


induced by the bioperator T, on the bibasis B’ = B, UB). In 
view of the above properties we have the following Lemma. 


LEMMA 2.3.1: Let W = W, U W, be a biinvariant strong 
neutrosophic bisubspace of the bioperator T = T;  T> on the 
strong neutrosophic bivector space V = V; VU V2 over the 
neutrosophic bifield F = F, U F, which is not pure. The 
bicharacteristic neutrosophic bipolynomial for the birestriction 
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operator Ty = Thy 


UT,y, bidivides the _neutrosophic 
bicharacteristic polynomial for T. The biminimal neutrosophic 
bipolynomial for T,, bidivides the biminimal neutrosophic 


polynomial for T. 


Proof: We know from the above results 
BC BC) |B oC 

A= = U 
0 D 0 D' 0 D 


A=[Th=T, UT 


1B, 2B, 


B=([1,],=B UB =[Te |, Ul Tr, he 


lw, 2W> 


Because of the biblock form of the neutrosophic bimatrix 


det (xI— A) 
det (xI, — Ay) U det (xl, — Az) (where A = Aj U Ad) 
det (xI — B) det (xI — D) 
= {det (xI, —B’) det (xI; —D') U 
det (xl, — B’) det (xIp — D’)}. 


That proves the statement about bicharacteristic neutrosophic 
polynomials. Notice that we used I = I, U I, to represent the 
biidentity matrix of the bituple of different sizes. The k™ power 
of the neutrosophic bimatrix has the biblock form, 


AK = (AKU (A2)k 

e_(@Y CY) [er ey 

0 (D' yk 0 (D’)* 
where CX = (C!)§ U (C’) is f(r, x nj—t}), (2 X Ny — 1 )} bimatrix. 
Therefore any neutrosophic bipolynomial which biannihilates A 


also biannihilates B (and D too). So the biminimal neutrosophic 
bipolynomial for B bidivides the biminimal polynomial for A. 
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Let T = T, UT; be any linear bioperator on a (nj, n») finite 
dimensional space V = V; U V> over the neutrosophic bifield F 
= F, U F, (where both F, and F) are not pure neutrosophic 
fields). Let W = W, U W2 be a strong neutrosophic bivector 
subspace of V spanned by all bicharacteristic bivectors of T = 


T, U Tp. Let {Ci,...,C,,} U {Ci,...Cj,} be the bidistinct 
characteristic values of T. For each i let W; = Ww, U W,, be the 
strong neutrosophic bivector space associated with the 
bicharacteristic value C; = C, U Cy and let Bj = {B; U B;} be 
the ordered basis of Wi, i.e., B; is a basis of W,’. 
B’= {Bi, aa U [Br siecB 

is a biordered bibasis for 

W= {Wi +..+ Wi} U [Wy +... We} = WU Wi. 

In particular bidimension 

= {dim W, +...+dimW,} U {dim Wy +...+dim W, }. 


We prove the result for one particular W; = {Wy tot W,, \ and 


since W; is arbitrarily chosen the result is true for every i, i= 1, 
2. B= {olissagte \ so that the first few a'’s form a basis BY, the 


. 


next B,. Then T;a, = t,0,; j= 1, 2, ..., 1 where eat = 
(Sees where Ci is repeated dim W; times j = 1, ..., ti. 
Now W; is invariant under T; since for each a' in W;, we have 


a= xiai +..4 xia 


Aare ivi i 
Tj @ = tX,0, +...+t,X,Q, . 
Choose any other vector ai,,,....@\ in V; such that B; = 
{arace, \ is a basis for V;. The matrix of T; relative to B; has 


the block form mentioned earlier and the neutrosophic matrix of 
the restriction operator relative to the basis B; is 
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The characteristic neutrosophic polynomial of B'; i.e., of T,,. is 


gi = gi (x- ciy" we (KA ci yt where e} = dim W, ; j =1,2,..., 
k;. Further more g; divides fj, the characteristic neutrosophic 
polynomial for T;. Therefore the multiplicity of GC as a root of 


f; is atleast dim W; . Thus T; is diagonalizable if and only if r; = 
nj, Le., if and only fe; eae \ = n;. Since what we proved for 


T; is true for T = T; U T>. Hence true for every B' UB’. 


We now proceed onto define T biconductor of a into W = W; U 
W2c VU V2. 


DEFINITION 2.3.45: Let W = W; U Wy, be a biinvariant strong 
neutrosophic bivector subspace for T = T; UT, and let a = a, 
U @ be a bivector in the strong neutrosophic bivector space V 
= V,; UV>. The T-biconductor of a@ = a) U a into W = W, U 
W, is the biset S, (a; W) = S, (a); Wi) US, (2 ; W2) which 


consists of all neutrosophic bipolynomials g = g; Ug over the 
neutrosophic bifield F = F,; UF) such that g(T) a is in W; that is 
(Ti) & UVgr(T?) a@ € W, UW. 


Since the bioperator T will be fixed throughout the discussions 
we shall usually drop the subscript T and write S(a; W) = S(a); 
Wi) U S(a2; W2). The authors usually call the collection of 
neutrosophic bipolynomials the bistuffer. We as in case of 
vector spaces prefer to call as biconductor that is the bioperator 
2(T) = g,(T;) U g,(T,); slowly leads to the bivector a, U &» into 
W = W; U W2. In the special case when W = {0} U {0} the 
biconductor is called the T annihilator of a) U Ob. 
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We prove the following interesting lemma. 


LEMMA 2.3.2: If W = W, VU W, is a strong neutrosophic 
biinvariant subspace for T = T,; U T> then W is biinvariant 
under every neutrosophic bipolynomial in T = T; UT>. Thus for 
each @=a,; Ua in V = Vi U V2 the biconductor S(a; W) = 
S(ar; Wy) VY S(a; Wy) is a biideal in the neutrosophic 
bipolynomial algebra F[x] = F')[x] UF 2[x] where F and F) are 
neutrosophic fields and F; and F, are not pure neutrosophic 


fields. 


Proof: Given W = W, U W2. c V = Vi U V> is a strong 
neutrosophic bivector subspace over the neutrosophic bifield F 
= F, U F, (Both F; and F) are not pure neutrosophic), of the 
strong neutrosophic bivector space V = V; U V>. If B = Bi U Bo 
is in W = W,; U W;, then TB = T, B; U Ts Bo is in W = W, U 
W>. Thus T(TB) = T’ B = T? Bi U T; By is in W = W; U W>. By 
induction T, =T,"B, UT;?B, is in W = W, U W> for every 


neutrosophic bipolynomial f = f; U fy. 

The definition S(a; W) = S(a,;; Wi) U S(o2; W2) is 
meaningful if W = W, U W>, is any bisubset of W. If W is a 
strong neutrosophic bivector subspace then S(a; W) is a strong 
neutrosophic bisubspace of F[x] = F,[x] U F,[x] because (cf + 
g)T = cf(T) + g(T); Le.,(cifi + gi)T1 U (Caf, + g2)T2 = er f,(T1) + 
gi(T1) U Cof(T2) + go(T2). If W = W, U W; is also biinvariant 
under T = T, U T> and let g = g; U g be a neutrosophic 
bipolynomial in S(a; W) = S(a1; Wi) U S(a2; W2); ie., let 
g(Tho = gi(T))o, U go(T2)o&. be in W = W; U W;, is any 
neutrosophic bipolynomial then f(T) g(T) @ is in W = W; U Wo 
that is f{(T)[g(T)a] = fi(Ti)[gi(T1) a1] U £(T2)[g2(T2) a2] will be 
in W = W, U W2. Since (fg)T = f(T)g(T) we have 

(figi)Ti U (heg2)T2 = fi(Ti)gi(T1) V f(T2) g2(T2); 


(fg) € S(a; W); that is (figi) € S (ai;Wi); 1 = 1, 2. Hence the 
claim. 

The unique bimonic generator of the neutrosophic biideal 
S(a; W) is also called the T biconductor of a = a; U Gd) in W 
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(the T biannihilator in case W = {0} U {0}). The T biconductor 
of a into W is the bimonic neutrosophic bipolynomial g of least 
bidegree such that g(T)a = g)(T))oy) U g2(T2)o2 is in W = W, VU 
W>. 

A neutrosophic bipolynomial f = f,; U f; is in S(a; W) = 
S(a1; W)) U S(G2; W2) if and only if g bidivides f. 

Note the biconductor S(a; W) always contains the 
bipolynomial for T, hence every T biconductor bidivides the 
biminimal polynomial for T= T; U To. 

We prove the following lemma. 


LEMMA 2.3.3: Let V = V; UV> be a strong neutrosophic (nj, n») 
bidimensional bivector space over the neutrosophic bifield F = 
F) UF) (both F; and F> are not pure neutrosophic fields). Let T 
= T,; UT) be a bilinear operator on V such that the 
neutrosophic biminimal polynomial for T is a product of 


ny 
bilinear factors p = p; Up2 = (x - cf yt we (XR oa) “UGa- 
2 re i ’ 
ee we (K- oe ) ¢, € Fy Is t, 5k. i= 1, 2. 


Let W = W, UW, be a strong neutrosophic proper bivector 
subspace of V (V4 W) which is biinvariant under T. There exists 
a bivector @ = a; Ua in V = V; U V2 such that 

il. aisnotinW=W, UW, 
il. (T-cl) a =(T, — ¢)) a) U(T> — Cola) QA 


is in W = W, VU W;, for some bicharacteristic value of the 
bioperator T. 


Proof: (1) and (2) express that T biconductor of @ = a); U a 
into W = W, U W,% is a neutrosophic bilinear bipolynomial. 
Suppose B = B, U fy is any bivector in V = V; U V2 which is 
not in W = W,; U W). Let g = g; U g be the T biconductor of B 
in W = W, U W;. Then g bidivides p = p; U pz the neutrosophic 
biminimal bipolynomial for T = T; U T>. Since B = B, U fp is 
not in W = W,; U Ws», the neutrosophic bipolynomial g is not 


constant. Therefore g = g) U go = (x — cle we (X= c vn uk 
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Her anes C., yes where atleast one of the bipair of 
integers e; Ue; is positive. Choose j;, so that cj, >0,t=1, 2, 
then (x — cj) = (x —c;) U (x -c}) bidivides g. g = (x — ch; i.e., 
Z=HZ,.UH=(k- chy U(k- cy) he. By the definition of g 


the bivector © = a; U O) = hi(T))B; VU ho(T2)B2 = h(T)B cannot 
be in W. But (T — cI) a =(T — cI)h(T)B = g(T)B is in W 


(T, — ¢; 1) oy U(T2- cf bb) 
= (T— ¢, )hi(T)Bi U (To — ¢;, Yho(T2)B2 
= gi(T1) Bi U g2(T2) Bo 


with g(T;)B; € W; for i= 1, 2. 
Next we obtain the condition for T to be bitriangulable. 


THEOREM 2.3.35: Let V = V; U V2 be a (n;, nz) finite 
bidimensional strong neutrosophic bivector space over the 
hifield F = F U/ F> (F; and F> are neutrosophic fields and they 
are not pure neutrosophic fields) and let T = T; UT; be a 
bilinear operator on V = V; UV». Then T is bitriangulable if 
and only if the biminimal neutrosophic bipolynomial for T is a 
biproduct of bilinear neutrosophic bipolynomials over the 
neutrosophic bifield F = F, UF). 


Proof: Suppose the biminimal neutrosophic bipolynomial p = p, 
U py, bifactors as p = (x — cl)! we (X= Ck, y U(x- ce?) i (X 


= C, ‘i . By the repeated application of the lemma 2.3.3 we 


1 
ny 


arrive at a bibasis B = (ice soy \ 1) fer ccsOy =B, U Bo in 


which the neutrosophic bimatrix representing T = T; U T> is 
upper bitriangular 


[T]a = [T]., UT, ks 
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1 1 1 2 2 2, 
ay ayy Fin, ay ayy ain, 
1 1 2 2 
_ 0 ay Aon, 0 as Aon, 
1 2 
L 0 0 Inj;n, 0 0 In,n, 
Merely [T]g = neutrosophic bitriangular bimatrix of (n, x nj), my 


X 2) order shows 


1 2 
To; T, a; U To OL; 


— 1 1 1 1 2 2 2 2 
= a,Q,+..+a,,0, Ua,at..ta,,a; .... (a) 


1 <j, Sn, i= 1, 2 that is Ta; is in the strong neutrosophic 
bisubspace spanned by Vers tet, | U Pet To find 


{ieee | U {or sciste, | we start by applying the lemma to 


the bisubspace W = W, UW? = {0} U {0} to obtain the bivector 
aiUa;. Then apply lemma to W, UW, the bistrong 
neutrosophic bispace spanned by @! = a} Ua; and obtain a = 
a Ua;. Next apply lemma to W. = W,; UW, . We have now 
obtained using the relation (a) the strong neutrosophic bivector 
space spanned by a! and a’ and is biinvariant under T. 


If T is bitriangulable then it is evident that the 
bicharacteristic neutrosophic bipolynomial for T has the form 


f 


f; U fp 


Lyd 1 yd 24? 2 
(x—-¢)"...(K-e, 8 U(K-e)"... &- &%,) 


me 1 1 2 2 
The bidiagonal entries (aigesetg |) anes) are the 
bicharacteristic values with c; repeated dj, times. But if f can 


be bifactored so also is the biminimal bipolynomial p because p 
bidivides f. 


The reader is expected prove the following corollary. 
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COROLLARY 2.3.2: /f F = F; UF) is a bialgebraically closed 
bifield. Every (n, x nj, Nz X Nz) neutrosophic bimatrix over F is 
similar over the bifield F to a neutrosophic_bitriangular 
bimatrix. 


THEOREM 2.3.36: Let V = V; UV> be a (nj, n>) bidimensional 
strong neutrosophic bivector space over the neutrosophic 
bifield F = F UF? (F; and F) are not pure neutrosophic fields) 
and let T = T; UT> be a bilinear operator on V = V; UV>. Then 
T is bidiagonalizable if and only if the neutrosophic biminimal 
bipolynomial for T has the form 
P=P1 Vp2 
=(x-c!) 0. @e- gy U(x-c]) .. A ae 


where oe iy, | U ce eee are bidistinct element of F = 


F, UF). 


Proof: We know if T = T; U T) is bidiagonalizable its 
biminimal neutrosophic bipolynomial is a byproduct of 
bidistinct linear factors. Hence one way of the proof is clear. 

To prove the converse let W = W; U W) be a strong 
neutrosophic bisubspace spanned by all the bicharacteritic 
bivectors of T and suppose W # V. Then we know by the 
properties of bilinear operator that there exists a bivector a = a, 
U a in V = V; U V> and not in W = W; VU W; and the 
bicharacteristic value ¢; = c, Uc;, of T= T, UT, such that the 


bivector 

B = (T-c¢la 
= (T, on c I) Qa, U (T2 = 4 1) Q2 
= Bi UB 


lies in W = W,; U W) where each B; € W; , i= 1, 2. Since B = B; 
U Bo is in W; Bi = Bi +...+ PB; i= 1, 2 with T; Bi = ciBi, t=1, 
2, ..., kj and this is true for every i= 1, 2 and hence the bivector 
h(E) B= {he By Pw GLB, Pl By am 


bh’ (c, By, | for every neutrosophic bipolyomial h. Now 
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p = (x-¢)q 
= pil po 
(x- ¢} Jai U (x- CF qo 


for some neutrosophic bipolynomial q = q; U q:, Also q — q(c;) 
= (x — ch that is 

qi - qi (ci )VU qo — 42 (¢;, ) = (x- c yh, U (k- ci) hy . 
We have 


qa-—q(co)a = h(T\(T-el) a 

= h(t). 
But h(T) B is in W = W, U W>? and since 
0 = p(T)a 


(T— eI) q(T) a 
Pi(T1) oh U pa(T2) 2 
= (T-¢, 1) qi) a U2 = ¢;, bb) q2(T2) a 


and the bivector q(T)a is in W, that is q\(T))ou U qo(Ts)ao is in 
W = W, U W32. Therefore q(c\)a = qu( C; Jour U go( ce Joy is in W 


=W, VU W>. 
Since a = O) U G2 is not in W = W; U W», we have q(c;) = 
qi(c;, VU qo c.) = 0 U 0. This contradicts the fact that p has 


distinct roots. 
Hence the claim. 


We can now describe this more in terms of how the values are 
determined and its relation to Cayley Hamilton Theorem for 
strong neutrosophic bivector spaces of type II. 

Suppose T = T; U T) 1s a bilinear operator of a strong 
neutrosophic bivector space of type II which is represented by 
the neutrosophic bimatrix A = A; U A, in some bibasis for 
which we wish to find out whether T = T; UU T> Is 
bidiagonalizable. We compute the bicharacteristic neutrosophic 
bipolynomial f = f; U fp. If we can bifactor f = f, U f) as (x — 


1 
clys we (KA- Cy jc 


different methods for finding whether or not T is 


2\a 2 \dk 
U(k-¢)" ... K- &,)*, we have two 
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bidiagonlaizable. One method is to see whether for each i(t) (i(t) 
means i is independent on t) we can finda d; (t= 1, 2); 1<i< 
k, independent characteristic vectors associated with the 
characteristic value c;. The other method is to check whether or 
not 
(T —¢,]) UT — eI) = 
(T, = a I,) AT = Cy, I) U (x - cy In) ved (x - Ci, Ip) 

is the bizero operator. 

LEMMA 2.3.4: Let V = V; U V2 be a strong neutrosophic 


bivector space of (nj, Nz) bidimensional over the neutrosophic 
bifield F = F, UF) (F; and F) are not neutrosophic pure) of 


type II. 
Let {W), hy W, U {W;, S18, wi: \ be strong neutrosophic 


bivector subspace of V and let W = W; UW? = {W; tet W)\ 
U \W; +..4 W;. be Then the following are equivalent. 
i. {W/, oP W)\ U \W;, eng Ww: \ are biindependent, that is 
{W;, sak W; are independent for t = 1, 2. 

ii. For each j, 2 5 fj, S ky t = I, 2, we have 
W; \W; +...4W,_,\ = {0} fort = 1, 2. 

iii. If B is a bibasis for W{, 1<i <k, t = 1, 2; then the 
bisequences {B;, bas B, U (Bi, ahs B;| is a bibasis for 
the strong neutrosophic bisubspace W = W; U W = 
{W/ +...+W} UW; +...48Z}. 


Proof: Assume (i) let a’ € Wen {w; +...+ w,,} then there 


are vectors (aise, ) with a; € W, such that (a; +...+05_, 
i t 


+a) +oai=0+... + 0 = 0 and since {Wy ses Wy} are 


independent it must be that a, =a, =..=a, =0. This is true 
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for each t; t = 1, 2. Now let us observe that (ii) implies (i). 
Suppose 0 = (ay +...+ 04, ); a,eW,,i= 1, 2, ..., ke (we 
denote both the zero vector and zero scalar by 0). Let j, be the 
largest integer i, such that a; #0. Then0= a) +...40, 5 a) # 
0 thus a; =— a;-..-a; is a non zero vector in W, 7 
{w; +...+ Wi}. 

Now that we know (i) and (ii) are the same let us see why 
(i) is equivalent to (iii). Assume (i). Let B; be a basis for W, ; 1 
<i<k, and let B'= {Bi es \ true for each t, t = 1, 2. 

Any linear relation between the vector in B' will have the 


form (B; use pe ) = () where B; is some linear combination of 


vectors in B; . Since {Wy Wyo. Wy } are independent each of 


B; is 0. Since each B; is an independent relation. 
The relation between vectors in B' is trivial. This is true for 
every t; t = 1, 2; so in B = B’ U B’? = (Bia By | U 


{B;. eB every birelation in bivector in B is a trivial 


birelation. It is left for the reader to prove(c) implies (a). 
If any of the conditions of the above lemma hold we say the 


bisum W = {w, +...+ Wy, \ U {Ww Seas w,} ; bidirect or that 
W is the bidirect sum of {Wha Wy, } U {w; Wy} and we 
write W = {W/®..0W,} U {W?@...8W,}. This bidirect 
sum will also be known as the biindependent sum or the 
biinterior direct sum of {Whee Wy \ U {Wr Wy . Let V= 


V, U V2 be a strong neutrosophic bivector space over the 
neutrosophic bifield F = F; U F,. A biprojection of V is a 
bilinear operator E = E; U E; on V such that E? = E7 UE} =E, 
U E> =E. 

Since E is a biprojetion. Let R = R; U R> be the birange of 
E and let N= N, UN2 be the null bispace E = E,; U Eb. 
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1. The bivector B = B; U B, is the birange R if and only if E B 
= that is E, B; U Eo Bo = Bi U Po. If B = E, then Ep = E’a 
= E, = B. Conversely if B = EB then of course B is in the 
birange of E = E; U EF). 

2. V=RON; that is V = V,; UV2=R, ON, U Ry @ Ng; that 
is each V; = R; ® N; ;1= 1, 2. 

3. The unique expression for a as a sum of bivector in R and 
Nisa=Ea+(a-—Eaq) that is a =a; Uo) = E; a, + (Q) - 
E Qu) U Es & + (Q2 —E, Ql). 


From (1), (2) and (3) it is easy to verify, if R = R, UR» and N= 
N, U N; are strong neutrosophic bivector subspace of V such 
that V=R@®N=R, ON; URz © Ny, there is one and only one 
biprojection operator E = E, U E, which has birange R and 
binull space N. That operator is called the biprojection on R 
along N. 

Any biprojeciton E = E; u Ej is trivially bidiagonalizable. If 
(ips | U {Ojaesde} a bibasis of R and Nips) U 


Os india a bibasis for N then the bibasis B = cree a \ 


ony 


ts {Oar | =B, U By, bidiagonalizes E = E, U Ep. 
I 0O I, 0 
= [Eh Eh, =[6 MG oI 


where I, is a r; x r, identity matrix and I, is a r,. x rm identity 
matrix. 

Projections can be used to describe the bidirect sum 
decomposition of the strong neutrosophic bivector space V = V; 


U V2. For suppose V = {Ww @...8 Ww} U {W; ®...@ Ww} 
for each j(t) we define Ej on V,. (t = 1, 2). Let a= a) U a be 
inV=V, UV) say a = {aj+...+a, } U {aj +...+04, } with 
a; in W;,1<i<k, fort=1, 2. Define Eja'= a; then E; isa 


well defined rule. It is easy to see that E; is linear and that 
range of E; is W; and (E, \ a E, . The null space of E; is the 


164 


strong neutrosophic subspace W, +...+ W), + W, 


t 
Laeaee WE 


for the statement E\a' = 0 simply means aj = 0 that is a is 
actually a sum of vectors from the spaces W;' with i ¥j. Interms 
of the projections E; we have a' = E,a'+... + E, a’ for each 
a in V. The above equation implies I, = {E Eig Ey is Note 
also that if i #j then E; E; = 0 because the range of E; is the 
strong neutrosophic subspace W; which is contained in the null 


space of E; . This is true for each t, t = 1, 2. Hence true on the 
strong neutrosophic bivector space 
v={w'e..ew.} vu {wr e..ew } 


Now we prove an interesting result. 


THEOREM 2.3.37: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F; UF (both 
F, and F) are not pure neutrosophic) of type II and suppose V = 


{W/ ®...8W, UY {W; ®..8W;,} then there exists (kj, k2) 


bilinear operators (Ered, | U {EF sacs, on V such that 


i. Each E} is a projection, that is (E|)’ = E! for t = 1, 2; 1 
Si Sk, 
ii, El El =0ifij; 1 <i,j <k, and t= 1,2. 
iii, 1=1, b= {E;+..+E,} O{ BE, +...4+ eh. 
iv. The range of E; is W;, fori=1, 2, ..., k,andt = 1, 2. 


Proof: We are primarily interested in the bidirect sum 
bidecomposition V = {w, ®...@ w, | U {Ww e...e Ww, } = 
W, U W2 where each of the strong neutrosophic bivector 
bisubspaces W, is invariant under some given bilinear operator 
T= T; U To. 

Given such a decomposition of V, T induces bilinear 
operators T= 7T; U Tp. 
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Given such a bidecomposition of V = V; U V2, T= T, U Tz 
induces bilinear operators (1; UT;) on (w) UW, ) by 
restriction, the action of T is a, is a bivector in V we have 
unique bivectors HecjssaOly, | U farce, | with a; in W; 


such that a = {aj +...+oy, } U {ay +...+04, } and then 


Ta = {Taj +...+Ty,ay, } U{Tra;+...+ Tay, }. 


We shall describe this situation by saying that T = T; U T> is the 
bidirect sum of the operators ioctl, \ OT ‘dole \ ; 


It must be remembered in using this terminology that the T; 


are not bilinear operators on the strong neutrosophic bivector 
space V = V, U V> but on the various strong neutrosophic 
bivector subspaces 
W=W,U W2. 
as 1 1 2 2 
= {w, 6..ew,} vu {Ww e..ew} 


which enables us to associate with each a = a; U a) in Va 
unique pair of k-tuple eee U peat of vectors a; 


e W,,i=1,2,...,k. t= 1, 2. 


1 


a= {ou Pusch U {a Fok Oy, } is in such a way that we 
can carry out the bilinear operators on V by working in the 
individual strong neutrosophic bivector subspaces W, = 
W; + W-?. The fact that each W; is biinvariant under T enable us 
to view the action of T as the independent action of the 
operators T, on the bisubspaces W,'; i = 1, 2, ..., k,, t= 1, 2. 
Our purpose is to study T by finding biinvariant bidirect sum 
decompositions in which the T; operators of an elementary 


1 


nature. 


The following theorem is left as an exercise for the reader to 
prove. 
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THEOREM 2.3.38: Let T = T; UT) be a bilinear operator on a 
strong neutrosophic bivector space V = V; U V> of type II over 
the neutronsophic bifield F = F, UF» (F; and F) are not pure 
neutrosophic fields). Let (W/, al? & (Wee? and 


(Eisele) U (Hiatal) be as before. Then a necessary 


and sufficient condition that each strong neutrosophic bivector 
subspace W;' to be biinvariant under T; for 1<i<k, t = 1, 2 is 
that E; T, =T,E, or ET = TE for every 1 Si Sk, and t = 1, 2. 


Now we proceed on to define the notion of biprimary 
decomposition of strong neutrosophic bivector space V = V, U 
V, of (nj, nz) dimension over the neutrosophic bifield F = F; U 
F » where F; and F, are not pure neutrosophic fields. 


THEOREM 2.3.39: (Primary bidecomposition theorem): Let T = 
T,; UT) be a bilinear operator on a finite (nj, nz) dimension 
strong neutrosophic bivector space V = V; VU V2 over the 
neutroscophic bifield F = F, UF; (F; and F) are not pure 
neutrosophic fields). Let p = p,; VU pz be the biminimal 
neutrosophic polynomial for T = T; UT». 


4 Ty apt n t sc a 
P=DPi--Pi, UY P=Piy---Poi, Where p, are distinct 


irreducible monic neutrosophic polynomials over F,; i = 1, 2, 
kj t = 1, 2 and r' are positive integers. Let W, =W,' OW? 
be the null bispace of p(T) =p, (Ty U p,(T? )" ,;i= 1, 2; 


then, 
i, WW, OW; =(W, @.:.. OW, ) (WW, ®... OW) 
ii. each W,= Ww + Ww? is biinvariant under T,; i = 1, 2. 
iii. If T; is the operator induced on W,’ by T; then the 
minimal neutrosophic polynomial for T; is p;; r = 1, 2, 


wee k;, i=, 2. 


We prove the corollary to this theorem. 
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COROLLARY 2.3.3: If {E;,....E,,} U {E;,..,Eg} are 
biprojections associated with the biprimary decomposition of T 
= T; UT) then each E/ is a neutrosophic polynomial in T; 1 Si 
Sk, t = 1, 2 and accordingly if a linear operator S commutes 


with T then S commutes with each of the E;; that is each strong 
neutrosophic subspace W; is invariant under S. 


Proof: For any bilinear operator defined on a strong 
neutrosophic bivector space defined over the neutrosophic 
bifield F = F, U F, (F; and F, pure neutrosophic fields) of type 
II , we can associate the notion of bidiagonal part of T and 
binilpotent part of T. 
Consider the neutrosophic biminimal polynomial for T = T, 
U T, which is decomposed into first degree polynomials that is 
the case in which each p; is of the form p; =x-—c,. Now the 
range of E! is the null space of W;' of (T, —c!I,)" ; we know by 
earlier results D is a bidiagonalizable part of T. 
Let us look at the bioperator 
N=T-D 
Ni U No = (T; — Di) U (T2 — D2) 
T(E, fet? LE.) GE tu LE) 
and 
D= Dao DA GE, Pare, EL) WCE tote, EL) 
so 
N= N; U N> 
= {(T, cll, JE! +...4(T, -ch,1,)E} U 
(6, tae ee, 
Now 
N’? = N; UN; 
=a ol) bi eae eel) Be 
(ie. By nt Oe, by EB, x 
and in general 
N= {(T,-c],)"E) +...+(1, =¢,.1)* E,} U 
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{(T, -cL)° Ey +...+(T, - C., i Ey} ; 


When r 2 1; for each i we have N' = Oie., N;} UN, =0U 0; 
that is each of the bioperator (T, —c/I,)" =0 on the range E; ; 1 
<t<k;andi=1, 2. Thus (T —cl)' = 0 for a suitable r. 

Let N = N,; UN, be a bilinear operator on a bivector space 
V=V,U V2. We say N is binilpotent if there is some pair of 
integers (1, fr) such that N* =0 fori=1, 2. We choose r > rj; 1 
= 1,2 then N‘'=0, where N=N,; U Np. 


In view of this we have the following theorem for strong 
neutrosophic bivector spaces of type II defined over the 
neutrosophic bifield F = F,; U F, (F; and F) not pure 
neutrosophic). 


THEOREM 2.3.40: Let T = T; UT; be a bilinear operator on the 
(nj, Nz) finite bidimensional strong neutrosophic bivector space 
V = Vi UV> over the neutrosophic bifield F = F; UF) (both F; 
and F, are not pure). Suppose that the biminimal neutrosophic 
polynomial for T = T; UT, decomposes over F = F; UF into a 
biproduct of bilinear neutrosophic polynomials. Then there is a 
bi diagonalizable operator N = N; U Nz on V = V; U V2 such 
that, 
i T=D+N;ie; 
T, VT, = D,UD,+N, UN? 
= dD, +N, UD, + N>. 
ii. DN =ND that is 
(D; UDz (Ni UN) = DN; VD2N2 
= ND, UN D>. 
The bidiagonalizable operator D = D; UD» and the binilpotent 
operator N = N; UN) are uniquely determined by (i) and (ii) 
and each of them is a bipolynomial in T, and T). 


Consequent of the above theorem the following corollary is 
direct. 
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COROLLARY 2.3.4: Let V be a finite bidimension strong 
neutrosophic bivector space over the special algebraically 
closed neutrosophic bifield F = F; U F>. Then every bilinear 
operator T = T; UT> on V = V; U V2 can be written as the sum 
of a bidiagonalizable operator D = D; UD; and a binilpotent 
operator N = N; UN? which commute. These bioperators D and 
N are unique and each is a bipolynomial in (T), T>). 

Let V = V; U V2 be a finite bidimensional strong 
neutrosophic bivector space over the neutrosophic bifield F = 
F, UF, and T = T; UT; be an aribitary and fixed bilinear 
operator on V= V; Uv>. If a = a; U @ is a bivector in V then 
there is a smallest bisubspace of V = V; U V2 which is 
biinvarient under T = T; U Tz and contains a. This strong 
neutrosophic bispace can be defined as the biintersection of all 
T-invariant strong neutrosophic bisubspaces which contain a. 


If W = W,; U W; be any strong neutrosophic bivector supspace 
of W = W, U W> of a strong neutrosophic bivector space V = 
V, U V2 which is biinvariant under a = a; U Q; that is each T; 
in T is such that the strong neutrosophic subspace W; on V; is 
invariant under Tj; and contains q;; true for i= 1, 2. 

Then W = W, U W> must also contain Ta; that is T,o; is in 
W; for each i = 1, 2; hence T(Ta) is in W; that is T;(T;a;) = 
Ta, is in W and so on; that is T,"" (a) is in Wi, for each i so 
that T"(a) ¢ W; i = 1, 2. W must contain g(T)a for every 
neutrosophic bipolynomial g = g; U g» over the neutrosophic 
bifield F = F; U F). The set of all bivectors of the form g(T)a = 
g(T oy U 2(T2)o2 with g=Z,YUME F[x] = F,[x] U F,[x], is 
clearly biinvariant and is thus the smallest bi T-invariant (T- 
biinvariant) strong neutrosophic bisubspace which contains a = 
Q, U QO. 


In view of this we have the following definition. 
DEFINITION 2.3.46: Let a@ = a) Ud be any bivector in a strong 


neutrosophic bivector space V= V; U V2 over the neutrosophic 
bifield F = F, UF) (F; and F are not pure neutrosophic). The 
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T-bicyclic strong neutrosophic bisubspace generated by a = a 
U @ is a strong neutrosophic bisubspace Z(a; T) = Z(a); T)) VU 
Z(Q2; T,) of all bivectors g(T)a = gi(T;) a) V8(T2) @; g = 8) U 
g in F[x] = F)[x] U F [x] is a neutrosophic bipolynomial. If 
Z(a; T) = V then ais a bicyclic vector for T. 


Another way of describing this strong neutrosophic bisubspace 
Z(a; T) is that Z(a; T) is the strong neutrosophic bisubspace 
spanned by the bivectors TS ; k > 0 and a is a bicyclic bivector 


for T = T; U T> if and only if these bivectors span V; that is 
each Tt span V;, k; => 0 and thus a; is a cyclic vector for T; if 
and only if these vectors span V;, true for i = 1, 2. 

We just caution the reader that the general bioperator T = T, 
U T> has no bicyclic bivector. 

For any T the T bicyclic strong neutrosophic bisubspace 
generated by the bizero vector is the bizero strong neutrosophic 
bisubspace of V. The bispace Z(a;T) = Z(a1;T1) U Z(a2;T2) is 
(1, 1) dimensional if and only if a is a bicharacteristic vector for 
T. For the biidentity operator, every nonzero bivector generates 
a (1, 1) dimensional bicyclic strong neutrosophic bisubspace 
thus if bidimV > (1, 1) the biidentity operator has non cyclic 
vector. 

For any T and a we shall be interested in the bilinear 
relation cpa + c;Ta + ... + c,Ta* = 0 where « = a U a So that 

Chol, + ciT,a, +t Gi, Tid, =0 


and 
CoO, +, TO, +...+ C, La =0 
between the bivectors To!, we shall be interested in the 
neutrosophic bipolynomial g = g; U g> where 
FSC PUMA e ee 
true for i= 1, 2, which has the property that g(T)a = 0. 

The set of all g in F[x] = F,[x] U F,[x] such that g(T)a = 0 
is clearly a neutrosophic biideal in F[x]. It is also a non zero 
neutrosophic biideal in F[x] because it contains biminimal 
bipolynomial p = p; VU p> of the bioperator T. p(T)o = pi(T))a, 
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U p2(T2)a2 = 0 U 0; that is p(T1)o1 U p2(T2)a2 = 0 U O for every 
a=, 0Q,nV=V,U V>. 


DEFINITION 2.3.47: Jf a@ = a VU a is any bivector in strong 
neutrosophic bivector space V = V; UV>2 of type II defined over 
the neutrosophic bifield F = F; U F> (F; and F) are not pure 
neutrosophic). The T-annihilator (T = T; UT») of a = aj Ua 
is the neutrosophic biideal M(a; T) = M(a; T;) YU M(a; T>) in 
F [x] =F [x] 4A2[x] consisting of all neutrosophic bipolynomials 
g =g) Ug over F = F; UF) such that g(T) = g)(T) Vg(T) = 
0 V0. 

The unique neutrosophic monic bipolynomial pa = p,a, VU 
P2Q@ which bigenerates this biideal will also be called the bi T- 
annihilator of a or T bi annihilator of a. The bi T-annihilator 
pa bidivides the neutrosophic biminimal bipolynomial of the 
bioperator T = T; UT>. Clearly bidegree (pa) > (0, 0) unless a 
= a; Ua is the zero bivector. 


THEOREM 2.3.41: Let a = a; U @ be any non zero bivector in 
V=V, UV2 V a strong neutrosophic bivector space over the 
neutrosophic bifield F = F; UF (both F, and F) are not pure 
neutrosophic). 

Let Py = Pia, Y Pra, be the bi T annihilator of a = ay V a. 


i. The bidegree of Ppa is equal to the bidimension of the 
bicyclic strong neutrosophic bisubspace Z(a;T) = 
Z(Q;T) UZ(Q2;T)). 

ii. If the bidegree of Py = Pig, Pra, 1 (ki, ke) then the 


bivectors a = a@ Ua, Ta = Tia; U Tra, ..., fs 


Tia, Ty a, form a bibasis for Z(a;T). That is 
{0,1 Typ, TR MO} U ly Tyg Ty... Tea, } 
form a bibasis for Z(a;T) = Z(a,;T)) UV Z(Q2;T2); that is 
Z(Q;, T;) has {q%, T;Q, ..., reg, } as its basis; true for 


everyi = 1, 2. 
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iii. If S = S; US>zis a bilinear operator on Z(a;T) induced by 
T, then by the biminimal neutrosophic polynomial for S is 


Pa 


Proof: Let g = g; U g be a neutrosophic bipolynomial over the 
neutrosophic bifield F = F, U F, write g = peq t+ 1, that is g) U 
82 = Pia, Gi +11 VY Pog, G2 +05 where po = Pig, U Pru, for a= 
OQ, U Oo, gq =qi Uqandr=r, Um so gj= Pia, qi +1; true for i= 


1, 2. Here either r= 0 U 0 or bidegree r < bidegree py = (ki, ky). 
The neutrosophic bipolynomial pag = py, 41 U Pog, 42 18 in the 


T biannihilator of a = a, U a, and so g(T)a = r(T)a, that is 
g(Ti)a1 U 2(T2)O2 = T(t); WW T2(T2)Qp. 

Since r=r,; Ur =0 U0 or bidegree r < (kj, k) the bivector 
r(T)a = 1,T\(@,) U mT2(a2) is a bilinear combination of the 
bivectors a, Ta,...,T*"a; that is a bilinear combination of 
bivectors a = a; U Oy 

Ta = T,q, U Trot, 
Tas, & UL; 
diggs al Ree a x 8 meee 


Ta =T""'a, UT a, 


and since g(T)a = g)(T))a; U g(T2)a) is a typical bivector in 
Z(a; T); i.e., each gi(T;)o; is a typical vector in Z(a; T;) for each 
g,(T;)o; is a typical vector in Z(a); T;); i = 1, 2. This shows that 
these (ki, ky) bivectors span Z(a; T). 

These bivectors are certainly bilinearly independent because 
any non trivial bilinear relation between them would give us a 
non zero neutrosophic bipolynomial g = g; U g» such that 
g(T)(a) = gi(T1)(a1) U gTr)o2 = 0 U 0 and bidegree g < 
bidegree p,, which is absurd. 

This proves (i) and (11). 

Let S = S; U S; be a bilinear operator on (Z,; T) obtained 
by restricting T to that strong neutrosophic bivector subspace. If 
g = g, U ®g is any neutrosophic bifield F = F, U F, then 
Po(S)g(T)a = po(T)g(T)a 
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that is 
Pio, (S))8i TO V Pra, (S282 (Tr Ja, 
= Pro, (Tg, (To YU Pog, (Tg. (T, oa, 
=g(T)p, (Ta 
=g(T, )Pra, (T,)a, Ug, (7, Pra, (T, Ja, 


= 8) (T, )(0) Ug, (T, )(0) 
=0VU0. 


Thus the bioperator p,S = p;a4(S1) U p2ot2(S2) sends every 
bivector in Z(a;T) = Z(a1;T1) U Z(G; T2) into 0 U 0 and is the 
bizero operator on Z(a;T). Further more if h = h; U hy is a 
neutrosophic of bidegree less than (k), k.) we cannot have h(S) 
=h,(S,) U h,(S2) = 0 U 0 for then h(S)oa = hy(S,))oy UL ho(S2)or 
= 0 U 0; contradicting the definition of p,. This shows that pg, is 
the neutrosophic biminimal polynomial for S. 

A particular consequences of this interesting theorem is that 
if © = & U Q, happens to be a bicyclic vector for T = T; U T, 
then the neutrosophic biminimal bipolynomial for T have 
bidegree equal to the bidimension of the strong neutrosophic 
bivector space V = V; U V2, hence by Cayley Hamilton theorem 
for the bivector spaces we have the neutrosophic biminimal 
polynomial for T is the bicharacteristic neutrosophic polynomial 
for T. We shall prove later that for any T there is a bivector a = 
a, U O in V = V; U V2 which has the neutrosophic biminimal 
polynomial for T = T; U T, for its biannihilator. 

It will then follow that T = T, U T> has a bicyclic vector if 
and only if the biminimal and the bicharacteristic neutrosophic 
polynomial for T are identical. We now study the general 
bioperator T = T, U T> by using the bioperator vector. Let us 
consider a bilinear operator S = S; U SS) on the strong 
neutrosophic bivector space W = W, U W> of bidimension (k;, 
k)) which is a cyclic bivector @ = a) U Op». 

By the above theorem just proved the bivectors a, Sa, S*a, 
pee Sq; that is 


2 k,-1 2 k,-1 
{0.,,9,0,,570,,...,5,; a}, {a,,8,0,,S5a,,...,8,? a5} 
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form a bibasis for the bispace W = W, U W, and the annihilator 
Pu =Pia, UP2a, Of & = | U O is the biminimal neutrosophic 


bipolynomial for S = S; U S, (hence also the bicharacterstic 
neutrosophic bipolynomial for S). 


If we let a' = S''a; that is a' =a} Ua} and a! = S'la 
implies a} =S!''o,, a =S?"a,; 1 <i<k;—1 then the action 
of S on the bibasis {Onn POLO, Cpa, is Sal = ai *! 
fori=1, 2, ..., k-I that is Sai =ai" fori=1, 2, ..., k-1 andt 
= 1, 2. Sa =-coa' —. 0,10" that is S,af =—cja, —...-c, af 
for t= 1, 2; where 

pa ={c,+exX+...+0, KO +x"} U 
{co +05X+...+ cea +x@h, 

The biexpression for So, follows from the fact p,(S)a = 0 

U0; that is S'at+c, S'a+..+¢Sa+c,a =0U0 that is 
{Sa, +c, Sa, +..+¢S,0, +¢,0,} U 


{SPa, +c, Sa, +...+¢/S,a, +ce,a,} =0U0. 


This is given by the neutrosophic bimatrix S = S; U S, in 
the bibasis 
B= B, ha Bo 
={0j 5, POLO yay } 


000.0 -¢ 000 .. 0 -¢5 
0 0 0 -c; CO: Dr op °C 256; 
=|0 0... 0 -c) JulJO 10.0 -¢F 
Qc Wee Ree ae: MO. MOO: ase Oe 


The neutrosophic bimatrix is defined as the bicompanion 
bimatrix of the monic neutrosophic polynomial p, = Pi, U Poa, 
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or can also be represented with some flaw in notation as 
1 2 eat 2 
P,, UP, wherep=p Up’. 


Now we prove yet another interesting theorem. 


THEOREM 2.3.42: Jf S = S; US is a bilinear operator on a 
finite (nj, nz) dimensional strong neutrosophic bivector space W 
= W,; UW; then S has a bicyclic bivector if and only if there is 
some bibasis for W in which S is represented by the 
bicompanion neutrosophic bimatrix of the neutrosophic 
biminimal polynomial for S. 


Proof: We just have noted that if S = S; U S, has a bycyclic 
bivector then there is such an ordered bibasis for W = W; U W>. 
Conversely if there is some bibasis foliage, Ue; aS 
for W in which S is represented by the bicompanion 
neutrosophic biminimal polynomial, it is obvious that a} Ua; 
is a bycyclic vector for S. 


We give yet another interesting corollary. 


COROLLARY 2.3.5: If A = A; VU Az be a_ bicompanion 
neutrosophic bimatrix of a bimonic neutrosophic bipolynomial 
P =P UP? (each p; is monic) then p is both the biminimal 
neutrosophic polynomial and the bicharacteristic neutrosophic 
bipolynomial of A. 


Proof: One way to see this is to let S = S; U S, a linear 
bioperator on FS VU EY > , which is represented by A = A; U A, 
in the bibasis. By applying the earlier theorem and the Cayley 
Hamilton theorem for bivector spaces. We give another method 
which is by direct calculation. 


Now we proceed on to define the notion of bicyclic 


decomoposition or we can call it as cyclic bidecomposition and 
its birational form or equivalently rational biform. 
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Our aim is to show that any bilinear operator T = T, U T, of 
finite (nj, nj) dimensional strong neutrosophic bivector space V 
= V,; U Vo, there exists a  biset of _bivectors 
AOirss05, eG peer ma in V such that 


V=aV,UV2= 
Z(a;T,) ®... B Z(H, C7 (G.s je oh Ale): 

In other words, we want to prove that V is a bidirect sum of 
bi T cyclic strong neutrosophic bivector subspaces. This will 
show that T is a bidirect sum of a bifinite number of bilinear 
operators each of which has a bicyclic bivector. The effect of 
this will be to reduce many problems about the general bilinear 
operator to similar problems about a linear bioperator which has 
a bicyclic bivector. 

The bicyclic bidecomposition theorem is closely related to 
the problem in which T biinvariant bisubspaces W = W, U W) 
have the property that there exists a T biinvariant bisubspaces 
W' such that V=W@W/'; that is 

V=V,UV2=W, ® W; UW, OW,. 

If W = W,; U W; is any strong neutrosophic bisubspace of 
finite (nj, n2) dimensional strong neutrosophic bivector space 
then there exists a strong  neutrosophic bisubspace 
W' = W, + W, such that V=W © W' that is, 

V=ViUV2 =W, OW, UW, OW} 
for each V; is a direct sum of W; and w! , for i = 1, 2; that is 


V, = W, © W, Usually, there are many such strong neutrosophic 


bivector spaces W!' and each of this is called the 
bicomplementary to W. 


We study the problem when a T biinvariant strong neutrosophic 
bisubspace has a complementary strong neutrosophic 
bisubspace which is also biinvariant under the same T. 


Let us suppose that V=W@W' that is V = V, U V2 
=W, ®W; UW, ®W, where both W and W' are strong 


neutrosophic biinvariant under T, then we study what special 
property is enjoyed by the strong neutrosophic bisubspace W. 
Each bivector B = B) U By in V = Vj U V> is of the form B = y + 
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y' where y is in W and y' is in W' where y = y, U y2 and 
YEU. 

If f = f; U f, any neutrosophic bipolynomial over the scalar 
neutroscophic bipolynomial over the scalar neutrosophic bifield 
F=F, UF, then 

f(T)B = £(T)y + (Ty 
= £,(T))B1 U f(T2)B2 = f(T)y + (Ty 
=f (Tn thi vin +f. 


Since W and W' are biinvariant under T = T, U T> the 
bivector f(T)y = fi(T)y VL fp(T2)y2 is in W = W, U W) and 
f(T)y' =f,(T)y, Uf,(7,)y; is in W'=W,; UW,. Therefore 
f(T)B = £\(T1)B; U £(T2)B> is in W if and only if f(T)y' = 0 U 0; 
that is f,(T,)y; Uf,(T,)y, = 0 U 0. So if f(T)B is in W then 


f(T)B = f(T)y. 


Now we define yet another new notion for bilinear operators on 
strong neutrosophic bivector spaces. 


DEFINITION 2.3.48: Let T = T; UT, be a bilinear operator on a 
strong neutrosophic bivector space V = V; UV) and W = W, VU 
W, be a strong neutrosophic bivector subspace of V. We say W 
is bi T-admissable, if 

i. Wis biinvariant under T, 

ii. f(T)BPis inw 
for each B € Vie, fi(T) Bi Chi(T) f» is in W = W, U W, for 
every B= PB; U fy in V = V; Ud, there exists a bivector y= 1; 
U % in W, YW, = W such that f(T) PB = f(D y that is if W is 
biinvariant and has a bicomplementary biinvarient bisubspace 
then W is biadmissible. 


The biadmissibility characterizes those biinvariant bisubspaces 
which have bicomplementary biinvariant bisubspaces. 

We see the biadmissibility property is involved in the 
bidecomposition of the bivector space V=Z(a,;T)@...® 


Z(a,,T) = Z(a,3T,) ®...® Z(a, 5T,) VU Z(a;;T,) ®...® Z(az;T,) 
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We arrive by some method or another we have selected 
is 1 1 1 2 2 2 
bivectors {0,,05,...5 aL, FU {OL} 055-05 a} and strong 


neutrosophic bisubspaces which is proper say 
Wj = W; U W; 
= {Z(03T,) +...+ Z(@; 3T,)} UV {Z(@ysT,)+...+ Z(G; 5T,)}. 


We find the nonzero bivector Cae 


(Zj+1; T) =0 U 0 that is W; A Z(a' 5T,) UW) ) A Za; :T,) 


jt)? jptl? 


Uas) such that Wj 9 


= 0 U 0 because the strong neutrosophic bivector subspace Wj+ 
= Wj © Z(aj+1, T) that is 
W,1 = Wis U Wow = W, ® ZO 1 edi )U W;. ® ZO. 41 ;T,) 


would be atleast one bidimensional nearer to exhausting V . But 
are we guaranteed of the existence of such a,,, = a, Uae 


jt jotl* 
1 1 2 2 
If {(Q),...,0; )U(G5,....0; )} have been choosen so that Wj 
is T biadmissible strong neutrosophic bisubspace then it is 
1 2 
. Ud. 


rather easy to find a suitable a; , UG; ,,. 

Let W = W, U W>, be a proper T biinvariant strong 
neutrosophic bisubspace. Let us find a non zero bivector a = 0, 
U Q such that W > Z(a;T) = {0} U {0}; that is W) A Z(a4;T)) 
U W2 0 Z(a2;T2) = {0} U {0}. We can choose some bivector B 
= B; U B which is not in W = W; U W;; that is each B; is not in 
Wi, i=1, 2. Consider the T biconductor S(B; W) = S(B;; W,) VU 
S(B2; W2) which consists of all neutrosophic bipolynomials g = 
gi U g& such that g(T)B = g)(T))Bi U go(T2) Bo is in W = W, VU 
W>. 

Recall that the neutrosophic bimonic polynomial f = f; U fy 
= S(B; W); 1e., f = f, U fi = S(Bi; Wi) U S(B2; W2) which 
bigenerate the neutrosophic biideals S(B; W) = S(B1; Wi) U 
S(B2; W2); that is each fj = S(B;; Wi) generate the ideal S(B;; W;) 
for 1 = 1, 2; that is S(B; W) is also the T biconductor of B into 
W. The bivector f(T)p = f(T 1)By Kf f,(T2)B2 is in W = W, U W>. 
Now if W is T biadmissible there is a y = y; U y2 in W with 
f(T)B = f(T)y. Let a = B — y and let g be any neutrosophic 
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bipolynomial since B — y is in W, g(T)B will be in W if and only 
if g(T)a is in W; in other words S(a; W) = S(B; W). Thus the 
neutrosophic bipolynomial f is also the T biconductor of a into 
W. 

But f(T)a = 0 U 0. That tells us f(T Jo, U £(T2)o2 = 0 U 0; 
that is g(T)a is in W if and only if g(T)o = gi(T)o1 U go(T2)o2 
= 0 U 0. The strong neutrosophic bisubspaces Z(a; T) = Z(a1; 
T,) U Z(a); T2) and W = W, U W, are biindependent and f is 
the T biannihilator of a. 


Now we prove the cyclic decomposition theorem for fj linear 
operators on strong neutrosophic bivector spaces defined over 
the neutrosophic bifield F = F, U Fy (Fi, Fy are not pure 
neutrosophic fields) of type I. 


THEOREM 2.3.42: (Bicyclic decomposition theorem): Let T = T; 
U T, be a bilinear operator on a finite bidimensional (n), nz) 
strong neutrosophic bivector space V = V; VU V2 and let 
W, =W, OW, be a proper T biadmissible strong neutrosophic 
bivector subspace of V. There exists non zero bivectors 
fad JOT aay in V with respective T biannihilators 
LDP FOE Dien Ded such that, 
ip V=W,®Z(a,;T)®...082Z(a,;T) 
=W, ®Z(a;;T,)®..@Z(a, TV 
Wy ®Z(a; :T,) ®...B Za, ;T,) 
ii. Py divides Pi-1 > k=1, 2,..., randt = 1, 2. 
Further more the integer r and _ the _ biannihilators 


{Diop FLO, Baring ae: are uniquely determined by (i) and 


(ii) and infact that no Oy, is zero for t = I, 2. 
Proof: The proof is given under four steps. 


Take Wo = {0} U {0} = W, UW, ; that is each W, =0 for 
i = 1, 2, although W does not produce any substantial 
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simplification. Throughout the proof we shall abbreviate f(T)B 
to fp that is f)(T))Bi U f(T2)B2 to £18) U fBo. 


Step 1: There exists nonzero bivectors {Bi 5-58, W4Bi eB: } 
in the strong neutrosophic bivector space V = V,; U V2 such that 
G) V=W,+Z(B,;T)+...+ ZB,;T) 
= W, + Z(B;;T,)+...+ ZG, ;T,) VU 
Wo +Z(B;3T) + et Z(B,, ;T,). 
(ii) If1<k,<rji=1,2and W,=W, + Wy, 
= {W, +Z(B3T,) +...+ ZB, 5T)} 
UlWe + Z(B;;T,) +...+ Z(By, :T,)} 
then the biconductor 
P. =Py, UPy, =S(Bi,3 Wy.) USB, Wy) 
has the maximum bidegree among all T biconductors into the 
strong neutrosophic bivector subspace 


W. =(Wy, 4, UW) 
that is for every (k,, ky); 
bidegree p, = max deg{S(a'; W,_,)}U max deg{S(a’;W, _,)}. 
a! in Vi : a in V> : 


This step depends upon only the fact that Wo) =W, UW, is a 


biinvariant strong neutrosophic bivector subspace. If W = W, U 
W> is a proper neutrosophic bi T-invariant bivector subspace 
0 < max bidegree (S(a; W)) < bidim V 


that is 
0 U0U< max bidegree(S(a;; W;)) U 


max bidegree (S(a2; W2)) < (nm), m2) 


and we can choose a bivector B = B; U PB» so that bidegree S(B; 
W) = deg(S(Bi; Wi)) U deg(S(B2; W2)) attains the maximum. 
The strong neutrosophic bivector subspace W + Z(B;T) = (W,; + 
Z(Bi;T1)) U (W2 + Z(B2;T2)) is then T biinvariant and has 
bidimension larger than bidimension W. 
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Apply this process to W = W, to obtain 8, =B, UB. If Wy 

= Wy + Z(B,; T) that is 
Wi UW, = Wy + Z(B)5T,)U Wo + Z(B>;T,) 

is still proper then apply the process to W, to obtain 
B, = Br U B; : 

Continue in that manner. Since bidim W, > bidim W, — 1 
that is 

bidim Ww, Ubidim Wy. > bidim W, Ubidim We 

we must reach W, = V that is W, U W, =V, UV, in not more 
than bidim V steps. 


Step 2: Let {Bieek: hu {Bias B, } be a biset of nonzero 
bivectors which satisfy the conditions (i) and (1i) of step 1. Fix 
(ki, k2); l< k; < YT; i= 1, oF 
Let B = B; U f: be any bivector in the strong neutrosophic 
bivector space V = V; U V2 and let f= S(B; Wy1) that is f, U fp 
= S(B,; Wy) Y Ss Wy) If 
fp = Bo + » 2.8; 


1si<k 


that is 


£6, V£B,=6,+ >) eB) G+ > gBi) 


1<i, <k, I<i,<k, 
B,. € W; ;t= 1, 2, then f = f, U f; bidivides each neutrosophic 
bipolynomial g,=giUg? and By = fyo that is 
By YB =fiyo VEY where Yo =¥y UY) E Wyo = Wo UW. If 
each k,; = 1 for 1 = 1, 2; this is just the statement that Wo is T 
biadmissible. In order to prove this assertion for (k,, k,) > (1, 1) 
apply the bidivision algorithms for the neutrosophic 
bipolynomials that is g; = fh; + 1, r; = 0 if bideg r; < bideg f that 
is g, Ug, =(fh; +1,)U(f,h; +4). If bideg 1 < bideg f. We 
wish to show that r; = 0 U 0 for each i = (i), ip). 

Let, 
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that is 


k,-1 =i 
1 UY =O; ->hi Bi )U(B, - yh ee) : 
ijl = 


Since y — B is in W,, that is (y; — Bi) U (2 — Bo) is in 
WU We 83 Wy) = S883 Wy.) =f; 1sis2 
that is 

Sy; Wh) VU S(y23 Wy) = S(B,; Wy, 1) YU S(B,; Wy) 
= f; Lee, fy. 
SQ; Wis) = S(B; Wi) =f 
Also 
k-1 
ty=py+ > aR: 
i-l 
that is 
k,-1 k,-1 
fir, Ub. = (By + 2158, U(Bo + 278): 
i=l 


i=l 


If = (r, st ) # (0,0) we arrive at a contradiction. Let j = (jj, jz) 


be the largest index i = (i), iy) for which 1; = (r',r’) # (0,0) then 
j 
fy =B, +> rf; ; tj # (0, 0) and bideg 1; < bideg f. Let p = SQ; 
1 
W;-1); 
PiU po= S(7,3 W,-1) US(.; We 4) : 
Since W,,=W,_,UW,,_,contains W,,=W,,UW,_, the 


biconductor S(y; W,_;) that is 
F=f uh = S(7,; Wy, 1) US(2; Wye 1) 


must bidivide p. p = fg that is p; U p2 = fig; U frgo. Apply g(T) 
= 9,(T,) U g2(T>) to both sides; that is 


py = gfy = gr; +28, + >. arf; 


1sigj 
that is, 
PN UP =(Bif1, U 8.2) 
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Ipl 1 Il 2n2 2 22 
> 21,8; +2,B, a » 21,8. U gor, Bi + 2,8, + » 201, B;, : 


Ii, Si, ISi Sjp 


By definition, py is in Wj; and the last two terms on the right 
side of the above equation are in W,_,=W,_,UW,.,. 
Therefore 
erB; = 81,8, Ver, Bi, 
is in W,_,=W,_,U W,__,. Now using condition (ii) of step 1 


bideg (grj) = bideg(S(B;; Wj-1)); that is 


deg(gi, 1, ) U deg (g, 4, ) 
> deg S(B,;W,_,) U deg S(B,; W,,_,) 
=  bidegp; 
= degp, Udegpp;, = bidegree (S(y; Wj.-1) 
= deg S71; W; _,) U deg S(y2; W, _,) 
=  bidegree p 
= degp; U degp» 
= bideg fg 
= degfig, U degfigy. 


Thus bideg 1; > bideg f, 1.e., degr, Udegr, > degfi U degf 
and that contradicts the choice of j = (j1, jo). We now know that 
f =f; U f; bidivides each g; = gi, Ug; that is f, divides Bi 3t 
=1, 2 and hence By = fy that is B} UB} =fyy, Uf,y,. Since 
W,=W,UW, is T biadmissible (ic., each Wy; is Tx 
admissible for k = 1, 2); we have Bo = fyo where 

Yo=YoUYo € W, = Wy U Wy 
that is B} UB> =fyyp Ufiyo where yo = Wo. We make a mention 
that step 2 is a stronger form of the assertion that each of the 
strong neutrosophic vector bisubspaces W,=W,UW,, 


W, =W,UW,,..., W, = W! UW? is T biadmissible. 
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Step 3: There exists non zero bivectors 
1 2 2 
(01,,....0, )U (G ,.-.5 0, ) 


in V = V,; U V> which satisfy condition (1) and (11) of the 
theorem. Start with bivectors 


{Bi 2B a sme By FOB Basu, 4 
as in step 1. Fix k = (k;, ko) as 1 Sk, <r; i= 1, 2.We apply step 
2 to the bivector B = Bi U Bo = B,, UB, = =, and T biconductor 


f=f, Uf =p, Upy, = Px We obtain 


PB, = Px¥o + > p,.hiB; ; 


1<i<k 
that is, 
1 1 yh 2: 
Pi, By, U Px, Br, 


=(P.Yo+ >, PhiBLUC@LYo+ >, PrbiB2)- 


I<i, Sk, <i, <ky 


where y, =Y) UY is in W,=W,UW, and tinge a 6 


{h;,...,hy,_,} are neutrosophic bipolynomials. Let 


a, =B, —¥o- > hi; ; 


1si<k 

Le., 

{oy,, Uo, } 1-(H =e), nin J p= 2 na 

1<i,<k, I<in<k, 
Since 
B, -—% = (By, = Oy, )U (By, = Oy, ) 
is in 
W. = Wy VU Wy > 

is in 


S(ax; Wit) = S(Bi3 Wit) = Pk 
= S(a, ;W,, YU (ay, Was) 


1 2 
=Py, UP, 
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and since po, = 0 U 0 that is Pr, Hy, U py, Ok, =0 U0 we have, 


Wy, 0 2(04,5T,) U We, OZ (ae, sT,) = {0} U {0}. 
Because each a, = Oy, U oy. satisfies the above two equations 
just mentioned, it follows that, 

W, = W, ® Z(a,;T) ®...® Z(a,;T) 
that is 
W,, UW, = Wy ®Z(a,;T,) ®...® Z(a, sT,)}U 
{W? ® Z(a?;T,) ®...® (az, :T,)} 
and that p, = pe U Pk, is the T biannihilator of oy = Oy, U Oy, 
other words, bivectors fou} Pru kU {ae sites define the same 
bisequence of strong neutrosophic bisubspaces W, = W, UW, , 
W,=W,UW,, ..., as do the bivector {B} Get B}, 
{By Wit B } and the T biconductors p, =S(a,;W, _,) that is 
(Pj, Up,) = S(a, ;W,.) US(ary, pW 4) have the same 
maximality properties. The bivectors {Oj FLO gree 
have the additional property that the strong neutrosophic 
bivector spaces W, ={W, UW}, 
Z(0,;T) = Z(,;T,) VU Z(a;T,) 
Zot; T) = Z(43T,) V Z(03;T,) 
are biindependent. It is therefore easy to verify condition (ii) of 
the theorem. Since (p,%, yu (p;, OL, y= 0 U 0, we have the 
trivial relation 
PrOok = Pj, %, U py, OH, 
= (0+ pia, +..4 Pee ie ce yU(O+ pa; ++ 6.4) : 
Apply step 2 with {B.....,.B,}U{By,...B;,} replaced by 
{ot),..04 }U {Oy 0%} and with B = B) U B= a, UO, , Px 
bidivides each p;; i < k that is (i), 2) < (ki, ko); ie, Py, UP, 
bidivides each p, Up;,,i.e., each p, divides p; fort=1, 2. 
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Step 4: The number r = (fr, 1%) and the neutrosophic 
bipolynomials (pj, ...,P,, ), (P2, ---» P,, ) are uniquely determined 
by the condition of the theorem. Suppose that in addition to the 
bivectors {o1,...,0, }U {a;,....0, } we have non zero bivectors 


Wnty cate 
with respective T biannihilators 
{eis OE eB} 
such that 
V=W, OZ(y,;T) ®... B Z(y,5T) 
that is 
V=Vi UV2= Wi @2(7'3T,)®...® ZV) 3T,)}V 
{Wy ® Z(y}3T,) ®...® Z(y, 5T,)} 
gi, divides oe for t= 1, 2 and k, = 1, 2, ..., 5. We shall show 
that r = s that is (r), tr) = (1, So) and p; =g;; 1 <t < 2; that is 
piUp,=g,Ug? for each i. We see that pp = g: = 
p, Up, =g, Ug;. The neutrosophic bipolynomial g, =g; Ug; 
is determined by the above equation as the T biconductor of V 
into Wo; that is V = V; U V2 into W, UW, . Let S(V; Wo) = 
S(V1; W,) U S(V2; W,) be the collection of all neutrosophic 
bipolynomials f = f, U f such that fB = f;8,; U f:B> is in Wo for 
every B = B, U B in V that is neutrosophic polynomials f such 
that the birange of f(T) = range of f1(T,) U range of f,(T2) is 
contained in W,=W, UW, ; ie., range of f(T;) is in W, for 
i=1, 2. Thus S(V;, W;) is a non zero neutrosophic zero ideal in 
the neutrosophic polynomial algebra so that we see S(V;Wo) = 
S(V1; W,) U S(V2; W,) is a non zero neutrosophic biideal in the 
neutrosophic bipolynomial algebra. 

The neutrosophic polynomial g; is the monic generator of 
that neutrosophic ideal i.e, the bimonic neutrosophic 
polynomial g, =g} Ug, is the neutrosophic monic bigenerator 
of that biideal. Each B = 8B; U Bz in V = V; U V;> has the form 
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B=(B, +flyj +-.+fi 7, )U B+ fyi +..+f2 72) 

and so 

2,8 = £,B, + Defy; 
1 
that is 
ef, veib, =| ehh + Seti, [| ath «Deity, | 
1 1 

Since each g, divides g; fort = 1, 2 we have giy; = 0 U 0 that is 
£1Y; UE, = 0 U 0 for all i = (i), iz) and goB = giPo is in 
W,=W,UW,. Thus gi is in S(V;W)) for t = 1, 2; so 
g, =g, Uge is in S(V; Wo) = S(Vi; W,) U S(V2; W; ). 

Since each g; is monic, g; is a monic neutrosophic 
bipolynomial of least bidegree which sends y; into W, so that 
¥,=Y, UY, into W, = W, UW, ; we see that g, =g; Ug) is the 
neutrosophic monic bipolynomial of least bidegree in the 


neutrosophic biideal S(V; Wo). By the same argument p; is the 

bigenerator of the neutrosophic ideal so p,; = gj; that is 

Pi UP; =, UBr. 

If f= f, U fp is a neutrosophic bipolynomial and W = W,; U 

W> is a strong neutrosophic bisubspace of V = V; U V2 we shall 

employ the short hand fW for the set of all bivectors fa = fja, U 

fhaz with a = a, Ua in W=W, UW. 

The three facts can be proved by the reader. 

(1) £Z(a;T) = Z(£,;T) that is 
fi(Z(a1;T1)) V fa(Z(O2;T2)) = Z(fiau; Ti) U Z(fota; Ta). 

(2) V=Vi6...O0V= V®..@V, UV ®..®V, where 
each V;, is a biinvariant under T;; 1 <i<t;t= 1,2, then fV = 
fV, ® fV> that is 

f,V, U fh,V> = f,V; @...08 £V,, WE ia ®...08 LV, : 
(3) Ifa=a; Ua andy =y; U y2 have the same T biannihilator 


then fo and fy have the same T biannihilator and hence 
bidim Z(fo;T) = bidim Z(fy;T) that is fo = fia, U fro, and 
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fy = fiy, U fhy2 with dim Z(fia,; T:) U dim Z(fho,; T2) = 
dim Z(fiy:; T1) U dim Z(fy2; T). 


Since we know p; = g; we know that Z(a, T) and Z(y; T) have 
the same bidimension. Therefore bidim Wo + bidim Z(Y,, T) < 
bidim V as before 


dim W, + dim Z(y};T,) U dim W; + dim Z(y;;T, ) 
< dimV, U dim V>. 
Now to check whether or not p) = g2; p} Up; =, Ug; . From 


the decomposition of V = V; U V>2 we obtain the two 
decomposition of the strong neutrosophic bivector subspace 


p,V= pV, U pV, : 
p,V= p,W, ® Z(p,a,;T) 
that is 
pV, U P3V, =p, W, ® Z(p 301, 3T,)V p, Wo @ Z(p30u; =f i 
p.V =p, W, ®Z(p,7,;T) ®...8 Z(pyy,;T) 
that is 
pV, UP2V, =P. Wy ®Z(p,7;;T,) ®...® Z(pzy, TU 
pW, ® Z(p37i ;1,)®.. BL(p3y,, 5 T,). 


The proof follows from the fact if r = (1, rm) = (2, 2) then pz = 
p, Up; = 22. = g Ug;. We have made use of the facts (1) and 
(2) above and we have used the fact p,a; = p30; U pa, =0U 
0; 1 = (1, bb) > 2, 2). Since we know p, = g; fact (3) above tell 
us that, Z(p,a;;T) = Z(p203T,) VU Z(p30;5T,) 

and 


Z(p.yi3T) = Z(p3¥,3T, )U Z(p37; ;T,) 


have the same bidimension. Hence it is apparent from above 
equalities that 
bidim Z(p,y,;T)=0 U0. 


dim Z(p,y7;, :T,) U dim Z(p3y;, ;T,) = 0U0 ; i = (i, in) 2 (2, 2). 
We conclude p,y, =(psy) U(p;7;) =0 U0 and gp bidivides p»; 


that is g, divides p, for t= 1, 2. The argument can be reserved 


189 


to show that p> bidivides g; i.e., p, divides g, for each t; t= 1, 
2. Hence p» = g>. 


We leave the following corollaries for the reader to prove. 


COROLLARY 2.3.6: Jf T = T; UT> is a bilinear operator on a 
finite (n}, nz) bidimensional strong neutrosophic bivector space 
V = V, UV: then T-biadmissible strong neutrosophic vector 
bisubspace has a complementary strong neutrosophic bivector 
subspace which is also invariant under T. 


COROLLARY 2.3.7: Let T = T; UT) be a bilinear operator on a 

finite (n}, nz) strong neutrosophic bivector space V = V; UV>. 

i. There exists bivectors a = a; Ua) in V = V; UV> such that 
the T biannihilator of a is the neutrosophic biminimal 
polynomial for T. 

ii. T has a bicyclic bivector if and only if the bicharacterstic 
and neutrosophic biminimal polynomials for T are 
identical. 


Now we proceed on to prove the generalized Cayley Hamilton 
theorem. 


THEOREM 2.3.44: (Generalized Cayley Hamilton theorem). Let 

T = T; UT) be a bilinear operator on a finite (nj, nz) finite 

bidimensional strong neutrosophic bivector space V = V; UV; 

over a neutrosophic bifield F = F; UF of type II (Both F; and 

F are not pure neutrosophic). Let p and f be the biminimal 

bicharacterstic neutrosophic bipolynomials for T, respectively. 

i. p bidivides fi.e., p =p; Up2 and f =f Uf then p; divides 

Persil. 

ii. p and f have the same prime factors except for 
multiplicities. 

iii. If p=fi'..f/' is the prime factorization of p then 
f=fe $f where d, is the bimultiplicity of f(T)’ 
bidivided by the bidegree f;. That is if 


P= pr Op AG POR ALE 
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then 
PEP AGS OCR Pg Gah) 
is the nullity of f;'(T, J" which is bidivided by the bidegree 
x -ie., ; 1 Si Sk, this is true for each t, t = I, 2. 


Proof: The trivial case V = {0} U {0} is obvious. To prove (1) 
and (ii) consider a bicyclic decomposition 
V=Z(a,;T) ®...8 Z(a,;T) 

= Z(a1;T,) ®...® Z(a, 3T,) VU Z(a;;T,) ®...® Za, 5T,) ; 

By the second corollary p; = p. Let S,=S!US; be the 
birestriction of T = T; U T2; ie., each S; is the restriction of T; 
(for s = 1, 2, ..., r,) to Z(a;;T,). Then S; has a bicyclic bivector 
so that p, =p; Up;, is both biminimal neutrosophic polynomial 


and the bicharacteristic neutrosophic polynomial for Sj. 
Therefore the neutrosophic bicharacteristic polynomial f = f! U 
f is the byproduct f = Pj.-P, U pr ePy, . That is evident from 


earlier results that the neutrosophic bimatrix of T assumes a 
suitable bibasis. 

Clearly p,; = p bidivides f; hence the claim (1). Obviously 
any prime bidivisor of p is a prime bidivisor of f. Conversely a 


prime bidivisor of f =p,...p, Up;...p;,, must bidivide one of the 
factor p; which in turn bidivides py. 

Let p =(fi)"...(fL)* U(E?)" (2 )® be the prime 
bifactorization of p. We employ the biprimary decomposition 
theorem which tells V'=V; UV, is the binull space for 


f'(T,)" then 

V=V, @...8V, =(V, ©..OV, UW @...8 Vy) 

and ye is the neutrosophic minimal polynomial of the 
operator T; restricting T, to the strong neutrosophic invariant 


subspace V;. This is true for each t; t= 1, 2. Apply part (ii) of 
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the present theorem to the bioperator T}. Since its neutrosophic 
minimal polynomial is a power of the prime f, the 
neutrosophic characteristic polynomial for T' has the form 
(f')" where d'>r'; t= 1,2. 
We have 
ac dim V; 
'  degf; 


for every t= 1,2 and dim Vi = nullity f'(T,)" for every t; t= 


t 
1, 2. Since T, is the direct sum of operator fered the 


neutrosophic characteristic polynomial f' is the product 


ft =(f{)" oll )** Hence the claim. 


The following corollary is left as an exercise for the reader. 


COROLLARY 2.3.8: Let T = T; UT) be a binilpotent operator of 
the strong neutrosophic bivector space of (nj, nz) bidimension 
over the neutrosophic bifield F = F,; UF (both F, and F) are 
not pure neutrosophic fields) of type II then the bicharacteristic 


bipolynomial for T is x" Ox”. 


Let us observe that the neutrosophic bimatrix analogue of the 
bicyclic decomposition theorem. If we have the bioperator T = 
T, U T, and the bidirect sum decomposition, let B' be the 
bicyclic ordered bibasis 


{a,, phe, Peas o, kU {a1 shes, one OL; } 
for Z(a;;T) = Z(a; ;T,)U Z(a;, ;T,). Here (k;,,k;,) denotes the 
bidimension of Z(a,;T) that is the bidegree of the biannihilator 
DP, =P, UP, - 

The neutrosophic bimatrix of the induced operator T; in the 
bibasis B; is the bicompanion neutrosophic bimatrix of the 
neutrosophic bipolynomial p;. Thus if we let B to be the bibasis 
for V. 


192 


which is the biunion of B' arranged in order (3B; ooo, \ U 
\B; - ee \ ; then the neutrosophic bimatrix of T in the bibasis B 
will be A = A,;U/Ap. 


Al 0 + 0 AP 0 ws 0 
ee he ee 
0 0 + A! 0 O + A 


where A’ is the k; xk; companion neutrosophic matrix of p; 
fort =1, 2. A (nj; xn), Nz Nz) neutrosophic bimatrix A which is 
the bidirect sum of the neutrosophic bicompanion matrices of 
the non scalar monic  neutrosophic _ bipolynomial 


{p;---P,}U{D; -.- pz, | such that p,,, divides p, for i, = 1, 2, 


.., 1-1 and t = I, 2 will be defined as the rational biform or 
equivalently birational form. 


THEOREM 2.3.45: Let F = F,;U F be a neutrosophic bifield 
(Both F and F> are not pure neutrosophic). Let B = B; UB be 
a (n; X Nj, Np X Nz) neutrosophic bimatrix over F. Then B is 
bisimilar over the bifield F to one and only one neutrosophic 
matrix in the rational form. 


Proof: We know from the usual neutrosophic square matrix 
every square matrix over a fixed neutrosophic field is similar to 
one and only one neutrosophic matrix which is in the rational 
form. 

So the neutrosophic bimatrix B = B,; U By over the 
neutrosophic bifield F = F, U F, is such that each B; is a n; x nj 
neutrosophic square matrix over F;; is similar to one and only 
one neutrosophic matrix which is in the rational form say Cj. 

This is true for every i; i= 1, 2 so B = B, U By is bisimilar 
over the field to one and only one bimatrix C which is in the 
rational biform. 
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The neutrosophic bipolynomials {ise P, \ utp = \ are 


called invariant bifactors or biinvariant factors for the 
neutrosophic bimatrix B = B, U By. 


We shall just introduce the notion of biJordan form or Jordan 
biform for a strong neutrosophic bivector space of type II. 


Suppose that N = N\U N> be a nilpotent bilinear operator on 
finite (n; ny) bidimension strong neutrosophic bivector space V 
= V, U V> over a neutrosophic bifield F = Fy U F2 (F; and F, are 
not pure neutrosophic) of type II. Consider the bicyclic 
decomposition for N which we have described in the theorem. 
We have a pair of positive integers (1, r2) and non zero bivector 


{ox} 05) in V with biannihilators {pi sh P, } U {Pi ss os \ such that 


V=Z(aq1;N)@...®Z (a3 N) 
=Z(0,N,)® ... ®(a,,N,) UZ (a;,N,)®... ® (a, ,N,) 


and Pia divides Pi, fori;= 1, 2,..., %—landt= 1, 2. Since N 


is binilpotent and the biminimal neutrosophic polynomial is 
x“ Ux® with k, < nj t = 1, 2. Thus each Pi, is of the form 


D;, = x and the bidivisibility condition says kt >k! >...> k yt 
= 1,2. Of course kj =k‘and ki 21. 
The bicompanion neutrosophic bimatrix of x" Ux" is the 


k, xk, neutrosophic bimatrix. A = A UA? with 


00+ 0 0 
10+ 0 0 
AL =|0 1 ++ 0 0}; 
00 1.0 


t = 1, 2. Thus we from earlier results have a bibasis for V = V; 
U V>2 in which the neutrosophic bimatrix of N is the bidirect 
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sum of the elementary nilpotent neutrosophic bimatrices of sizes 
of i, which decreases as i; increases. One sees from this that 
associated with a binilpotent (n; x mj, My xX my) neutrosophic 
bimatrix is a positive pair of integers (1, 1m) that is 


{kj ok) }U{k},...0k2 | such that 
{ki +..+k, }=n, and {k? +..+k; }=n, 
and ki > k; ;t=1,2 and 1<i,i+1 <r, and these bisets of 


positive integers determine the birational form of the 
neutrosophic bimatrix that is they determine the neutrosophic 
bimatrix up to similarity. 

Here is one thing, we like to mention about the binilpotent 
bioperator N. 

The positive biinteger (1, rm) is precisely the binullity of N 
infact the strong neutrosophic binull space has a bibasis with (1, 


Tr) bivectors N;" a UNS? “ae . For let @ = & U be in the 
strong neutrosophic binull space of N we write 
a= (fa; Ppl a: ) U(fPa; +...+f,a2 } 

where (f) £2 ) is a neutrosophic bipolynomial the bidegree of 
which we may assume is less than k, ,k, . Since Nu = 0 U 0 for 
each i, we have 
0U0 = Nf, a) 

= Ni(f,.a,,) UN2(f, 0, } 

= Nif, (Nia, U Nef, (No) a, 

= (xf, ) a, U (xf, ) Qh, . 


Thus (xf, ) U (xf,,) is bidivisible by x" Ux" and some bi 
deg (f, .f,, ) > (k;, .k,, ) this imply that 
fst SOR OR 


where C: U ry is some biscalar, but then @ = a1 U On. 
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k k, k k. 
C(x at |+..+C, (x tg! ) U Ci (x Mar) +. tC? (x oe) 


aT v7) 


which shows that all the bivectors form a bibasis for the strong 
neutrosophic binull space of N = N, UN). 

Suppose T is a bilinear operator on V = V, U V> and that T 
factors over the neutrosophic bifield F = F, U F, as f=f, Uf 


=(g-C) fa-8 " UG-e)G+-e )" 
where {C}...C, }U{C)...Cz, | are bidistinct bielement of F = F; 
UF, and d; >1;t=1,2. 
Then itie neutrosophic biminimal polynomial for T will be 
p= (x-cl)'..(x-ch J" u(x-c7y .(x-c2 
where 1<1 <di ;t=1,2. 
If W, UW, is the strong neutrosophic binull space of 


1 2 
aT Ny 


(T-C,1)' =(1, -Ci],)" U(T, -CiL) 


then the biprimary decomposition theorem tells us that 


V=ViUVi= {W, ...@ W, | Uf Ww; @...8 Wy } 
and that the operator T; induced on W, defined by Ti has 


IA 


neutrosophic biminimal polynomial (x - Ci )’ fort = 1, 2; 1 


i, <k;. Let Ni be the bilinear operator on W, defined by N; 
T, —C, Is 1< i. < ky then N; is binilpotent and has neutrosophic 
biminimal polynomial xh On W,, T; acts like N; plus the 
scalar Cc. times the identity operator. Suppose we choose a 


bibasis for the strong neutrosophic bisubspace W, U W,, 


corresponding to the bicyclic decomposition for the binilpotent 
N; . Then the neutrosophic k matrix T;' in this bibasis will be 


the bidirect sum of neutrosophic bimatrices; 
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C0 0 0 Cc, 0 0 0 
1 ¢ 0 i ae 
ae: ASME | ee + ee .. x 
6 wp D 0 0 ..C 0 
BO? WOH. see he TE MGs OS wx es AG! 


each with C = Ci for t = 1, 2. Further more the sizes of these 


neutrosophic bimatrices will decrease as one reads from left to 
right. A neutrosophic bimatirx of the form described above is 
called a bielementary Jordan bimatrix with bicharacteristic 
values C; U Co. 

Suppose we pull the bibasis for W, UW, together and 
obtain an biordered bibasis for V = V; U V2. Let us describe the 


neutrosophic bimatrix A of T in the bibasis. A neutrosophic 
bimatrix A is the bidirect sum 


AY Og. OD AS 0). «ee. 
™ t> AY we: 70 I: AS eae: 0 
ad ee ‘ ‘ UT, 5 : 
Or cay AS ON 30) ee AS 


of the k; sets of neutrosophic bimatrices 


{ApenAy PULATWAL } 


Each 
Te 0 0 
ae 0 Jf 0 
0 0 i 


where each he is an elementary Jordon neutrosophic matrix 


with characteristic value Ci ;l<iskjt=1, 2. Also within 
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each Aj ; the sizes of the neutrosophic matrices J‘ decrease as 
t t 


jr increases 1 <j,<nj t= 1, 2. 
A (n; X fy, My X Ny) neutrosophic bimatrix A which satisfies 
all the conditions described so far for some bisets of distinct k; 


scalars (CC, Wore er | will be said to be in Jordan 


biform or biJordan form. 


2.4 Neutrosophic Biinner Product Bivector Space 


Now we proceed onto define the new notion of biinner product 
strong neutrosophic bivector space of type II and derive a few 
interesting properties about them. 


DEFINITION 2.4.1: Let F = F, U F) be a real neutrosophic 
bifield and V = V; UV> be a strong neutrosophic bivector space 
over the bineutrosophic bifield. An biinner product on V is a 
bifunction which assigns to each biordered pair of bivectors a 
=a; Va and B= fi Uf in V a biscalar (o/B) = (a/By) VY 
(Q2/B2) in F = F, UF? that is (a/B) © Fi, i=1, 2 in such a way 
that for all a= a, U®, B= fh, Uf, and y= yUyv2inV=V;, 
UV, and for all biscalar c = c; Uc? in F; UF) = F. 
i (atp/y = (a/y) + (BY 
(4+ BY) VU (a2+ B/p) 
= (a/y) + (Bly) Y(Be/y) + (2/V) 
ii. (cB) = c(a/P) 
that is (Cc) a,/B,) U(ce2 0/ f) 
ca S| (at,/Pi) Uc? (Cto/P>) 
iii. (WB) = (f/@) 
iv. (a) = ()/A) UV (A/a) > 0 V0 if @ #0 for i=l, 2. 


A strong neutrosophic bivector space V = V; /4V2 endowed 
with a biinner product is called the strong neutrosophic biinner 
product space over the real neutrosophic bifield F = F, UF). 

Let F = F, U F; and for V = F”" UF; a strong 
neutrosophic bivector space over the real neutrosophic bifield F 
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= F, U Fy), there is a biinner product called the bistandard 
inner product. It is defined for 
A=) U= cee a eis ee \ 
and 
B= BUR = ly). ¥ }UL 7%, } by 
(LB) = Y1Xi,9;, 9 LV 
ji iz 


If A = A, UA; is a neutrosophic bimatrix over the bifield F 
= F, UF) where A; € Fi" fori = 1, 2. Fis a strong 
neutrosophic vector space over F;;i = 1,2. V= Fy" U Fy 


is a strong neutrosophic bivector space over the neutrosophic 
bifield F = F, U F, and V is isomorphic to the strong 
neutrosophic bivector space Et UF® in a natural way. It 
therefore follows; 
(AB) = 14, Bi UDA, Bia, 
dk, dak 

defines a biinner product on V. A strong neutrosophic bivector 
space over the neutrosophic bifield F = F; UF (both F, and F 
not pure neutrosophic) is known as the biinner product 
neutrosophic space or neutrosophic biinner product space. 


We have the following interesting theorem. 


THEOREM 2.4.1: Jf V = V; U V2 be a real biinner product 
neutrosophic space, then for any bivectors a= a; U aq and B= 
2; U fp in V and any scalar c = c; Uc. 


that is || ca || =|| c: a || U| @ @ || 
= |e,| || a|| Ulea| || @ 
ii. ||a|| > (0 VO) for a #0 
that is || a; || U/|| @2|| > (0, 0) =0 VO; 
iii. ||\(@/P)\|< || @|| || Bll 

that is ||(a/By)\| V||(a/Py)|| 

= || all || All Gl all || Zell. 


, 
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However as in case of usual bivector spaces we in case of 
strong neutrosophic bivector spaces define the concept of 
biorthogonal bivectors. 

If a,B eV = V; UV; be bivectors of a biinner product 
space, we can define 


aie CBLEN 
I| a || 
M1 yo= (4,- Alea, ua - Bea, | 
|| a, || || a, || 


As in case of usual vector spaces we can in case of strong 
neutrosophic biinner product spaces define biorthogonality or 
biorthogonal bivectors. 

Let a= a; U a and B= B; VU Bf, be neutrosophic bivectors 
in a neutrosophic biinner product space V = V; U Vo. 

Then a = a; U Q Is biorthogonal to B = Bi U > if (a/B) = 
a, B) U O& B2 =0 UO that is (a@)/B,) U (a2 / Bx) =0 U 0. Since 
this implies 6 = B, U PB» is biorthogonal to a=a,Ua>. 


It is left as an exercise for the reader to prove, the following 
theorem. 


THEOREM 2.4.2: A biorthogonal biset of non zero bivectors is 
bilinearly independent. 


THEOREM 2.4.3: Let V = V; U V2 be a strong neutrosophic 
biinner product space and let io Bi} ULB; ae B,.} be any 


biindependent vector in V. Then one way to construct 
biorthogonal vectors; 

per es CY ae a a, } in V = V; UV; is such that for 
each k, i=l, 2 the biset nsith, WON ay, cae, | is the 
bibasis for the strong neutrosophic bisubspace spanned by 


iia OB Bet 
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1 
ny 


Proof: The bivectors {ou vay OL bu far...a2, } can be obtained 
by means of a construction analogous to Gram-Schmidt 
orthogonalization process called or defined as Gram-Schmidt 
biorthogonalization process. 

First let a = a; Ua; and B, = B; UB; . The other bivector is 


calculated using the rule 


_ pee) 
|| & || 
yEenVyn = 5, - Glee, u(0,- Bitte, 
|| ; || ||, || 


However we will indicate the proof of the result for any general 
n; n= 3 in chapter 3 of this book. 

We cannot define orthonormality as i € F; as well asi € Vi 
= 1,2. 

However we define just biapproximation in strong 
neutrosophic bivector spaces over neutrosophic bifields of type 
II. 


DEFINITION 2.4.2: Let V = V; U V> be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F; UF (Both 
F, and F) are not pure neutrosophic) of type I. Let W = W, v 
W, be a strong neutrosophic bivector subspace of V over the 
neutrosophic bifield F = F; UF». 

Let B = B, Uf be a bivector in V = V; Uv>. To find the 


bibest approximation to B = £B VU fb (or the best 
biapproximation to B = B; UB 2) in W = W, UW. This means 
to find a bivector @ = Q; VU @ for which || B- al| = || Bi: - @|| 


U ||Bo — @|| is as small as possible subject to the restriction 
that a = a; U a should belong to W = W, U W>; that is to be 
more precise. 

A best biapproximation to B = £; Uf,inW=W, UW>?isa 
bivector a = a Uain W such that ||B- a|| <\\B- y| that is 
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|B: — a] Y (lB - ell SIA) -— mill U IAe - rll for every 
bivector y =7%, UY2in W. 


THEOREM 2.4.4: Let W = W, U W, be a strong neutrosophic 
subbispace of a strong neutrosophic biinner product space V = 
V, UV and B= PB, U fh be in V= V, UV, 


i. The bivector @ = a; Ud in W is a best biapproximation 
to B= Bi Uz by bivectors in W = W, UW, if and only if 
B-a=(6 - &@) U (fh - a) is biorthogonal to every 
vector in W. That is each f; — a is orthogonal to every 
vector in W,, true for i = 1, 2. 

ii. Ifa best biapproximation to B = 2, U fy by bivectors in W 
= W, UW) exists, it is unique. 


However we cannot define the notions and properties related to 
biorthonormality. 

We now proceed onto define biorthogonal complement of a 
biset of bivectors in V. 


DEFINITION 2.4.3: Let V = V; U V2 be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F; U F> (Both 
F, and F» are not pure neutrosophic) of type II be a strong 
neutrosophic biinner product space. 

Let S = S; U S> be any set of bivectors in V. The 
ST IS ag 
the set of all bivectors in V which are biorthogonal to every 
bivector in S. 


biorthogonal complement of S denoted by S 


Properties related with the biorthogonal set is left as an exercise 
for the reader to derive. 

The following results are simple and hence are left for the 
reader to prove. 


THEOREM 2.4.5: Let V = V; U V2 be a strong neutrosophic 


biinner product space, W = W, VU W, a finite dimensional 
strong neutrosophic bisubspace and E = E; Vv E> be the 
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biorthogonal projection of V on W. Then the bimapping B > 
B- Ef; that is 
BU > (Bi - EB) U (fo Enfy 


is the biorthogonal projection of V on W. 


THEOREM 2.4.6: Let W = W, U W, be a finite (nj, np) 
bidimensional strong neutrosophic bisubspace of the strong 
neutrosophic biinner product space V = V; U V2 of type II and 
let E = FE, UE; be the biorthogonal projection of V on W. 

Then E = E,; UE) is an idempotent bilinear transformation 
of V onto W, W* is the null bispace of E and V = W @ W* that is 

V= VV V7 

= W, OW; UW, @wW;. 


THEOREM 2.4.7: Under the conditions of the above theorem I — 
E=1-E, Ul, - E; is the biorthogonal biprojection of V on 
W*. It is a biidempotent bilinear transformation of V onto Wt = 
W, U W; with binull space W = W,; UW. 


THEOREM 2.4.8: Let\a; “ a, } U {aj let be a biorthogonal 


set of non zero bivectors in a strong neutrosophic biinner 
product space V = V; UV>2 over F; UF; of type II. 
If B = B, Uf is any bivector in V = V; UV> then 


he ;  / OL, 
5 [Acetet v3 Acr) < || Bille Ul Balle 


we Wa, |l Be Ia, 


and equality holds if and only if 


ge 5 (Ate 23 Betta cies 


Ihe, IP a, II 
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Now we proceed onto define the notion of strong neutrosophic 


n-vector spaces of type II, n = 3 and neutrosophic n-vector 
space n = 3 in chapter three. 


Several problems are proposed in chapter four of this book 
for the interested reader. 
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Chapter Three 


NEUTROSOPHIC N-VECTOR SPACES 


In this chapter we for the first time introduce the notion of 
neutrosophic n-vector spaces of both type I and type II (n = 3) 
and discuss some of the important properties about them. This 
chapter has three sections. Section one introduces the notion of 
neutrosophic n-vector spaces. Neutrosophic strong n-vector 
spaces are introduced in section two and neutrosophic n-vector 
spaces of type II is studied in section three. 


3.1 Neutrosophic n-Vector Spaces 
In this section we introduce strong neutrosophic n-vector spaces 
n = 3 and illustrate it by some examples and discuss some of 


their properties. 


DEFINITION 3.1.1: Let V=V; UV, VU... UV, (n 2 3) be such 
that each V; is a neutrosophic set and is a vector space over the 
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real field F; 1 <i sn. We callV=V, UV2 VU... UV, to be a 
neutrosophic n-vector space over the field F. 


We illustrate this by some examples. 


Example 3.1.1: Let V=V,U V2 U V3 U Va U V5 


ae) 
(: 3) 


{(a1, a2, a3, a4, as) | ai € N(Q); 1 Si <5} U 


1 <0hisis6| U 


a,b,c,de al U 


a; a, 
a, a, : 
a, € N(Q);1Sis8?7 U 
as a6 
a, ag 


{QI[x]; all polynomial in the variable x with coefficients from 
the neutrosophic field QI}; V is a neutrosophic 5-vector space 
over the real field Q. 


Example 3.1.2: Let V=V,U V2 U V3 U0 V4 = 


a 
b |la,b,c e Z,I> U {[a, b, c, d, e] | a, b, c, de € N(Z,)} 


c 


U {N(Z7)[x]; all polynomials in the variable x with coefficients 
from the neutrosophic field N(Z7)} U 
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a, €Z,1;1<i<9-, 


V is a neutrosophic 4-vector space over the real field Z7. 


Example 3.1.3: Let V=V; UV2U V3= 


(3) 


{(a1, a2, a3, a4, as, As) | aj E N(Zj3); 1 Si <6} U 


a,b,c,deé 2 U 


& Fal er 71 ei<e 
a, €Z,,L1<i<8/, 


V is a neutrosophic 3-vector space over the real field Z3. 


Note: Let V=V,U V2 U ... U Vy be a neutrosophic n-vector 
space over the real field F (n = 3). If n = 2 we get the 
neutrosophic bivector space. Having seen examples of 
neutrosophic n-vector spaces (n = 3) we now proceed onto 
define some substructures related with them. 


DEFINITION 3.1.2: Let V = V; UV. VU... UV, (n 2 3) bea 
neutrosophic n-vector space over the real field F. Let W = W, VU 
WU. UW, CV, UV, UV... UVi; if W is itself a 
neutrosophic n-vector space over the same real field F then we 
call W to be a neutrosophic n-vector subspace of V over the 
field F (each W,; < V; is a proper subspace different {0} space 
and V;), i= 1, 2, ..., n. 


We will illustrate this definition by some examples. 
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Example 3.1.4: Let V=V,U V2U V3 U V4 = 


a, a, a, a 
a,€ZTj1sisl2¢- u 


ay 19 ay, a1, 


a, a, 
a; a, 
a, a, |jja,eZ,,b1<i<10- U 
a, as 
ay Aig 
a; a, a, 


a, a; a, |ja,€Z,b1<1<9- U 


ay ay Ay 


{Zi 7][x]; all polynomials the variable x with coefficients from 
Z71} be a neutrosophic 4-vector space over the real field Z,7. 
Take W = W, UW2U W3U Wy = 


aaaa 


aaa ajjaeZ.I7 U a,b,cEZ,,1- U 


or Tr ff f 
ocr er fe f& 


aaaa 
a bc 
0 d e/fa,byc,dje,f eZ] U 
00 f 


©. . 
Dax” 
i=0 


a; eZ ,h0sis2| 
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CV, U V2 U V3 U V4. Clearly W is a neutrosophic 4-vector 
subspace of V over the real field Z,7. 


Example 3.1.5: Let V=V;U V2U V3 U V4 U V5 U Vo = 


more {(® ds. By “hy Be iy 
a a 


7 ag u Ay 


a; cainsisi2} 


U {(X1, X2, X3, X4, X5, Xo, X7)| Xi € QI; 1<Si<7}U 


Ai Ay Ay |fa, EN(Q);1Si1<21- VU 


a; a, a, ag 

a, € N(Q);1<i<21> U 
A Ay Ay yD 
a3 ay as a 


{N(Q)[x]; all polynomials in the variable x with coefficient 
from N(Q)} be a neutrosophic 6-vector space over the real field 
Q. Consider W = Ww, a W> ee W;3 U Wi U Ws U We = {{Qh} 


a, a, a, a, a, a 
1 2 3. 4 5 6 

U 
a; Ay By Ag. By. ae 


{X, X, X, X, X, xX, x)|x e QU 


1 <Qhisis6| U 
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aaa 
b b b 
aaa 
b b bffa,bce Ql? U 
C -C-46 
b bb 
cc c 
aaaa 
b b b b 
a,b,c,de N(Q);- U 
cc ce 
dddqd 


{QI[x] | all polynomials in the variable x with coefficients from 
Qi} CV; UV2U V3 U V4 U Vs U Vo; W is a neutrosophic 6- 
vector subspace of V over the real field Q. 


Now having seen the examples of neutrosophic n-vector 
subspace of a neutrosophic n-vector spaces we proceed onto 
define the new notion of sub neutrosophic n-vector subspace. 


DEFINITION 3.1.3: Let V=V; UV. Uv... UV, (n 2 3) be a 
neutrosophic n-vector space over the real field F. Let W = W, VU 
W, UU... UW, CV, UVa UW. UV, be such that W is a 
neutrosophic n-vector space over a proper subfield K of F then 
we define W to be a sub neutrosophic n-vector subspace of V 
over the subfield K of F. 


We will illustrate this situation by some examples. 


Example 3.1.6: Let V=V,U V2U V3U V4 = 
a, a, a, a, 
a; a, a, ag 
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sett sia} U 


da; Ay ay a, €Q(V2,V3,V5,V7,Vi1,vi3, Vi9) 


nu Ay 1<i<18 


U {RI[x] ; all polynomials in the variable x with coefficients 
from RI} U {5 x 5 neutrosophic matrices with entries from RI} 
be a neutrosophic 4-vector space over the real field F = 


Q(v2,V3,05,V7,V11,413,V19). 


Take W = W, U W2U W3 VU Wy= 


r a, a, i a, €Q (V2, V3,V5,V7,V11, v13, es 
as a, a, ay j}/19,/23,V41,V43, /53)1; 1Si<8 


a, a, a, 
iyi, Ag 
a, re a,,a,,a, €Q(V2,V3,V/5,V7,Vi1,vi3, VI9)I 
a, a, a, 
A, Ay, Aj 
a, a, a, 


2 : 
U ae 
i=0 


a, cRIIx}Osi} U 


{5 x 5 neutrosophic diagonal matrices with entries from RI} c 
V,UV2U V3 U Va, W is a sub neutrosophic 4-vector subspace 


of V over the subfield K = Q(V2,V3,V5) c F = 
Q(V2,V3,V5,V7,ViL,V13,V19). 
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Example 3.1.7: Let V = Vi U V> U V3 J V4 VW Vs U V6 U V7 
be a neutrosophic 7-vector space over the real field R where 


a be 

Vi=4\/d e f |la,b,c,d,e,f,g,h,ie N(R);, 
gh ii 

V, = {N(R)[x]; all polynomials in the variable x with 


coefficients from N (R)}, 


V3= 4/8, ag a, Ay a, ap |[a, EeN(R);1Si<18>, 


2 a,b,c,de N(R);, Vs = {N(R)}, 


a, a, 
a; ay 
as ag 
Vo=4| a, ag |fa, eREI<i<l4 
Ag Arg 
4, AyD 
413 Any 


and V; = {all 9 x 9 neutrosophic matrices with entries from RI}. 
Take W = W, UW2U W3U Wa U Ws U We UW 


a be 
d e f jla,b,c,d,e,f,g,h,ieRI?> U 
g h 


i 
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{RI[x] all polynomials in the variable x with coefficients from 
RI} U 


aaaaaa 
b b bb OD Sb jfja,b,ce RI- U 


Cc C C C C C¢ 


(: > 


a,b,c,de a U {RE U 


a, a, 
i a, 
as ag 
a, a, jja, €QI;1<i<14?¢ U 
Ay Arg 
a), Ay 
ai, Ay 


{all 9 x 9 neutrosophic matrices with entries from N(Q)} ¢ V; 
UV2U V3U V4 U Vs U Vo U V7 is a sub neutrosophic 7-vector 
subspace of V over the subfield Q of the field R. 

We define a neutrosophic n-vector space which has no proper 
sub neutrosophic n-vector subspace to be a_ subsimple 
neutrosophic n-vector space. 


We will illustrate this by examples. 


Example 3.1.8: Let V=Vi UV2U V3 U0 Va U Vs = 


(09 


sredeal U {QI [x]} U 
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ror) 
S 


an 


a 
a, ja, €QL1<isl0; U 
a 


a 


go 2 2 2 


Ray 


{10 x 10 neutrosophic matrices with entries from QI} U {(ai, 
a), a3) | aj € RI} be a neutrosophic 5-vector space over the real 
field Q. Clearly V has no sub neutrosophic 5-vector subspace as 
Q is a prime field that Q has no proper subfields. Hence V is a 
subsimple neutrosophic 5-vector space over Q. 


Example 3.1.9: Let V=V,U V2U V3 U V4U V5 U Vo = {Zl 
x Zyl x Zyl x ZI} U {ZpI[x] all polynomials in the variable x 
with coefficients from ZI} U 


(0 a} 
p I+I=21=0(mod2)> U 
0 0)U I 


aaa 
aa ajjaeN(Z,)7 VU 


aaa 


{all 3 x 7 neutrosophic matrices with entries from N(Z2)} U {all 
9 x 4 neutrosophic matrices with entries from N(Z)} be a 
neutrosophic 6-vector space over the real field Z,. Further it can 
be easily verified V has no proper neutrosophic 6-vector 
subspace over Z>. Since Z, is a prime field of characteristic two 
it has no proper subfields. This V is a subsimple neutrosophic 6- 
vector space over Zp. 


THEOREM 3.1.1: Let V = V; UV, U... UV, be a neutrosophic 
n-vector space over a real field F. If F is a prime field that is F 
has no proper subfields then V is a subsimple neutrosophic n- 
vector space over F. 
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Proof: Given V = V; U V2 U ... U Vis a neutrosophic n- 
vector space over the real field F, such that F is a prime field; 
that is F has no proper subfields. By the definition of such 
neutrosophic n-vector subspaces we see V does not have a 
proper sub neutrosophic n-vector subspace hence V is a 
subsimple neutrosophic n-vector space over F. 


We define the notion of doubly simple neutrosophic n-vector 
space over a real field F. 

Lett V=V, UV, U... U Vy be a neutrosophic n-vector 
space over a field F. If V has no proper neutrosophic n-vector 
subspace over the field F then we all V to be a simple 
neutrosophic n-vector space over the field F. 


We will first illustrate this situation by some examples. 


Example 3.1.10: Let V=V,U V2U V3U V4= 


0 0)/(1I I) (21 2i 
0 O/U T)'\2I 21 
0 0 0 O/fI IT I i1)/2t 21 21 2 

ZI} U ) ey 
000 0J/U ITT I \21 21 21 2! 
elements of these 2 x 4 matrices are from neutrosophic field 
Z31} U {5 x 5 neutrosophic matrices with entries from Z3I} x 
{(a1, a2, a3, a4, a5, a, a7) | a) € N(Z3); 1 < i < 7} be a 
neutrosophic 4-vector space over the field Z;. Clearly V has no 


neutrosophic 4-vector subspaces so V is a simple neutrosophic 
n-vector space. 


elements of these matrices are from 


Example 3.1.11: Let V = {((aaaa)|ae ZsI} U 


(: 9 


221] U 
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aaa 
aaa 

aaa 

aa ajljaeZ.I- vu 
aaa 

aaa 

aaa 

a 0 0 0 0 

aa 00 0 
aaa 0 OjJlaeZ,I 
aaaa 
aaaaa 


=V,U V2U V3 U V4 be a neutrosophic 4-vector space over the 
real field Z;. V is a simple neutrosophic 4-vector space. 


We define doubly simple neutrosophic vector space. 
DEFINITION 3.1.4: Let V = V; UM YU... UV, bea 
neutrosophic n-vector space over the real field F. Suppose V is 
a simple neutrosophic n-vector space as well as simple 
subneutrosophic bivector space then we call V to be a doubly 
simple neutrosophic n-vector space. 


We will illustrate this situation by some simple examples. 


Example 3.1.12: Let V=V;UV2U V3 U V4 V5 U Ve U V7 
be neutrosophic 7-vector space over the real field Z7 where 


aaa 
vi-{ Jeez. 
aaa 
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aaaa 
aaaa 
aaaa a 0 0 0 
aaaa aa 0 0 
V2= aéZ1-, V3= aEeZ,1 
aaaa aaa 0 
aaaa @. “asa ca 
aaaa 
aaaa 
a 
a 
a 
a 
Vi= {(aaaaaaaa} |ae ZI}, Vs= aeZ I>, 
a 
a 
a 
a 
_ffa 0 
Vo= aeZ 
aa 
and 
aaaaaa 
aaaaaqqa 
Vi= aéEZl 
aaaaaqa 
aaaaaqa 


It is easily verified V is a simple neutrosophic 7-vector space as 
each V; is a simple neutrosophic vector space for i= 1, 2, ..., 7. 
Further Z; is a prime field so V has no subneutrosophic 7 vector 
subspaces. Thus V is a doubly simple neutrosophic 7-vector 
space over Z7. 
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Example 3.1.13: Let V=V,U V2U V3 = 


a bc 
d e f |la,byc,d,e,f,g hie ZI7 U 
gh 


i 
a 
ae 2 


be a neutrosophic 3-vector space over the real field Z)7. Clearly 
V is also a doubly simple neutrosophic bivector space over the 
field Z)7. 

A neutrosophic n-vector space can have neutrosophic n- 
vector subspace still it can be a simple sub neutrosophic n- 
vector space. This is shown by some simple examples. 


Example 3.1.14: Let V = Vi U V2 U V3 U V4 U Vs be a 
neutrosophic 5-vector space over the real field F = Z\,. Here 


a b 
Vi= 

c d 

aaaaa 
Vi= 

aaaaa 


sbederZi| 


vena] 


V3= a,b,c,d,e,f € N(Z,,) 


>» 0 Qa 
mm oA 0 Ff & 
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a 0 0 O 

a, a, 0 O : 
V4= a, € N(Z,,);1<1<10 

a, a, a O 

a, ay ay 19 


and Vs = {Z,I[x]; all polynomials in the variable x with 
coefficients from Z,7I. 
Take W = W, U W2U W3 VU WU Ws = 


aoa 
{ JJeczatv 
aa 
aaaaa 
{ JJeczuthv 
aaaaa 
aeEZ Ip U 


o 2 2 fF 2 
oso 2 fo 9 2 


a, 0 

a, a, . 
a,€Z,L1<i<10- VU 

a, as a 

a, ag ay 19 


i=0 


a,€ Z,osiso} 
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EV, UV2U V3 U V4 U Vs; W is a neutrosophic 5-vector 
subspace of V. So V is not a simple neutrosophic 5-vector 
space, however V has no subneutrosophic subvector space as 
Zi; is a prime field so V is a subsimple neutrosophic 5-vector 
space over Z;. 

Thus V is not a doubly simple neutrosophic 5-vector space 
over the field Z},. 


Now we proceed onto define the notion of neutrosophic n-linear 
algebra n > 3. 


DEFINITION 3.1.5: Let V=V; UV2 VU ...UV, be a neutrosophic 
n-vector space over the real field F. If each V; is a neutrosophic 
linear algebra over the field F then we define V to be a 
neutrosophic n-linear algebra over the field F. 


We illustrate this situation by some simple examples. 


Example 3.1.15: Let V=V; UV2U V3 0 V4= 
a be 


: a b 
de f |ja,b,...,hieZI-U 
: c d 
g hi 


a,b,c,de 2 


U {(a1, a, a3, a4) | aj € Zol, 1 <1 <4} VU {Z,I[x]; all polynomials 
in the variable x with coefficients from Z,I} be a neutrosophic 4 
linear algebra over the real field Z) = {0, 1}. 


Example 3.1.16: Let V = Vi ee V> U V3 i V4 U V5 WJ V6 = 


a b 
ec d 
{N(Q)[x]; all polynomials in the variable x with coefficients 
from the neutrosophic field QI} U {5 x 5 neutrosophic matrices 


a,b,c,de a U 
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with entries from QI} U {7 x 7 neutrosophic upper triangular 
matrices with entries from QI} U 


aaa 
aa aljlaeQI- U 


aaa 


{N(Q)} is a neutrosophic 6-linear algebra over the real field Q. 


Now we will state the following theorem. The reader is 
expected to prove it. 


THEOREM 3.1.2: Let V = V; UV2 VU... UV, be a neutrosophic 
n-linear algebra defined over the real field F. Every 
neutrosophic n-linear algebra is a neutrosophic n-vector space. 
But in general a neutrosophic n-vector space need not be a 
neutrosophic n-linear algebra. 


We give an example of a neutrosophic n-vector space which is 
not a neutrosophic n-linear algebra. 


Example 3.1.17: Let V=V, VU V2U V3U Va U V5 = 


aaaaa 
aaaa ajjaeZIru 


aaaaa 


a,b,c,d,e,f,g,heZ1- VU 


2 @ oo © 
rT rFmhaer 
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a,b,c,d,ee N(Z,) 7 U 


oa0nuo ® 


a 0 0 
0 b d/ijia,b,c,d,e,f,g eN(Z,)7- VU 
e f g 


0 x 

y 0 
be a neutrosophic 5-vector space over the real field Z7. Clearly 
V is not a neutrosophic 5-linear algebra over the real field Z7. 


For we see in V, we cannot define product so V, is not a 
neutrosophic linear algebra over Z7. 


X,VE Nz} 


Vi= a,b,c,d,e,f,g,h eZ] 


2 @ 0 Q ©®& 
crrmnhae 


is not a neutrosophic linear algebra over Z, a product in V2 
cannot be defined only addition is valid. V4 is a neutrosophic 
linear algebra over Z;. However Vs and V3 are not neutrosophic 
linear algebras. Thus V = V; U V2 U V3 U V4 U Vs is not a 
neutrosophic 5-linear algebra over the field Z;. Hence the claim. 


We now proceed onto define the notion of neutrosophic n-linear 
subalgebra of a neutrosophic n-linear algebra. 
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DEFINITION 3.1.6: Let V=V; UV2 Uv... UV, be a neutrosophic 
n- linear algebra over the real field F. LetW =W, UW) VU... 
UW, CV; UV, U... UV, be a neutrosophic n-linear algebra 
over the field F then we call W to be neutrosophic n-linear 
subalgebra of V over the field F. 

We will illustrate this situation by some examples. 


Example 3.1.18: Let Vi U V2U V3 U V4 U V5 = 


(Ga 


{(X1, X25 X3, X4, Xs) | xi € N(Z11); 1 Si <5} U 


a,b,c,de 2 U 


aw#c & 


0 0 
c O/jja,b,c,d,e,f,geZ,1- U 
d f 


{Z,I[x]; all polynomials in the variable x with coefficients from 
Zul} U {10 x 10 neutrosophic matrices with entries from Z,,I} 
be a neutrosophic 5-linear algebra over the real field Z),. Take 


W=W,U W2 VU W3 VU Wa VU Ws = 


(: 


{(X1, X2, X3, X4, Xs) xi € Z11]5 1l<i< 5} WJ 


ae 2 U 


a 0 0 
2i s : 
aa OjjaeZ Ip uU Sam a,€2,k0sise| U 
i=0 
aaa 
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{all 10 x 10 upper triangular matrices with entries from Z,\I} ¢ 
Vi U V2 U V3 U V4 U Vs W is a neutrosophic 5-linear 
subalgebra of V over the real field Z,. 


Example 3.1.19: Let V=V,UV2U V3 U V4= 


a 0 0 
b b Ojja,b,ceZ,I- U 
€ 36 -"¢ 


a, £Z,k0sis| U 


i=0 


a be 
0 d e/fa,b,c,d,e,f eZ1- VU 
0 0 f 

By - By hy By 

Ago ae. Ay. ay 


a, € N(Z,,);1<i<16 


be a neutrosophic 4-linear algebra over the real field Z,;7. Take 
W=W,U W2U W3 VU Wa = 


a 0 0 
aa OjjaeZ, 17 vu 


aaa 


a; cZ,k0sis| U 


ioe) 
; 
Fax” 


i=0 
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2 
iw 
2 


O a ajjaeZ. Tru 
0 0a 
aaa a 
b b b b 
a,b,c,d € Z,,] 
cc ¢c ¢ 
dddqd 


CV, U V2 U V3 U V4; W is a neutrosophic 4-linear subalgerba 
of V over the real field Z,7. 

We see in general all neutrosophic n-linear algebras need 
not have neutrosophic n-linear subalgebras. 

Suppose we have a neutrosophic n-linear algebra V which 
no proper neutrosophic n-linear subalgebra then we call V to be 
a simple neutrosophic n-linear algebra. 


We will illustrate this situation by some examples. 


Example 3.1.20: Let V=V,U V2U V3U V4U V5 = 


aaa 
aoa 
aeZ lp U5)0 a ajjaeZ Ir U 
aoa 
0 0 a 
aaaaa 
aaaaa 
aaaa ajjaeZ,I- U 
aaaaa 
aaaaa 


{(aaaaaaaa)|ae Zo} VU 
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aéZ,I 


» 2  O 
» 27 oS 
x» oo Oo 


oso p> > 


be a neutrosophic 5-linear algebra over the real field Z15. We see 
V has no neutrosophic 5-linear subalgebra over the field Zjo. 
Thus V is a simple neutrosophic 5-linear algebra over Z)o. 


Example 3.1.21: Let V=V, U V2 U V3 U V4 U V5 U Vo U V7 
UV, = 


aeEZJI- u 


2 
bev) 
oso 2 Oo O&O 
oo Oo Oo 


i=0 


? a aa 
[daw s,<7,h08i5-| U aa ajjaeN(ZI)- vu 


aaa 


{N(Z,I)} U {all 9 x 9 upper triangular matrices with entries 
from Z7I} U 


aaaaaa 
aaaaaa 
aaaaaa 

aeZ lr VU 
aaaaaa 
aaaaaa 
aaaaaa 


{all 10 x 10 lower triangular neutrosophic matrices with entries 
with entries from Z7I} U 
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{5 Seen 


be a neutrosophic 8-linear algebra over the real field Z7. Clearly 
V is a simple neutrosophic 8-linear algebra as the neutrosophic 
linear algebras V,, V3, V6 and Vs are simple neutrosophic linear 
algebras over the real field Z7. 


Now we proceed onto define yet another new substructures in 
neutrosophic n-linear algebras. 


DEFINITION 3.1.7: Let V=V; UV2 VU... UV, be a neutrosophic 
n-linear algebra a real field F. Suppose W = W; UW, VU... U 
W, CV, UV VU... UV, be a proper n-subset of V such that W 
is a neutrosophic n-linear algebra over a proper subfield K of F 


then we define W to be subneutrosophic n-linear subalgebra of 
V over the subfield K of the field F. 


We will illustrate this by some examples. 
Example 3.1.22: Let V=V, U V2U V3 U V4 U V5 U Vo = 


i 


a 0 0 
sheder| U {RI} Us/a a O}laeN(R)> VU 


aaa 


2 . 
Dax’ 
i=0 


1, eRiO sis} U 


aaaqa 
b b b b 
a,b,c,de RI} U 
C -C © <¢ 
dddqd 
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{11 x 11. neutrosophic matrices with entries from the 
neutrosophic field RI} be a neutrosophic 6-linear algebra over 
the real field R, the field of reals. Take W = W,; U W2 U W3 U 
Wi, Ly Ws U We = 


(ees 


sen VU {QU 


aaaa 
a 0 0 

aaa 
a a O}laeRI; VU aeRI- U 

aaa 
aaa 

aaaa 


i=0 


a, <Qh0sis| U 


{all 11 x 11 neutrosophic matrices with entries from QI} c V; 
U V,2U V3 U V4 U Vs U Vo, W is a subneutrosophic 6 linear 
algebra over the real field QCR. 


Example 3.1.23: Let V=V, U V2U V3 U V4U V5 = 
a b 
ec d 


a,b,c,d,e arein N(RI); U 


ba : 

i 

a;x 
i=0 


a,b,c,de | U 


ace & 
o ao 2 
— a) 


a, <RKOsi= | 
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U {N(R)} UL {7 x 7 neutrosophic matrices with entries from RI} 
is a neutrosophic 5-linear algebra over the real field R. 
Take W = W; U W2U W3 VU W4U Ws = 


{9 


a 0 0 
sree ar} v b c O/ja,b,c,d,ee N(Q)>¢ U 
de 0 


i=0 


1, eQh0 sis U 


{N(Q)} U {7 x 7 neutrosophic matrices with entries from QI} c 
V, U V2 U V3 U V4 U Vs is a subneutrosophic 5-linear 
subalgebra of V over the subfield Q of R, 

Now if a neutrosophic n-linear algebra V has no proper 
subneutrosophic linear subalgebra over a subfield K of F (V is 
defined over F), then we call V to be subsimple. neutrosophic n- 
linear algebra. 


We will illustrate this situation by some simple examples. 


Example 3.1.24: Let V=V, U V2U V3 0 V4 = 
a b 
c d 


i=0 


a,b,c,de 2 U 


a, cZ10sis-| U 


a 0 0 0O 
a, a, 0 O ; 
a, €Z,1,1<i1<107 U 
a, a, a, 
a; ag Ay 19 
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{N(Z7)} be a neutrosophic 4-linear algebra over the real field 
Z7. Since Z7 has no proper subfields that is as Z; is a prime field 
we see V has no subneutrosophic 4-linear subalgebras. Hence V 
is a subsimple 4-linear algebra. 


Example 3.1.25: Let V=V, U V2 U V3 U V4U V5 = 


a, a; a, jja, €QU1<sis9- U 


a; cQh0<is| U {N(R)} U 


a, 0 O O 
a, a, 0 : 
a,eRI O0<i<10- U 
a, a, a, 
a, ag ay Aig 


{All 10 x 10 neutrosophic matrices with entries from RI} is a 
neutrosophic 5-linear algebra over the field Q. Clearly Q is a 
prime field so V has no subneutrosophic 5-linear algebra, hence 
V is a subsimple neutrosophic 5-linear algebra. 


In view of this example we have nice theorem which gurantees 
the existence of subsimple neutrosophic n-linear algebras. 


THEOREM 3.1.3: Let V = V; UV, VU... UV, be a neutrosophic 
n-linear algebra over a real field F, where F is a prime field 
i.e., has no subfields then V is a subsimple neutrosophic n- 
linear algebra. 


Proof: Follows from the fact that V = V; U ... U Vj, is defined 
over the prime field F for a subneutrosophic n-linear algebra to 
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exist we need the existence of a subfield in F. Hence V is a 
subneutrosophic simple n-linear algebra. 

A simple neutrosophic n-linear algebra need not in general 
be a simple subneutrosophic n-linear algebra. 


Example 3.1.26: Let V=V, UV2U V3 U V4 U V5 = 


(eae 


a,b,c,de Ne), U 


a, O O 
a, a, O jja,€Z,I;1<i<6- VU 
ay. Be: ag 


a, EZ, kosiseal v 


{Sax 


j=) 
© 
wn 
© 
an 
i.) 
~ 


a,€Z,,L1<i<l07 U 


oo 
oo 
oS 
2: © 
Ss 


{all 7 x 7 matrices with entries from Z,,I} be a neutrosophic 5- 
linear algebra over the real field Z,. 
Take W=W, UW2U W3U WaU Ws = 


(C cpeaas 


a 0 0 


aa OjjaeZ Ip u 


aaa 
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‘la, eZ, Kosise| U 


aaaa 
0 aaa 
a,€Z, 17 U 
0 0 aa 
00 0a 
a 000 0 0 0 
aa 0000 0 
aaa O00 0 0 
aaaa 0 0 OfaeZI 
aaaaa OO 0 
aaaaaa O 
aaaaaa a 


CV, UV20UV3U V4U Vs. 
W is a neutrosophic 5-linear subalgebra of V over the field Z1,. 
But V has no subneutrosophic 5-sublinear algebra. 

Hence the claim. 


Now we define yet another new substructures. 


DEFINITION 3.1.8: Let V = V; UW UU... UV, bea 
neutrosophic n-linear algebra over the real field F. Let W = W, 
UW, VU... UW, CV1 UV. VU... UV, be such that W is only a 
neutrosophic n-vector space over F and not a neutrosophic n- 
linear subalgebra of V; then we call W to be a neutrosophic 
pseudo n-vector subspace of V or W is a pseudo neutrosophic n- 
vector subspace of V. 


We will illustrate this situation by some simple examples. 
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Example 3.1.27: Let V=V,;U V2U V3U V4U V5 = 
a b 
c d 


a bc 
d e f jja,b,c,d,e,f,g,hie QIl- U 
gh i 


1 


a,b,c,de No} U 


i=0 


a, eN(QiOsi <x} U 


{N(Q)} U {5 x 5 neutrosophic upper triangular matrices with 
entries from N(Q)} be a neutrosophic 5-linear algebra over the 
real field Q. 

Take W = W, U W2U W3 VU Wa U Ws = 


(c 


i=0 


0 ab 
heen@] V 0 0 ciia,b,c,de QI? U 
d 0 0 


a, eN(Qyosiss| U {OR U 


a,b,c,d,e ¢ N(Q) 


o oc oo 
on oo Oo 
ooa Oo So 
cooocUmT™lCUc Oo 
oo co co 
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EV,UV2U V3 U V4 U Vs; W is only a neutrosophic 5-vector 
space over the field Q; thus W is only a pseudo neutrosophic 5- 
vector subspace of V over Q. 


Example 3.1.28: Let Vj} U V2U V3 UU V4 U V5 U Vo = 


a be 
d e f |ja,b,c,d,e,f,g,h,ie N(Z,)7 U 
g h 


i 


A enc)} U (i: ) 
a b 


{5 x 5 neutrosophic matrices with entries from Z,I} U {7 x 7 
neutrosophic matrices with entries from ZI} U {4 x 4 
neutrosophic matrices with entries from Z,I} be a neutrosophic 
6-linear algebra over the real field Z. 

Take W = W, U W2 VU W3 VU WU WSU We = 


a,be Ney| U 


0 . 

1 
Sax 
i=0 


0 0a 
0 b O/}la,b,ce N(Z,)? U 
c 0 0 


. 0 b 
a; eN(Z 051529] U { 
a 0 


a,be Nz} U 


29 
{daa 


i=0 


0 00 0 a 
00 0 b O 
0 0c 0 Ojja,b,c,dgee ZI U 
0 do0 0 0 
e 0 0 0 0 
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aeZ Ir u 


o 29 9» 82 fF YP O&O 


ses ococooooc.se 
> 2 ocaococe 
2» 2p odds 
2» 2 2 © Oo°?d 
2 2 2 © ew OS 
» 2 2 © © DP DB 


a, €Z,1;1<i<10 


oo fo 
) 


2 
nN 

2 
oo 


CV,UV2UV3U V4U V5 U Vo. 

It is easily verified that W is only a neutrosophic 6-vector 
space over Z>, so W is a pseudo neutrosophic 6-vector subspace 
of V over Z>. 


Now we proceed onto define pseudo subneutrosophic n-vector 
subspace of V. 


DEFINITION 3.1.9: Let V = V; UV, UU... UV, bea 
neutrosophic n-linear algebra over a real field F. Suppose W = 
W, UW2 VU... UW, CV, UV2 VU... UV, be a neutrosophic n- 
vector space over a subfield K of F then we call W to be a 
pseudo subneutrosophic n-vector subspace of V over the 
subfield K of F. 


We will illustrate this by some simple examples. 
Example 3.1.29; Let V=V, UV2U V3 U V4 V5 = 


(a 


shedenee) U {N(R)} VU 
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a, a, a, jja, eREI<is9- U 
ay ay “ay 
Gp Ay Ay Ay 
a, 45 ag a, . 
a, € N(R);1 515167 VU 
ayy a3 ay ay 
Aig 15 16 Aig 


{N(R)[x]; all polynomials in the variable x with coefficients 
from N(R)} be a neutrosophic 5-linear algebra over the real 
field R. Take W = W, U W2 U W3 U Wa U Ws 


(23) 


a,b,c,d <2] U {Q(R)} U 


a, 0 O 
a, a, O jja,eQblsi<6- uU 
a, a, a, 
a, a, a, ay 
O a; a a, ; 
a, € N(Q);1<1<5107 U 
O a a, 
0 0 ay 


{N(Q)[x]; all polynomials in the variable x with coefficients 
from N(Q)} CV; U V2 U V3 U V4 U Vs is a subneutrosophic 5- 
linear subalgebra of V. 


This will be different from pseudo subneutrosophic 5-vector 
subspace of V. 
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Take W =W,U W2U W3U Wa VU Ws = 


(°°) 


0 
0 


Oa 
nee ar} U {QU b 0 /la,b,cE QI? U 
0 0 


Cc 


41 
a,b,c,deQI- U {daw a, eQhosisai| 


i=0 


aco co SO 
o “na mS] © 
coor So 
oo fo 8 


CV,UV2U V3 U V4U Vs; W is only a neutrosophic 5-vector 
space over the field Q (Q a subfield R). 

W is a pseudo subneutrosophic 5-vector subspace of V over 
the subfield Q of R. 


Example 3.1.30: Let V = Vi U V2U V3 U V4 U V5 U Vo = 
{N(R)} VU {N(R)[x]; all neutrosophic polynomials in the 
variable x with coefficients from N (R)} U 


A, Ag. Ag 
a, a, a, |ja,eN(R);1Si<9> U 
By dy & 


* Ja, eRL1<i<16$ U 


{All 8 x 8 matrices with entries from the neutrosophic field RI} 
U {6 x 6 matrices with entries from the neutrosophic 6-linear 
algebra over the real field R} be a neutrosophic 6-linear algebra 
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=W,U W2U W3 VU WG U Ws VU 


over the real field R. Take W 


We = {QU UV 


a, <an0siss0}u 


50 ; 
1 
Dax 


, 


Jessel U 
fos ‘ U 


00a 
0 b O 


| 


c 0 0 


a WJ 


a,b,d,e,f,g,h,p,a € QI 


000000 0a 
000 00 bc 0 
000 00d0 0 
000 0e0 0 0 
000 ¢g¢ 0 0 0 0 
00h O00 0 0 
0p 0000 0 0 

0000 0 0 0 


r 


000 0d 0 
00ef 00 
00gh 0 0 
0 p00 0 0 
a 0000 0 


00 0a0b 
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EVU Vn UV V3 U V4 U Vs U Vo; W is a pseudo 
subneutrosophic 6-vector subspace of V over the real field Q. 

If a neutrosophic n-linear algebra V = V; U V2 U... U Va 
does not contain any pseudo subneutrosophic n-vector subspace 
over a subfield K of F where V is defined over F; then we call V 


to be a pseudo simple subneutrosophic n-vector space over the 
field F. 


We will illustrate this by some simple examples. 


Example 3.1.31: Let V=V; VU V2 V3U V4 U V5 = 


i) 


Qi Wg Ay Aj 


ahedeZ| U {N(Z7)} U 


as a6 a, ag : 

a, €Z,L1<i<16; U 
Og Mig: ig: “hp 
Ai ayy: ye “A 


16 


i=0 


a; eZ k05152| U 


a be 
d e f jja,b,c,d,e,f,g,h,ie Z1 
g h 


i 


be a neutrosophic 5-linear algebra over the real field Z,;. Since 
Z; is a prime field it has no proper subfields. Hence V does not 
contain any pseudo subneutrosophic 5-vector subspace over Z7. 
Hence V is a pseudo simple subneutrosophic 5-vector space 
over the field Z,. 
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Now we proceed onto define linear transformation of 
neutrosophic n-vector space over the real field and discuss a few 
of its properties. 


DEFINITION 3.1.10: Let V = V; UV, U... UV, be a 
neutrosophic n-vector space over a real field F and W = W, U 
W, U...U W, be a neutrosophic n-vector space over the same 
real field F. Define T: V 9W.T=T, UT) VU... UT, -VE=V;, 
UV, UV... UV, PWH=W, UW, VU... UW, by TV) = W; such 
that no two distinct V;’s are mapped on to the same W;; I Si, j S 
n, where T; is a neutrosophic linear transformation from V; into 
W; ISi j Sn, for i=], 2, 3, ..,n. We call T=T) UT? VU 
T, to be a neutrosophic n-linear transformation of V into W. 

If W = V then we call T to be a neutrosophic n-linear 
operator on V. The set of all neutrosophic n-linear 
transformations of V into W, V and W defined over a real field F 
is denoted by 

N Hom;(V, W) = {all neutrosophic n-linear transformations 
of V into W}. NHome (V, V) = {Collection of all neutrosophic n- 
linear operators of V into V}. 


It is interesting and important to note that V=V, U... U Va 
and W = W, uU ... U W, are both defined over the same field F 


and both of them are only neutrosophic n-linear vector spaces. 


We will illustrate by an example the neutrosophic n-linear 
transformation of V into W. 


Example 3.1.32: Let V=V,;U V2U V3U V4U V5 = 


a,b,c,d,e,f €(Z,)- U 


a ao om 
o Qa & 
> Oo O&O 
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a 0 0 0 
bc 0 0 At 
a,b,c,d,e,f,g,h,i,jeZ I> U 
de f O : 
ge hi j 
6 . 
{Saw a, £Z,40156| 
i=0 
a 0 0 0 0 
0 bO 0 0 
0 0 c 0 O}fa,b,c,d,ee Z.1 
000d £0 
000 0e 


be a neutrosophic 5-vector space over the real field Z;. W = W, 
UW2U W3U Wa U Ws = 


a bed 
00 0 0 
a,b,c,d,e,f,g,he ZI 7 U 

e f g h 

0 0 0 0 

9 . 
{daw 1,€7,k0s19| U 

i=0 
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a,b,c,d,e,f,h € Z,1 


oo ococUcrcmhlUlcOlhlUwe 
coooococlcUcrcwclllUcrTmlhUO 
ooo oaoaof 
oo onkoo;9e 
ooo o°ococmUcU6lhlUcO 
ao fh co oo © So © 
a > a <> <> <> >) 


be a neutrosophic 5-vector space over the field Zs. 

Define T: V> Wite., T=T, UT, U T3 UT UT 5: V= 
ViUV20U V30U V4 V5 > WHEW, UW WU WU WS 
where 


T,: Vi7 W>, 
T2: V2 Wi, 
T3: V3 — Wa, 
Ty: V4 Ws 
and 
Ts: V5 — W3. 
a b 
nl Jaron 
c d 
a 0 0 a be 
T,|/b c O]=|0 d e}, 
def 00 f 
a 0 0 0 
b 0 0 
T3 =(a+ bx + cx’ + dx’ + ex* + fx° + gx® + hx’ 4 
def 0 
Se Me a> 
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a, 0 0 0 0 0 
0 a 0 0 0 0 0 
: 0 0a 0 0 0 O 
1. | Sax" - 0 0 0a, 0 0 0 
a 000 0a, 0 0 
000 0 0a 0 
[0 0 0 0 0 0 a| 
and 
fa 0 00 0 
a bed 
0b00 0 
000 0 
Ts|0 0 c 0 Ol= 
e abe 
000d0 
000 0 
10 00 0e 


It is easily verified that T is a neutrosophic 6-linear 
transformation of V into W. 


Example 3.1.33: Let V=V, UV2U V3U V4U V5 U Vo = 


(ee? 


{(a, b, c, d) | a, b, c, d e N(Q)} U 


a,b,c,de xo U 


a cr @ 


0 0 
c 0 |la,b,c,d,e,f eQI- U 
e f 


5 . 
a,x’ 
i=0 


1, eQhOsiss| U 
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a be 
Ose 3g a,b,c,d,e,f,g,h,i, je QI U 
00h i 
000 j 
a 0 0 0 
Be ee priaet ha TeOI 
def O 
S: dy a’ J 


be a neutrosophic 6-vector space over the field Q. Define T = T, 
UT, UT3UT4UT5 UT6: V= Vi U V2 U V3 V4 U V5 U Vo 
> V=AViUV2U V3 U V4 U VsU Vo by 


T; H Vv; > V>, 

T ‘ V> = Vi, 

T3: V3 V4, 

Ta: V4 V3, 

Ts: V5 > Vo 
and 

Ts: V6 > V5 
defined as follows: 


a b 
n( ) = (a, b, Cc, d), 
ec d 


a b 
T> (a, b, c, d) = 
c 
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' a, O 
T4 [Sax =|a, a, : 
- fy yg Ag 
a bcd la 0 0 0 
Oe f g bc 0 0 
Ts is 
00h i de f O 
000 j ig hi j 
and 
a 0 0 0 a be 
bc 0 0 Oe f g 
T6 = . |e 
def 0 00h i 
ge hi j 000 j 


It is easily verified that T is a neutrosophic 6-linear operator on 
V. 


Now we proceed onto define other types of neutrosophic n- 
linear operators which will be know as the usual or common 
neutrosophic n-linear operators. 


DEFINITION 3.1.11: Let V = V; UV, UV... UV, be a 
neutrosophic n-vector space over a real field F. 

Let T: V > V be an-map such that T=T; UT) Vv... UT, ¢ 
V=HV, UVa UV... UV, DV, UVa VU... UV, where T, : Vi > 
V;; i=1, 2, ..., n if each T;, is a linear operator then we define T : 
V > V to be a neutrosophic common n-linear operator on V or 
common neutrosophic n-linear operator on V. 

We will denote the collection of all common neutrosophic n- 
linear operators on V by CN Home (V, V); clearly CN Homr (V, 
V) is a neutrosophic n’-subvector space of NHomr (V, V). 

Further CN Home (V, V) = Homp (V;, Vi) VU Home (V2, V2) 
U... VHomep (Vi, Vy). 


We will illustrate this situation by an example. 
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Example 3.1.34: Let V = Vi 2 V> U V3 J V4 U Vs Kf V6 U V7 


_|fa b 
ec d 
{(a, b, Cc, d) | a, b, Cc, d € ZI} U 


12 
Dax’ 


i=0 


a,b,c,de zh U 


a,€ Z nosis 12} U 


ite} 
> 


a bc 
de f |ja,b,c,d,e,f,g,hieZ,1- U 


a,b,c,d,eeZ,I7 U 


oS oOo oc oo © 
Q 

eo a) 

oo oO 9° & 


a,b,e,f,g,deZ,I¢ U 


moeoTcco O&O 
ooo Te > a 


Teo ooo oOo fm 
oo oO 0.[UcUdlDClUcm 


a; a, ay 4, 


5 4, a, |ja,eZ,,b1<sis12 
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be a neutrosophic 7-vector space over the field Z1,. 

Define T : V; UV10UV3U V4U V5 UV6e UWI 59 V1 U V2 
UV30U V4U V5 U Vo U V7 where T : T; UT,U...UT7 such 
that T;: Vi7> Vi i= 1, 2, sates 7. 


T, : V; > V, is a neutrosophic linear operator on V; defined by 


a b a b 
Ty = > 
c d 0d 
T> is a neutrosophic linear operator on V2 defined by T2: V2 > 
V,and T>(a, b, c, d) = (a, b, a, b). 
T3 is a neutrosophic linear operator on V3, T3: V3 > V3 is given 


12: 
T3 [> an’) = (ag + ax” + agx* + agx® + agx® + ayox!? + ay x’). 


T,: V4 — V4 is a neutrosophic linear operator given by 
a bc a 

T4 de f }=3|0 

g h 0 


and T; : V; > Vs is a neutrosophic linear operator given by 


a 0 0 0 0 a 0 0 0 0 
0b 0 0 0 O a+b 0 0 0 
Ts}0 0 c 0 O/=|0 O bte 0 0 
000d 0 0 0 0 ctd 0 
000 0e 0 0 0 0 d+a 


Te : Ve > Vo is a neutrosophic linear operator on V¢ given by 
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00abd 0 0 a+b b+d dtel] 
000ef 0 0 0 f+e ftg 
Paes 0 0 0 g 
a 0 0 0 O| Jjatb 0 0 0 0 
be 0 0 O| |b+d f+e 0 0 0 
d f g 0 0 d+e f+g g 0 0 | 
and 


a, a, a, a, pa a: a 
T7]|a, a a, ag [=| a, as, ay a, 
ay 19 ay ayy ain ay aio a, 


It is easily verified that T= T, UT, UT3 UT, UTs U Te U Ty 
is a neutrosophic 7-linear operator on V. 


Now we define two types of neutrosophic (m, n) linear 
transformation of a neutrosophic m-vector space into a 
neutrosophic n-vector space m #n and m > n. 


DEFINITION 3.1.12: Let V = Vi; UV UU... UV, be a 
neutrosophic m-vector space over the real field F and W = W, 
UW) U...U W,, be a neutrosophic n-vector space over the same 
field F; (m #n) and m > n). 

Let T=T; UT) VU... UT, be a m-map from V into W such 
that T; UT, UV... Tn 2 Vi V2 Uw. GV in DW) UW UU 
W, given by T; : V; > W,, it is sure to happen that more than 
one V; is mapped onto a W,, such that each T, is a neutrosophic 
linear transformation from V; to W;; 1Si <mand I Sj Sn. 

Then T=T, UT) VU... UT, is defined as a special (m, n) 
neutrosophic linear transformation of V to W. 


We will first illustrate this situation by an example. 
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Example 3.1.35: Let V=V; VU V2U V3 U Va UU V5 U Vo = 


(3) 


{(a, b, c, d, e, f) | a, b,c, d,e, fe QU} U 


. a b 

a, a, jJa, eQL1<1<6?7 U oa 
as 

a, a, a; a, 

Ae. “dg, ae As 


a,b,c,de al U 


a,b,c,de al U 


+ <Qui sss} U 


a a, 
a, a, 
a, €QI;1<1<8 
as a6 
a; ay 


be a neutrosophic 6-vector space over the field Q. 
Let W =W, U W2U W3 VU Wy, = 


a b 
c d/|la,b,c,d,e,f eQI> U 
e f 


i=0 


a, <Qhosis7| U {(a, b, c, d)|a,b,c,de QU 
a, a, a; 
a, a, a, 
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1 <Quisis6| 


be a neutrosophic 4-vector space over the real field Q. 
Define T = T, UT,UT3 UT4UT5sUT.6: V= V1 UV2U 
V3U V4U V5 U V6 > W= WU WU W3 VU Wg by 
T, ; Vi > W3 
T2: V2 > Wa 
T3;: V3; W, 
T4 i V4 > Wi, 
T;: V5 > W2 
and T¢ : V6 > W3 
where each Tj is a neutrosophic linear transformation from V; to 
W;;i= 1, 2, ...,6 andj = 1, 2, 3, 4. 


T, : Vi > W; is defined by 


a b 
n( ) = (a, b, C, d), 
ce d 


T; is a neutrosophic linear transformation from V, to W3. 


T2 : V2 > Ws is such that 


Tieee : b 
2 (a, D, C, d, ©, — : 
def 


Clearly T> is neutrosophic linear transformation from V> to W4. 


T3 : V3 > W; is given by 


a, a, a; a, 
T3)a, a,|/=|]a, a; 
a; a6 a6 ay 


T3 is a neutrosophic linear transformation from V3 to W;. 


Ta: V4 > W, is defined by 


a 0 0 
a+b d 
T4 bc O} = 
c e+f 
d ef 
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T, is a neutrosophic linear transformation of V4 to W). 
Ts; : Vs — W2 is such that 


a, a a; a, 
Ts =a, taox + a3x” + ayx? + asx? + agx? + 
a, a, a, ag 


a7x® + agx! 
Ts is a neutrosophic linear transformation of V5 to W5. 


Te : Vs > W3 is defined by 


a a, 
a, a 
3 4 it | | | 
T¢ = (a; + a, a3 + ag, As + AG, a7 + ag). 
as ag 
a, ag 


Clearly T> is a neutrosophic linear transformation of Ve to W3. 
Thus T = (T; U To U T3 U Ty U Ts U To) is a (6, 4) 
neutrosophic linear transformation of V to W. 


DEFINITION 3.1.13: Let V = Vi; UV, UV3 Uw. U Vn be a 
neutrosophic m-vector space over a field F and W = W, UW) VU 
... UW, be a neutrosophic n-vector space defined over the same 
field F (m #n, m <n). Define am-map, T = T; UT2 VU... UT n: 
VHaVz UV VU... UV, into Wi UW VU... UW, such that T; : 
V; > W, where each V; is mapped into a distinct Wj; 1 < ism 
and I < j Sn; where each T; is a neutrosophic linear 
transformation of V; to W;. 

We define T= T,; UT) VU... UT, as a (m, n) neutrosophic 
linear transformation of V into W. 


We will illustrate this situation by an example. 
Example 3.1.36: Let V=V, U V2U V3 U W4U Vs = 


° a5 | 
Ca a 


a, c2,tisis6| U 
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a, a 

a; a, ja, €Z,I;1<is10- U 
a, a 

a 


9 aio 

ll ; a b 
Dees a,€Z,,L0<i<llp U a,b,c,deZ,.1- U 
i=0 ec d 

a, 0 

a, a, : 

a, €Z,,I;1<i1<10 
a, A, a 


be a neutrosophic 5-vector space over the field Z,7. Let W = W, 
UW2U W3U Wy U Ws U Wo U W7= 


a 0 0 
b c O|fa,b,c,d,e,f eZ? U 
def 


* By. “Be “Ap he q 
a, ag A, ayy Ay Ay 


a, cz,tasisio} U 


a deb 
gh i j x 
a,b,d,e,g,h,i, j,k,1.m,n,s,p,q,r € Z,,1 U 
k 1 min 
Ss pqr 


{(a, b, c, d, e) | a, b,c, d,e € ZI} U 
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a 0 0 0 0O 
0 a 0 0 O 
0 0 a, O O jja; €Z,,L1sis5- U 
0 0 0 a, O 
0 0 0 0 a, 

9 5 

a,x’ |a, £Z,k0s19| U 
i=0 


Ay age, As . 

a, €Z,,51<1<12 
a, ag ay 
ain ay A 


be a neutrosophic 7-vector space over the field Z,7. Define T = 
T,VUT,0UT3 VUT4U Ts: V=ViU V2 V3U V4 V5 9 WS 
W, U W2 VU W3U We U Ws U We U W;7 such that 


T;: Viv Wi, 

T2: V2.7 We, 

T3: V3 > W2, 

Ta i V4 > W3, 
and 

T5: Vs Ws. 
where 


T, : V; > W;, is a neutrosophic linear transformation given by 


a, 0 0 
a, a, a 
1 2 
n( ')- a, a, 0 
a, Gz a, ieee 
4 5 6 


and 


T> : V2 > We is defined by 
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To 


agx’ a agx® a a1oX’) 
is a neutrosophic linear transformation of V2 to We. 


T3 : V3 > W> is given by 
1 
a, a, a, a, a, a 
n(Sas'] = 1 ae) 4 5 ‘) 
i=0 a, Ag Ag Ay 4, AG 
T3 is again a neutrosophic linear transformation from V3 to W>. 


Consider Ty : V4 > W3 given by 


oooclUmcm 
ooo ClO 
acoclhlcCUllUD 


T, is also a neutrosophic linear transformation from V4 to W3. 


Ts: Vs; > Ws defined by 


a,ta, 0 0 0 0 
a, 0 0 
0 a,+a, O 0 0 
a, a, 0 
T; = 0 a;ta, 0 0 
a, a, a, 0 
0 0 O a,t+a, 0O 
a, a a, a 
Dt Pee 0 0 0 a,+ay 
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is a neutrosophic linear transformation. Thus T = T,; U T2 U T;3 


U Ty U Ts is a (5, 7) neutrosophic linear transformation of V to 
W. 


Now having defined several types of neutrosophic n-linear 
transformations of neutrosophic n-vector spaces V and W we 
can define in a similar way all types of neutrosophic n-linear 
transformation for neutrosophic n-linear algebras with 
appropriate changes. 

We will only illustrate them by examples as modified 
definitions can be easily obtained by any reader. 


Example 3.1.37: Let V=V,U V2U V3 U V4 = 


(Gea 


{(a1, a2, a3, a4, as, AG) | ai © Zs; 1 <1 <6} U 


a,b,c,de 2 U 


a, 0 O 
a, a, O jja,€Z,,I1<1<6- U 
a, a, a, 


a, €Z,,I;1<i<16 


be a neutrosophic 4-linear algebra over the field Z);. Let W = 
W,UW2U W3 VU Wa = 


a a, 4a, 


0 a, a, |ja,eZ,,b1<i<6- U 
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a,b,c,deZ,1¢ U 


oo coc 8 
oS oS SS 
CO. '@) sO mS 
a co Co Oo 


Ai Ay 3 Ay a; fla, €Z,,01<51< 25 


be a neutrosophic 4-linear algebra over the field Z);. Define a 4- 
map T=T,; UT, UT3UT4: V= Vi U V2U V3 U V4 WU 
W>U W3 U W, as follows. 

T, ‘ Vi > W>, 

T2: V2.5 Wi, 

T3: V3 > Wa, 
and 

T4 : V4 = W;3 
so that each T; is a neutrosophic linear transformation. 


T, : Vi © W>2 is such that 


oor o& 
oan Oo Oo 
a oo So 


is a neutrosophic linear transformation of neutrosophic linear 
algebras V, into W>. 
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T, : V2 W; is such that 


a, a, a; 
T,(a, a2, 43, a4, as, a6) =| 0 a, a; 
0 0 a 


is a neutrosophic linear transformation of V2 to W,. 


T3 : V3— W, is defined by 


Be Oe GO 0 

a, 0 O 0 a, O 0 
T;|a, a, OJ/=|/0 O a, 0 
a, a, a, 0 0 0 a O 

0 0 0 0 a, 


is a neutrosophic linear transformation of V3 into W4. 


T,: V4 W3 given by 


A ae ee 
T a; a, a, ag] | a,+a,t+a,+a, a, ta, +a, +a, 
= 
ay 19 ay ayy ay + ajo +a), +a), a3 +a, +415 + ai¢ 


413 Ay4 As Ay, 


is a neutrosophic linear transformation of V, into W3. 

Thus T = T; U T2 U T3 U Tz, is a neutrosophic 4-linear 
transformation the neutrosophic 4-linear algebra V = V; U V2 U 
V; U Vj into the neutrosophic 4-linear algebra W = W,; U W2 U 
W3 U Wg. 


We will now give an example of a neutrosophic n-linear 
operator. 


Example 3.1.38: Let V = Vi U V2 U V3 U V4 U Vs be a 
neutrosophic 5-linear algebra over the field Z,7 where 
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race) 


V2 = {(a1, a2, a3, a4, As, Ao) | a E Zi, 1 <1 <6}, 


whsdeza 


a, O O 
V3= /a, a, O fla, €Z,,L1<is6;, 
a, a, a, 
a 0 0 -0 
0 a, 0 O ; 
V4= a, €Z,Ij1<is4 
Or, Oh vag. 20 
0 0 0 a, 


and 

Vs; = {all 6 x 6 neutrosophic matrices with entries from Z,7]}. 
Define T= T; U T2 UT3 U Ty UTs : V=ViU V2 U V3 U 

V4U V5 > V=V,U V2 U V3 U V4 U Vs; where 


T,: Vi Va; 
T,: V2. V3; 
T3;: V3 Vo; 
T4: V4 Vi 
and 
Ts: V5 > V2 
such that 
a, 0 O O 
‘ 0 a, 0 O 
Ti = > 
c d 0 0 a, O 
0 0 O a, 
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a, O O 


Tz] a, a, 0 | =(a1, a2, a3, a4, as, a6); 
a, a; a, 
a0. *0:, 70 
fi 0 a, 0 -(? |) 
i = 
0 a, 0 a, a, 
OF Oe ole ay 
and 
a, a, a; a4 as a, 
a, ag ay aig ay ayy 
413 aig a5 Ii6 417 Ais sl 
Ts = (a1, ap, a3, 4, a5, a6). 


It is easily verified T= T; UT, UT3 U Ty U Ts is a 
neutrosophic 5-linear operator on V. Clearly T is not a usual 
neutrosophic 5-linear operator on V. 

We will now illustrate by the example the usual 
neutrosophic n-linear operator on V. 


Example 3.1.39: Let V=Vi UV V2U V3U Va U V5 U Vo = 
a b 
c d 


{(a1, a2, 3, a4, as, As, a7) | ai © Ziol, 1 S1<7}U 


a,b,c,de 2 U 


a 0 0 0O 

a, a, O ; 
aéZ,1<isl0- U 

ay de Taz 
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{All 5x5 neutrosophic matrix with entries from ZjoI} U {8 x 8 
neutrosophic diagonal matrices with entries from Zj9I} U 


2 
i) 
Ne 
© 
we 
i) 
L 


0 a; a 

ee Nas SLi <i S10 
0 ag ay 
G0 0 dy 


be a neutrosophic 6-linear algebra over the real field Zo. 
Define T= T, UT, UT3 UTyUT;s UTs : V= Vi U V2 U 

V3U V4 V5 U V6 DV} U V2 UV V3 Vg U V5 U V6 = V 
such that T; : V; > V; fori=1, 2, ..., 6. 
T, : Vi > V, such that 

a b boa 

Ti = > 

c d dic 

T2 : V2 > V2 is defined by 


T> (a1, a2, a3, a4, a5, AG) = (a; + az, a+ a3, a3 + a4, a4t as, as + AG, 


a5 + a1), 
a, a, a, a, a 0 O O 
Tt O a, a a, a 0 a, 0 O 
0 O a a, 0 0 a O 
0° 0 0 ay 0 0 0 ay 


where T; : V; > V3; 


Ts: V4 > V4 is such that 
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ae ee: ee 
ag a, ag ay 
Ta} aj, A 43 Aly 
G16 Ay? yg Ay 
Ay, Ay) An3 Aggy 


as a 0 0 O 0 
Ano a, a, 0 O O 
a; |—7}]a, a, a O O 
459 a, ag ay 19 0 
ys ayy a1 413 aig 45 


Ty, is a neutrosophic linear operator on V4. 


Ts : Vs > Vs is such that T; maps any 8 x 8 matrix into the 8 x 


8 diagonal matrix 


Teé : V6 > Ve is such that 


a, a, a, 

Ts O a, a, 
O a, 

0 0 O 


a, a 0 O O 
a, Ss 0 as 0 O 
ay 0 0 a O 
aio 0 0 0 a, 


T¢ is a neutrosophic linear operator on Vs. Thus T= T, UT, U 
T3 U Ty U Ts U Te is a usual neutrosophic 6-linear operator on 
V=V, UV2,0U V3.0 V4U V5 U Ve. 


Example 3.1.40: Let V = 


(: 


a, 0 
a, a; 
diy Bs 


Vi,UV2UV3U WV4U V5 U Vo U V7 


b 
Jaseaear} U 
d 
0 
0 |ja, eQLI<i<6>¢ U 
a6 
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0 a, a, |ja;€Qb1<i<6;-U 
0 0 a 


{All 5 x 5 neutrosophic matrices with entries from QT} U {all 7 
x 7 neutrosophic diagonal matrices with entries from QI} U 


a 0 O 
a, a; : 
a, €QL1<1<10-U 

a, a; a, 0 
a, ag Ay aig 

a, ap a. ay 

O a, a, a, ; 

a, €QI;1<i<10 
0 O a a, 
0 0 0 ay 


be a neutrosophic 7-linear algebra over the field Q. 
Let W = W, U W2U W3 U Wa = {(a, b, ¢, d, e, f) | a, b,c, d, 


e,fe QI} U 
a b 
c d 


{7 x 7 neutrosophic upper triangular matrices with entries from 


Qi} u 


a,b,c,de a U 


a 0 O O 
a, a, 0 
a, € QI;1<1<10 
ay as 6 
es a a 


be a neutrosophic 4-linear algebra over the real field Q. 
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Define T=T, UT, UT3 UT3 UT; UT. UT7:V=V;U 
V.2U V3U V4 U V5 U V6 U V7 2D WU W2 U W3 UL Wy as 
follows. 

T, : Vi 3 W2 where 


T2: V2 > W,; defined by 
0 O 


Tz} a, a, O | =(a1, a2, a3, a4, as, a6) , 


a, 


T; : V3 > W, is defined by 


T;| 0 a, a, | =(a1, a, a3, as, as, a6), 


Ty: V4— W4g is such that 
a 4, a, 4, a; 
as a, ag Ay Aj 
Ta 4p Ayn 3 Ag AS | = 
Gig Ay, yg Ag AY 


a5, a5, a3 Ag 55 


Ts : Vs > Ws; is defined by 


a 0 00 0 0 0 a, a a, a a, a, a, 
0a, 00 00 0 0 a, a, a, a, a, a, 
00a, 0 00 0 0 O a, a, a, a, a, 
Ts|}0 0 0a, 0 0 O}=/0 0 O a, a, a, a, 
OO" Oa, 10 0 00 0 0 a, a; a, 
OF 0 Ge OO: ta 10 000 0 0 a a, 
0-00.90. 0. 0 Ae 000 0 0 0a, 
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To : Vs > Ws, defined by 


a, a, 0 O|] |a a, 0 
Te = 

a, a, a O a, a a, O 

a, ag, a, Ay a, 4, a, a, 


a, a, a, a, a 0 0 O 

T a, a a,| ja, a, 0 0 
: = 

0 0 a a, a, a; a, O 

0 0 0 a, a, ag ay Arg 


T=T, UT2UT3UT4UT5 UT6 UT7: V= Vp U V2 U V3 U 
V4 U V5 U V6 U V7 > WU Wr U W3 U Wy is a (7, 4) 
neutrosophic linear algebra transformation of V into W. 


Example 3.1.41: Let V=V,; GU V2U V3 U Va4U Vs = 


es} 


{(a1, a2, 43, a4, As, AG, a7, ag) | aj © ZL; 1 Si <8} U 


a,b,c,de zi\ 


a be 
d e f |ja,b,c,d,e,f,ghieZ1- U 
g h 


i 
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a, O O O 
a, a, 0 O ; 
a, €Z,L1<1<10- U 
a, a; a, O 
a, ay ay 19 


{5 x 5 diagonal neutrosophic matrices with entries from Z7I} be 
a neutrosophic 5-linear algebra over the real field Z;. Let W = 
Wi U W2U W3U WU Ws U We U W7= {8 x 8 neutrosophic 
diagonal matrices with entries from Z7I} U 


(°) 


a,b,c,de 2 U 


a ay ay a, 
0 a; a 7 : 

a, €Z,[;1<1<107 U 
0 O a a, 
O° 0) “O> ag 


{(a1, 2, a3, a4, as) | a € Zl; 1 <1 <5} U {4 x 4 neutrosophic 
diagonal matrices with entries from Z,I} U 


a be 

0 d e/ja,b,c,d,e,f,eZ,1- U 
00 f 

a, O O 

a, a, O |la,eZ,L1<i<6 
Ap Ue Be 


be a neutrosophic 7-linear algebra over Z7. 
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Define T= T, U T2 UT3 U Tg U T5: V= V1, U V2 U V3 U 
V4U Vs 2% WU Wo Vv WU WU Ws U Wo U W7 as 
follows; 

Ti ‘: Vi —> Ws, 

T2: V2 Wi, 

T3 : V3 > W3, 

Ty: V4 W3 
and 

Ts; : Vs > Ws 
defined in the following way. 


T, : V; — Ws is such that 


a 0 0 0 
r, b J 0 b 0 0 
c d 0 0c 0 
000d 
T> : V2 9W; Is defined as 
a 0000 0 0 0 
Oa, 000 0 0 0 
0 0a,0 00 0 0 
T> (a1, a2, a3, Ag, As, a6, a7, Ag) = setae 5 ee at > 
0 0 0.0 a, 0 0.0 
0000 0a, 0 0 
000 00 0a, 0 
000000 0a 
T3 : V3 > W7 is given by 
a be a 0 0 
T3/}d e f/=]b c Of, 
g hi de f 
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and Ty : V4 > W; is defined as 


a, 0 0 O a, a, a, ay 

a, a, O O O a; a, a, 
Ty = > 

a, a, a, O 0 0 a a, 

a, a a, a 0 0 Oa 


a, 0 O 0 
0 a 0 0 0 

Ts}0 O a, O O | =(a1, ap, a3, a4, as). 
0 0 0a, 0 
00 0 0a, 


It is easily verified that T= T; U T2 UT3 U Ty U Ts 1s a (5, 7) 
neutrosophic linear transformation of V to W or neutrosophic 
(5, 7) linear transformation of V to W. 

Now having seen several types of neutrosophic (m, n) linear 
transformation of neutrosophic m-linear algebra and 
neutrosophic n-linear algebra now we proceed onto define more 
properties about these neutrosophic n-linear transformation of 
neutrosophic n-linear algebra. 


We have defined several subalgebraic structures of neutrosophic 
n-linear algebras (n-linear vector spaces) we now define 
subspace preserving n-linear operators in case of neutrosophic 
n-linear algebras (n-vector spaces). 


DEFINITION 3.1.14: Let V = V; UV2 U... UV, be a 
neutrosophic n-vector space over the real field F. Suppose W = 
W, UW, VY... UW, be a neutrosophic n-vector subspace of V 
over F. Let T= T,; UT) VU... UT, be a neutrosophic n-linear 
operator on V. Suppose T; (W,) Cc W; for every W,, i =1, 2, ...,.n 
then we call T= T,; UT? VU... UT, to be a vector subspace 
preserving neutrosophic n-linear operator on V. 
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It is important to note that in general every neutrosophic n- 
linear operator on V need not preserve every neutrosophic n- 
vector subspace of V or even a single neutrosophic n-subspace 
of V. 

We will say however the neutrosophic n-linear operator T 
which is the identity operator on V however preserves every 
neutrosophic n-vector subspace of V. 

We will illustrate subspace preserving neutrosophic n-linear 
operator by an example. 


Example 3.1.42: Let V=V; UV2U V3 U Va4U V5 = 
a be 
de f jja,b,c,d,e,f,g,h,ie QI? uU 
Slr 4 
a b 
c d 


i=0 


a,b,c,de ai U 


1, <Qh0sis| U 


a bed 
Oe f g ae 
. |la,b,c,d,e,f, g,h,i, j,k eQI? U 
Oh i j 
000k 


6 a, a, jja, €Qi1lsisl2 


ay Ao ay ajo 


be a neutrosophic 5-vector space over the field Q. 
Take W = W, U W2U W3 VU WU Ws = 
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© 
© 


a 


~ 
ioe) 


aljacQI-u 


© 
© 


a 


i=0 


s,<Qh0sise| U 


Ce 


a,b,ce a U {Sax 


aeQI-u 


ooo 
on 2 ff 
one 2 ff 
2 © © & 


a, a, a, a, |ja, eQbl<i<s4 


ECV, U V2 U V3 U V4 U Vs :, be a neutrosophic 5-vector 
subspace of V over the field Q. 

Define T= T; UT, UT3 UT, UTs: V= Vi U V2 U V3 U 
ViaUVs 9 V=V, UV21U V3 U V4U Vs as follows. Ti: Vi7> 
Vi,1= 1, 2, ..., 5 1s a neutrosophic linear operator for each i and 
T; is defined as follows; 


T,: Vi > Vj, is such that 


a bc aaa 
Ti|/d e fl=]a aa 
i aaa 


Ty: V2 > V2 is given by 
a b a b 
T> = : 
ec d 0d 
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T; : V3 > V3 is defined by 


ao 


T3 [Sas = 
i=0 


i=0 


that is Ix! > Ix” for every i= 0, 1, ..., 0. 


Ta: V4 > Vg is such that 


a; 4, as ay a 
T, O a; a a,|_|0 
0 O a, a, 0 
0 0 0D ay 0 


dy. By Sy Ay a, 
Ts|a, a, a, a |=|a, 
Ay Ay 4, AyD a, 


- 
ax” 


oof ® 


oo 2 
ogo © © 


It is easily verified that T= T, UT, UT; U Ty UTs is a 
neutrosophic 5-linear operator on V. Further this T preserves the 
neutrosophic 5-vector subspace W = W,; U W2 U W3 U Wy VU 
Ws. It is easily verified that T; (Wi) c W; for i = 1, 2, ..., 5. 


Hence the claim. 


We see in general all neutrosophic n-linear operators T on V 
need not preserve a neutrosophic n-vector subspace of V. 
We will illustrate this situation by an example. 


Example 3.1.43: Let V=ViU V2U V3 U0 V4= 


a, 
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a, EZ, 1<is9- U 


é Bg ee ly ia 
a 4, ag ag Aig 


a, €Z,,151 <ist0| ) 


i=0 


a; c7,h0sis| U 


a, eZ, L1<is5 


be a neutrosophic 4-vector space over the field Z,;;. Take W = 
Ww, UW2UW3 U0 Wy = 


0 0 0 
a, EZ, J;1<i<3>7 VU 


0 0 0 0 0 
a, a, a, a, a, 


a, €Zh0<i | U 


oS 
fale) 
“s 


a; cZhlsts5| U 


a,x” 


ae 


a, a, 
a, a, 
a, O a, jja,eZ,,b1<i<10 
ay ay 
as aig 
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Cc V, U V2 U V3 U V4 to be a neutrosophic 4-subspace of V 
over Z,;. Define T = T, UT, UT; UT,: V=V, UV2U V3U 
Vi > V=AaViU V2 U V3: U Va as Ti 2 Vi DO Viz 1 = 1 to 4 as 
follows. 

T, : Vi > Vi; where 


a, a, 4; 0 0 O 
Ti | a, a; af =]a, a; a, |, 
a, a a, 0 0 O 
To ‘ V> > V> as 
a, a, a, a, as} (0 0 0 0 O 
T) _ ’ 
a6 a, ag Ay Ai a6 a, ag ay Ay9 


T; : V3 > V3 is defined by 
T3 [Sax | = vax ; 
i=0 i 


that is a;x' > ax” fori=0, 1, ..., 00 and Ty : V4 > Vz is such 
that 


a; as a6 a, 0 a6 
a, ay a, a, 0 a, 
Ta] a, a; a |=]a, O a, 
a, a, ay a, 0 a, 
a; ai. aig a; 0 419 


It is easily verified T= T,; UT, UT; UTy: V> Visa 
neutrosophic 4-linear operator on V and it preserve the 
neutrosophic 4-subspace W = W,; U W2 U W3 U Ws that is 
T(W) = Ti(W1) VU T2(W2) U T3(W3) U Ta(Wa) C Wi U W2 VU 
W;3 U Wa. 
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Consider P = P} U P, U P3 U Py: V=V, UWV,UV3U Va 
72 V,U V2 U V3 U V4 where P; : Vi > Vj; 1 = 1, 2, 3, 4 are 
neutrosophic linear operators defined as follows. 


P, : V; > V; such that 


a, a, a, a, 0 
P;/a, a; a,|/=|0 a, O], 
a, a, ay 0 a, 


P3; : V3 > V3 is given by 


ive) 
i 3 5 2nt+1 
P; [Sax' =a, Xt ax tasx +...4 Qnty X a 4c8 
i=0 


and Py: V4— V4 is defined by 


a, a, 4a; 0 a, 0 
a, a, a% O a, O 
Py] a, a a,|/=/0 a, O 
Ary Ay AyD 0 a, 0 
a3 Ay ays 0 a, 0 


The neutrosophic 4-linear operator P on V does not preserve the 
neutrosophic 4-subspace W = W; U W2 UU W3U Wa c V, VU V2 
U V3 U V4. Thus P = P; U P2 U P3 U Py is neutrosophic 4-linear 
operator which does not preserve the subspace W. 

It can be easily proved that for V and W any two 
neutrosophic n-vector spaces over a real field F if T and S are 
neutrosophic n-linear transformations of V to W then (T+S) is a 
neutrosophic n-linear transformation of V to W. Further if T is a 
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neutrosophic n-linear transformation of V to W for any c an 
element of F, the function cT defined by (cT)a = cTa is again a 
neutrosophic n-linear transformation of V to W. It is interesting 
to note the set of all neutrosophic n-linear transformations from 
V into W with addition and scalar multiplication defined above 
is a neutrosophic n-vector space over F. 

Further as in case of usual n-vector spaces of type I we see 
in case of two neutrosophic n-vector spaces V and W over the 
field F both V and W are of n-finite dimension say (nj, no, ..., 
n,) and (mj, my, ..., m,) over the field F, andif T=T; UT, U 
... U T, is a neutrosophic n-linear transformation of V into W, 
where T; : Vi > W; (That is no two V;’s are mapped on to the 
same W)) true for 1 <i, j <n; then n rank T +n nullity T=n 
dim V; that is rank T; U... U rank T, + (nullity T; U ... U 
nullity T,) = dim V; U... U dim V,; that is (rank T, + nullity 
T,) U (rank T, + nullity Tz) U ... U (rank T, + nullity T,,) = dim 
V, Udim V2U... U dim V,. 


We can also prove the result which is as follows: 


Let V=V,vU... U V, and W = W,; U W2 U ... U W, be 
two neutrosophic n-vector spaces over the field F. Let 


= 1 1 1 2 2 2 n n n 
B= f(t se JU(az,a5,...02, ) te ern ©, (cu) 3 Oby 9-05 Ob )} 


be an-basis of V=V;UV2U...U Vas 1e., (Gt, Gyn Oy, ) isa 
basis of V;;i=1, 2, ..., n. Let 
C=}(Bi Brash, |OUR Bad Be, | Ose (BE Bisa Be )} 


be any n-vector in W = W; U W, U ... U W, then there is 
precisely only one neutrosophic linear n-transformation T = T, 


UT, U... UT, from V onto W such that Ta; = B,;j = 1, 2, 


. 0) 1<i<n. 

The following result is also true and it can be proved as in 
the case of n-vector spaces. 

Let V=V,; UV2U... U V, be a neutrosophic (n;, ny, ..., 
n,) n-dimensional vector space over a field F. If W = W; U W2 
U ... U W, is a neutrosophic (m;, mp, ..., mM,) n-dimensional 
vector space over the field F. Then NL" (V, W) = {collection of 
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all neutrosophic n-linear transformations from V to W} is finite 
(mn), MyM, ..., M,n,) dimensional neutrosophic n-vector space 
over F. It is to be noted that as in case of n-vector spaces we in 
case of neutrosophic n-vector spaces also define neutrosophic n- 
linear transformations V to W where V is a neutrosophic n- 
vector space where as W is a neutrosophic m-vector space m > 
n. 

Let V and W be two neutrosophic n-vector space and 
neutrosophic m-vector space respectively (m > n) over a real 
field F. Let T= T, UT U ... UT, be a neutrosophic n-linear 
transformation of V into W such that T;: Vj Wj, where each 
V; is mapped onto a distinct W; 1 <i<nand 1 <j <m that is no 
two V;’s are mapped onto the same W,; true for each i, i = 1, 2, 
..., n. Then NL” (V, W) can be defined and in this case NL" (V, 
W) is finite dimensional n-space over F of n-dimension 


(m,n,,m,,n,,....m, n, ) where | <i), by, ..., in $M. 


Now as in case of n-vector spaces we can define for 
neutrosophic n-vector spaces composition of neutrosophic n- 
linear transformations. 

Let V, W and Z be three neutrosophic n-vector spaces over 
the field F, i.e, V=V,;UV2U... UV,, W=W,UW2U ... U 
W, and Z=Z, UZ) UU... U Zp. 

Define T=T, UT2U... UTp: V=ViUV2U...U Va 
W,UW2U... UW, Tis Vi > Wy 1= 1, 2, ...,m; 1 <j <n. Let 
P=P,UP.U...UP,: W=W,U WVU... UW, 9D ZEZ, VU 
ZpU... GL; Pj Wi > Zi j= 1, 2, ....,n and 1 <k<m so that 
no two subspaces Wj are mapped on to same Z,; k = 1, 2, ..., n. 
Now 
(P; Ti) (ca' + B') oe 

= Pi[T;(ca'+B)] 
= P\T; (ca’) +P; (B+) —— 
= P; [ew +8] (as T; :Vi > W;; & , &' € Wj) 
= cP, (o) +P; (8) 
= caX+b*; a‘, bS © Z. 
Thus P;T; is a neutrosophic n-linear transformation from W; 


to Z,. Hence the claim and the result is true for each i and j. 
Thus PT is a neutrosophic n-linear transformation from W to Z. 
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So PT =(P} UP, U... U Py) (T) U T2 U... U Ta) = P,T, VU 
Po, Us. WP a T, where (ij, 12, ..., In) 1S a permutation of (1, 
De xy MN); 

Now we for the notational convenience recall that if V = V; 
U VU... U V, is a neutrosophic n-vector space over the field 
F then V;’s will be known as the component neutrosophic 
subvector space of V. V;’s are also known as the component of 
V. Now we proceed onto give some properties of neutrosophic 
n-linear operators. 

Let V=V, U V2 U ... U Vy, be a neutrosophic n-vector 
space over the field F. Let T= T; UT, U... UT, bea 
neutrosophic n-linear operator on V with T; : V; > Vi, 1= 1, 2, 
.. n. Let S=S, US, U... U S, be another neutrosophic n- 
linear operator on V with S; : Vi > Vi, i= 1, 2, ...,n. Now ST 
and TS is again neutrosophic n-linear operators on V. 

Thus the neutrosophic n-space of all neutrosophic n-linear 
operators has a product defined as composition. 

In this case the neutrosophic n-linear operator TS is also 
defined. In general ST # TS; that is ST— TS #0. 

NL” (V, V) is a neutrosophic n-vector space of n-dimension 
(i fan where the n-dimension of V is (nj, ny, ..., n,). All 


relations like n-nilpotent, n-diagonalizable can be defined in 
case of neutrosophic n-vector spaces of type I with appropriate 
modifications. 


3.2 Neutrosophic Strong n-Vector Spaces 


In this section we proceed onto define the new notion of 
neutrosophic strong n-vector spaces (n 2 3) and discuss a few of 
their properties. 


DEFINITION 3.2.1: Let V=V, UV2 vu... UV, be such that each 
V; is a neutrosophic vector space over the same neutrosophic 
field F then we call V to be a neutrosophic strong n-vector 
space or strong neutrosophic n-vector space. 
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We will first illustrate this by some examples. 


Example 3.2.1: Let V=V,U V2U V3U V4 U V5 = 
a b 
ec d 
a, a, a, 
By Ay a, 


a,b,c,de No) U 


s <0isis6| U 


a, a, 

da By 

a, a, {ja, ©QLI<i<10- U 
a 

Ay Ay 


{QI[x]; all polynomials in the variable x with coefficients from 


QI} U (QI x QI x QI x QI x QD = {(a, b, c, d, e) | a, b, c, dye € 
QI} be a neutrosophic strong 5-vector space over the 
neutrosophic field F = QI. 


Example 3.2.2: Let V = Vi, UV20U V30U V4 V5 U V6 U V7 = 


i a, 4a, *) 
ae. B,- Be ay 


seziisiss| U 


a, a, a, |ja, EN(Z,);1<i<15¢ U 
Aig ay 12 
a3 ayy as 
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a, ja, €Z,1;1<i1<9- U 


6 
ag ay 


{(X1, X2, X3, X4, Xs, Xo, X7) | Xi © Zo; 1 Si <7} U {9 x 9 upper 
triangular matrices with entries from N(Z,)} U {N(Z2)[x]; all 
polynomials in the variable x with coefficients from N(Z,)} U 


a, a, 
as. “ay 
a; a6 : 
a, €Z,[;1<1<12 
ay ag 
a Ajo 
ayy a> 


be a strong neutrosophic 7-vector space over the neutrosophic 
field F = ZI. 


Now having seen examples of strong neutrosophic n-vector 
spaces n = 3 we define substructures in them. It is both 
interesting and important to note that in a strong neutrosophic n- 
vector space V if n = 2 we get the strong neutrosophic bivector 
space defined and discussed in chapter two of this book. When 
n=3 we call V to be a strong neutrosophic trivector space. 


Example 3.2.3: Let V=V,U V2 U V3= 
a b 
c d 

& diy, dy: Wy As ) 
ag a, as ay Ar 


a,b,c,de | U 


a, cassisio} U 
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a a i 

> "lla EN(R);1Si< 8}; 
as a, 
a, ay 


V is a strong neutrosophic trivector space (3-vector space) over 
the neutrosophic field F = QI. 


DEFINITION 3.2.2: Let V=V; UV, vu... UV, be a strong 
neutrosophic n-vector space over the neutrosophic field F. Let 
W=W, WY... UW, CV, U2 U... UV, such that 6 # W; 
ZV; i = 1, 2, ..., n be a strong neutrosophic n-vector space 
over the same neutrosophic field F. Then we call W to be a 
strong neutrosophic n-vector subspace of V over F. 


We note that even if one W; = 6 or W; = Vj (1 < i <n) then we 
do not call W = W, U WU ... U W, to be a strong 
neutrosophic n-vector subspace of V. 


We will first illustrate this situation by some examples. 


Example 3.2.4: Let V=V,UV2U V3 U V4 U V5 = 
a b 
c d 
a, a, a, a, 
a, a a, ag 


i=0 


a,b,c,de€ 2 U 


neziisiss| U 


a, €Z,L1= 11 2r| U 
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Qa 


_- 


a,b,...,p,qeZ,1 


oF 8 Qa 
—- roe 
3 > 


ge) 
xo) 


U {(%1, Xo, X3, Xa, Xs, Xo) | Xi € N(Z7); 1 <1 < 6} be a strong 
neutrosophic 5-vector space over the neutrosophic field ZI. Let 
W=W,U W2VU W3 VU WU Ws = 


{e SJeezpere ee a) 


51 
Dax’ 


i=0 


a,be 2 U 


a; c7Z,h0s\51} U 


aeZ Ip u 


ogo 2 2 2 ©& 
oso 2 2 2 
ogo 2 2 2 & 


{(X1, X2, X3, X4, X5, X6) | Xj € Zy]; l<is 6} ECV, UV2UV3U 
V4 U Vs. It is easily verified that W is a strong neutrosophic 5- 
vector subspace of V over the neutrosophic field Z,I. 


Example 3.2.5: Let V=V,U V2 U V3 U Va U V5 U V6 U V7 = 


ee 


a; eNigutsiss} U 
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a, € N(Q);i=0,1,2,...,0 ; 


ic . 
Sax 
i=0 


all polynomials in the variable x with coefficients from the 
neutrosophic field N (Q)} U 


a, jja,; eQLI<is<5¢ U 


1 <Qhlsiss| U 


By, Ag. Wg Ay 

a; ag a; a, 
{all 8 x 8 neutrosophic matrices with entries from N(Q)} U {All 
4 x 4 lower triangular matrices with entries from N(Q)} U {all 7 
x 7 upper triangular matrices with entries from N(Q)} be a 


neutrosophic strong 7-vector space over the neutrosophic field 
QI. Let W = W; U W2U W3 UV Wa U W3 U We U W7 = 


aoa 

aoa 
all polynomials in the variable x with coefficients from the 
neutrosophic field N(Q) of degree less than or equal to 8} U 


a, € N(Q);i=0,1,2....,8; 


ae No) U {daa 


a,b <ar} U 


abu aaaa 
ae 
b b b b 


oso 2 2 2 B® 
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{All 8 x 8 neutrosophic matrices with entries from the 
neutrosophic field QI} U {All 4 x 4 lower triangular matrices 
with entries from the neutrosophic field QI} U {All 7 x 7 
diagonal matrices with entries from the neutrosophic field N 
(Q)} CVjUV2U V3U V4 U V5U Vo U V7; it is easily verified 
that W is a strong neutrosophic 7-vector subspace of V over the 
neutrosophic field QI. 

We say a strong neutrosophic n-vector space is simple if V 
has no proper strong neutrosophic n-vector subspaces. 


We will illustrate this by some examples. 


Example 3.2.6: Let V=Vi;U V2U V3 U V4 = 


aeZ,Ir U 


oso 2 2 2 DY 
oso 2 2 2 2 
so 2 2 2 DY 


{(aaaaaa)|ae ZI} U {All 8x8 neutrosophic diagonal 
matrices of the form Z;3I, that is 


aeEZ,l 


oo So oS 2 oS Oo 8 
ooo coclcUcrcmlhlUcwkmlhlUcC 
So oo SS & © 2 So 
oo oclcU€6;_’"CC cll OCU 
cooocr ocrmUcmcmlhUcOD 
oo yw oOo CoO Cc Oo 
ono ocococil9clmlUcmlhUc OD 
ewooog#e5gjcrooc9c © 
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be a strong neutrosophic 4-vector space over the neutrosophic 
field Z;I. Clearly V has no strong neutrosophic 4-vector 
subspace. Hence V is a simple neutrosophic strong 4-vector 
space or simple strong neutrosophic 4-vector space over Z3I. 


Example 3.2.7: Let V=V,;UV20U V3U V4U V5 U V6 U V7 = 
{(aaaaaaaaa)|aeZlt}uU 


aoa 
a ajjaeZ Tru 


aa 


a 00 0 0 
aa OO 0O 
aaa 0 OjjaeZ Ip u 
aaaa QO 
aaaaa 
aaaaaaa 
aaaaaaa 
aeEZ ru 
aaaaaaa 
aaaaaaa 
aa 
a 0 0 0 0 
aa 
0 aoOO 0 
aa 
aeZ lr U4|0 0 a 0 OfjacZ I? vu 
ie 000a 0 
aa 
00 00a 
aa 
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aeZl 


ono Oo 
ono Oo ® 
ono Oo 


be a strong neutrosophic 7-vector space over the neutrosophic 
field ZI. It is easily verified that V has no proper strong 
neutrosophic 7-vector subspace. Hence V is a simple strong 
neutrosophic 7-vector space over Zyl. 


DEFINITION 3.2.3: Let V=V; UV2 UV; VU... UV, be a strong 
neutrosophic n-vector space over a neutrosophic field F. If each 
V; is a neutrosophic strong linear algebra over F then we call V 
=V,; UV, UU... UV, to be a strong neutrosophic n-linear 
algebra over F. 


We will illustrate then by some examples. 


Example 3.2.8: Let V = Vi, 0 V20 V30U V4U V5 = 


(0) 


sms geNQ) U pas a; n(a)| U 


a, a, a, |ja, €QU1<i<9- U 


a, ag Ay 
a 0 0 0 
0 a, 0 O 
ja, €QI- u 
0 0 a, 
0 0 0 a, 


{All 8 x 8 upper triangular matrices with entries from N(Q)} be 
a strong neutrosophic 5-linear algebra over QI. 
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Example 3.2.9: Let V = Vi oe V> MJ V3 Kd V4 U V5 U V6 U V7 = 


aa 
{ ) a; <7.i} U 
a a 
a 0 0 
aa OjjaeN(Z,)p VU 
aaa 


{All 9x9 upper triangular neutrosophic matrices with entries 
from Zjol} U {(X1, X2, X3, Xy) | Xi € Ziol; 1 <i < 4} UV {all 5x5 
lower triangular matrices with entries from ZI} U {All 12 x 12 
neutrosophic diagonal matrices with entries from ZjoI} U 


i=0 


a; € NiZy)} : 


V is a strong neutrosophic 7-linear algebra over the 
neutrosophic field Zyl. 

It is important and interesting to record that every strong 
neutrosophic n-linear algebra is a strong neutrosophic n-vector 
space but in general every strong neutrosophic n-vector space 
need not be a strong neutrosophic n-linear algebra. We leave the 
proof of this to the reader; however we give an example of a 
neutrosophic strong n-vector space which is not a neutrosophic 
strong n-linear algebra. 


Example 3.2.10: Let V=V, U V2U V3U V4U Vs = 


E a, a, 2 
as 4, a, ag 


a; c2,hisis8| U 
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N 


a,€Z,01sis5- U 


w 


a 


2» © © ® » 


n 


0 0 0 a, 
0 0 a, O . 
° a, €Z,,1;151<54; U 
0 a, 0 O 
a, 0 O O 
a 0 b O 
a c 0d . 
a,b,e,d,f,hie Z,,1¢ U 
e 0 f 0 
a hai 


i=0 


a,€ Zt} 


be a strong neutrosophic 5-vector space over the neutrosophic 
field Z,3I. Clearly V is not a strong neutrosophic 5-linear 
algebra over Z)3I as none of V; is closed under multiplication; 1 
<i<5. 

Hence in general a strong neutrosophic n-vector space need 
not be a strong neutrosophic n-linear algebra. 


Now we proceed onto define the notion of strong neutrosophic 
n-linear subalgebra of a strong neutrosophic n-linear algebra. 


DEFINITION 3.2.4: Let V = V,; UV, U ... UV, be a strong 
neutrosophic n-linear algebra over the neutrosophic field F. 
Suppose W = W, UW, Vv... UW, CV, UV Uw. OV, Wi 
V; ; W; # ¢ and W, #V; for each i, 1S i Sn) is such that W is 
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strong neutrosophic n-linear algebra over the field F, then we 
call W to be a strong neutrosophic n-linear subalgebra of V. 


It is interesting and important to note that even if one of the W; 
is {0} or V; then W is not a strong neutrosophic n-linear 
subalgebra of V over F. 

We will illustrate this by some simple examples. 


Example 3.2.11: Let V=V, U V2U V3 U W4U V3 = 


le 


{(a, b, c, d, e, f) | a, b,c, d,e, fe N(Q)} U 


a,b,c,de No) U 


Go) . 

1 

Dax 
i=0 


a 0 0 
1,en(@} L 0 b Ofja,b,deN(Q)> VU 
00d 


a 0 0 0 
eae ia a,b,c,d,e,f,g,h, j,k € N(Q) 
def 0 
So dt oi ok 


be a strong neutrosophic n-linear algebra over QI. Let W = W, 
UW, U W3U W4U Ws = 


C3) 


<a U {((aaaaaa)|ae N(Q)} U 


22. . 
Dax” 


i=0 


a; Nia U 
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a 0 0 
0 a O}jlaeN(Q);? U 


0 0a 
a 0 0 0 
bc 0 0 isiecti Ol 
a, 3c, of, >} ) SAWSE 
ae 28s 0 & Pd 
pqsg¢ées 


CV, UV20UV3U V4 U Vs. 


It is easily verified that W is a strong neutrosophic n-linear 
subalgebra of V over the field QI. 


Example 3.2.12: Let V=V,; UV2U V3= 


a a, a; 
a, a; a, |ja,eZ,b1<1<97- U 


ay ag ay 


{All 4 x 4 neutrosophic matrices with entries from N(Z3)} U 
{All 9 x 9 upper triangular matrices with entries from N(Z3)}; V 
is a neutrosophic strong trilinear algebra over the neutrosophic 
field Z3l. Take W = Ww, ee W> U W3 = 


aaa 
aa ajjaeZ,Ip U 


aaa 


{All 4 x 4 neutrosophic matrices with entries from Z3I} U {All 
9 x 9 upper triangular matrices with entries from Z3I} c V; U 
V2 U V3. W is a strong neutrosophic 3-linear subalgebra of V of 
V over the neutrosophic field ZI. 
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We call a strong neutrosophic n-linear algebra to be simple 
if V=V,;U V2 U... U Vy has no proper strong neutrosophic n- 
linear subalgebra. 


We will illustrate this by some examples. 


Example 3.2.13: Let V=V,U V2U V3 U W4U V5 = 


(ie 


sea U {(a, a,a,a,a,a)|ae Zs} U 


a 0 0 0 
a 0 0 
0 a 0 0 
aeZIrUusjja a O}faeZIr u 
0 0a 0 
aaa 
000a 
a 0 0 0 0 
0 a00 0 
00a 0 OjjacZ,I 
00 0a 
000 0a 


be a strong neutrosophic 5-linear algebra over the neutrosophic 
field ZsI. Clearly V has no proper strong neutrosophic 5-linear 
subalgebra. 

Thus V is a simple strong neutrosophic 5-linear algebra 
over Zs|I. 


Example 3.2.14: Let V = Vi UV20UV30U VW4U V5 U V6 = 


aaa 


a 0 
aa ajjaeZ I ¥{ ) 
a 0 


aaa 


ae Z| U 
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{(a0a0a0a)lae Z]} U {9 x 9 diagonal matrices where all 
the diagonal entries are equal to (say) a; a € Z),I} U 


a 0 0 0 
aa 0O 0 
aéZ, Ir u 
aaa 0 
aaaa 
aaaaaa 
Oaaaaa 
0 0aaaeqa 
aeZ, I 
00 0aaa 
000 0aea 
00000 a 


be a strong neutrosophic 6-linear algebra over the neutrosophic 
field Z,,I. It is easy to vertify that V has no proper strong 
neutrosophic 6-linear subalgebras; hence V is a simple strong 
neutrosophic linear algebra. 


Now we proceed onto define the notion of pseudo strong 
neutrosophic n-linear subalgebra. 


DEFINITION 3.2.5: Let V = V; UVa UV; U... UV, be a strong 
neutrosophic n-linear algebra over the neutrosophic field F. 

Let W=W, UW. VY... UW, CV, UV VU... UV,, where 
some W; (W; # (0) and W; # V;) contained in V; are just strong 
neutrosophic vector space over the neutrosophic field F; i = 1, 
2, w., Nl. 

We defineW =W, UW2 VU... UW, CV, U2 VU ... UV, to 
be a pseudo strong neutrosophic linear subalgebra of V over F 
if some W,’s are strong neutrosophic vector spaces and some 
W;’s are strong neutrosophic linear algebras over the 
neutrosophic field F. 1Si, j Sn (iF). 
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We will illustrate this situation by some examples. 


Example 3.2.15: Let V=V,U V2U V3 U V4= 


(=) 


{(a1, 42, 43, a4, a5, AG) | AG © Zo3I5 1 <i <6}U 


a,b,c,de 2 U 


bc 
f |ja,b,c,d,e,f,g,h,ieZ,,1- U 


a 
de 
g hi 


2 . 
pe a,x’ 
i=0 


a, €Z,,1= 02a 


be a strong neutrosophic 4-linear algebra over the neutrosophic 
field Zy31. Choose W = W, U W> U W3 WZ Wi = 


le? 


sbeZai| U {(aaaaaa)|ae Zp3I} U 


a,b,c,deZ,,I¢ U 


o co Oo 
oor Oo 
oo 2 


ie} 
e 
Dax” 
i=0 


a, €Z,,];i= O12. 


CViUV2U V3 U V4. It is easily verified that W = W,; U W2 VU 
W; U Wg is a pseudo strong neutrosophic linear subalgebra of V 
over the neutrosophic field F = ZysI. 
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Example 3.2.16: Let V = Vi Lae V> U V3 ka V4 A Vs U V6 = 


a bc 
de f |ja,b,c,d,e,f,g hie Z,l- U 
g hi 


{(a1, a2, 3, 4, As, Ag, A7, ag) | aj € Zi3l; 1 <i <8} VU 


a, 0 
a, a3 7 
a, €Z,,1;1<1<107 U 
ay ae. “Ay 
a, ag ay aio 


(eae 


i=0 


a; cZtisisa| U 


a, €Z,b1<is0; 


that is all polynomials in the variable x with coefficients from 
Zi3]} U 


a 0 0 0 O 
0 a 0 0 O 
0 0 a, O O |la; €Z,,I;1<i<5 
0 0 O a, O 
0 0 0 0a 


be a strong neutrosophic 6-linear algebra over the neutrosophic 
field Z)3I. 


Choose W = W,; U W2U W3 U W4 U Ws U Wo = 
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a oo 
oT Oo 


a 
0 |la,b,deZ,,I? U 
0 


a 0 0 0 
aa 0O 0 
aeZ,Ir U 
aaa QO 
aaaa 
0 a 
nar a,beZ,,I- U 


a,€Z,,L0<i1<27; 


i=0 


27 : 
[daw 


all polynomials in the variable x with coefficients from Z)3I} U 


a 0 0 0 0 
OF a 00-0. 0 
0 0a 0 OjjacZ,I 
00 0a 0 
000 0a 


cV; UViU V3 UV4UV5U Vo. 
It is easily verified that W is a pseudo strong neutrosophic 
6-linear subalgebra of V over the field ZI. 


Now we proceed onto give an example and then define the 


notion of strong pseudo neutrosophic n-vector space of a strong 
neutrosophic n-linear algebra over the neutrosophic field F. 
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Example 3.2.17: Let V=V,; UV2U V3 U V4U V5 = 
a b 
c d 


> a,x' ; all polynomials in the variable x with coefficients 
i=0 


a,b,c,de co} U 


from the neutrosophic field QI; 0 < a; < 0} U 


aaa 
aa ajljaeN(Q);- VU 
aaa 


7 ag : 
a, €QLI<i<16> VU 
Ay Aro ay aio 


413° yy Als AG 


{all 8 x 8 neutrosophic matrices with entries from QI} be a 
strong neutrosophic 5-linear algebra over the neutrosophic field 


QI. 
Let W=W, U W2U W3 VU Wa, VU Ws = 


lea 


10 
{Sax all polynomials in the variable x with coefficients 
i=0 


a,be no) U 


from the neutrosophic field QI of degree less than equal to 10; a; 
€ QI;i=0, 1, 2, ..., 10} U 
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0 0a 
0 a OjlaeQl- U 


a 0 0 

00 0a 

aes aeQI>u 

Oa 0 0 

a 0 0 0 
0 0 0 0 0 0 0 a, 
OF 00" Oe OP Oa, 0 
0 0 0 0 0 a 0 0 
0 0 0 0 a 0 0 O 

a, €QL1<i<8 

0 0 0 a 0 0 0 O 
0 0 a 0 0 0 0 O 
Oda. SO! OP oO De 5 Oe <O 
a O 0 0 0 0 0 0 


CV, UV, U V3 U V4 U Vs. W is a strong neutrosophic 5- 
vector space over the neutrosophic field QI. We call this strong 
neutrosophic 5-vector space as strong pseudo neutrosophic 5- 
vector space of V over the neutrosophic field QI. 


We now give the formal definition of this new notion. 


DEFINITION 3.2.6: Let V=V; UV2 UV; U... UV, be a strong 
neutrosophic n-linear algebra over the neutrosophic field F. Let 
W=W, UW Vv... UW, CV, UV VU... UV, be such that 
each W; —V; is different from (0) and V; for i = I, 2, ..., n and 
each W; is only a strong neutrosophic vector space over the 
field F and is not a strong neutrosophic linear algebra over F. 

We define W=W, UW, v... UW, to be a strong pseudo 
neutrosophic n-vector space of V over the field F. 
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We will give an example of this concept. 


Example 3.2.18: Let V = Vi, UV2U V3 U0 V4= 


i 


(0) 


{Sax all polynomials in the variable x with coefficients 
i=0 


a bec 
de f |ja,b,c,d,e,f,g,h,ieZ,,I- U 
gh 


a,b,c,de€ 2 U 


from the neutrosophic field Z,71; a, € Zj7l; 0<i<o} U {all 6 x 
6 matrices with entries from Z)7I} be a strong neutrosophic 4- 
linear algebra over the neutrosophic field Z)7]. Take W = W, U 


W2UW3U Wa = 
0a 
a,b,ceZ 1p VU 
b 0 


5 
‘x a,x'; all polynomials in variable x with coefficients from 
i=0 


0 0 
0 b 
c 0 


oo 8 


a,be za U 


Z171 of degree less than or equal to five aj € Z)7]; 0<1<5}U 


0 0 0 0 0 a, 
0 0 0 0 a, O 
0 0 0 a, 0 0 : 
a, eZ, 1<is6 
0 0 a, 0 0 0O 
0 a 0 0 0 0 
a 0 0 0 0 0 
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CV,UV2U V3 U Vg. It is easy to verify each W; € V; is only a 
strong neutrosophic vector space over Z,7I. 1 = 1, 2, 3, 4. So W 
=W,UW2U W3U WA CVU V2 U V3 U Vj is only a pseudo 
strong neutrosophic 4-vector space of V over the field Z,71. 


DEFINITION 3.2.7: Let V = V; UV, U... UV, be a strong 
neutrosophic n-linear algebra over the neutrosophic field F. Let 
W=W, UW YU... UW, CV, UV, Uw. UV, bea 
neutrosophic n-linear algebra over the neutrosophic field K CF 
(K is only a proper subfield of F, K #F). We define W to be a 
pseudo strong neutrosophic n-linear subalgebra of V over the 
real field K CF. 


We will illustrate this situation by some examples. 


Example 3.2.19: Let V= Vi, 0 V20UV30 V4U V5 = 


ie 


{(a1, a2, a3, a4, a5, a6, a7) | a; € N(Zp3) 1 <i <7} U 


a,b,c,de Nz} U 


{dex all polynomials in the variable x with coefficients 
i=0 


from the neutrosophic field N(Z:3)} U 


a, a, a; 
a, a, a, |{a, @N(Z,,);1S5i1<97 U 
a, ag ay 


{9 x 9 matrices with entries from N(Z3)} be a strong 
neutrosophic 5-linear algebra over the neutrosophic field N(Z,3). 
Take W = W, U W2U W3 VU WU Ws = 


297 


(2) 


a,b,c,de 2 U f{(aaaaaaa)l|aeZ 3} U 


i=0 


a; cZK0<is«| U 


a, 0 0 
a, a, O|la,eN(Z,,)7 U 
a, a, 0 


{all 9 x 9 lower triangular matrices with entries from N(Z23) C 
Vi UV. U V3 U V4 U Vs is a neutrosophic 5-linear algebra 
over the field Z,; Cc N(Z3). Thus W is a pseudo strong 
neutrosophic 5-linear subalgebra of V over the subfield Z.3; C 
N(Z)3). 


Example 3.2.20: Let V = Vi U V2 U V3 = {All 5 x 5 
neutrosophic matrices with entries from N(R)} VU {All 


polynomial ax with coefficients from N(R) in the variable 
i=0 


x} U {(X1, Xo, X3, X4, Xs, Xo, X7, Xg, Xo, X10) | Xi € N(R); 1 <i< 
10} be a strong neutrosophic 3-linear algebra over the 
neutrosophic field N(R). Take W = W; U W2 U W3= {All 5x5 
diagonal matrices with entries from N(R)} U 


ice) 
; 
max” 
i=0 


a,€ Nn] U 


{aaaaaaaaaa)|ae NR)} CV); UWUV;:; Wisa 
neutrosophic 3-linear algebra over the field R c N(R). Thus W 
is a pseudo strong neutrosophic 3-linear subalgebra of V over 
the field R c N(R). 
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DEFINITION 3.2.8: Let V = V,; U2 vu... CW, be a strong 
neutrosophic n-linear algebra over the neutrosophic field K. Let 
W=W, UW. VU... UW, CV, U2 VU... UV, be a n-vector 
space over a real field F, F CK; we callW =W, UW VU... U 
W, CV, Ub2 Vv... UV, to be a pseudo n-vector subspace of V 


over the real subfield F of K. 


We will illustrate this situation by some examples. 


Example 3.2.21: Let V=Vi U V2 U V3 U Va U V5 UV6 U V7= 


ie 


{Sax all polynomials in the variable x with coefficients 
i=0 


a,b,c.de Nz} U 


from N(Z); aj € N(Z,) andi = 0, 1, 2, ..., co} U {All 5 x 5 
matrices with entries from N(Z2)} U {All 7 x 7 matrices with 
entries from N(Z,)} U {All 4 x 4 matrices with entries from 
N(Z))} U {All 6 x 6 matrices with entries from N(Z2)} U 


a be 
de f Jja,b,c,d,e,f,g,h,i ¢ N(Z,) 
gh 


i 


be a strong neutrosophic 7-linear algebra over the neutrosophic 
field N (Zp). Let W = W, U W2U W3 VU W4U Ws U We VU W7 


(3) 


6 
Sax’ all polynomials in the variable x with coefficients 
i=0 


anezs} U 


from the real field Z, of degree less than or equal to 6} U 
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000 0a 
00 0a 0 
00aO0 0 
0 ao0oO0 0 
a 0 0 0 0 


| 


a U 


fo ‘ U 


0 a, 
a, 0 
0 0 
0 0 
0 0 
0 0 
0 0 


0 
0 
a; 
0 
0 
0 
0 


a, €Z,;1<is77 U 


0 
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ECV, UV2U V3 U V4 U V5 U V6 U V2. W is only a 7-vector 
space over the field Z, C N (Z). Thus W is a pseudo 7-vector 
subspace of V over the real field Z. < N (Za). 


Example 3.2.22: Let V=V, U V2U V3 U VW4U V5 = 


a b 

c d 
{(a1, a2, 43, a4, as) | aj € N(Z7); 1 <1 <5} U {All 4x4 matrices 
with entries from N(Z7)} U {All 6 x 6 matrices with entries 
from N(Z7)} U {All 5 x 5 matrices with entries from N(Z7)} be 
a strong neutrosophic 5-linear algebra over the neutrosophic 


field N(Z>). 
Take W = W, U W2U W3 VU WU Ws = 


(Ge 


{(a; 0 a2 0 a3) | aj € Z73 1 <1 <3} VU 


a,b,c,de Nz} 1) 


sbez,| U 


a,b,c,deZ, - U 


aoc oOo oO 
oe 2s 2 
oo fF O&O 
oo Oo f 


oo Co oO 


a,b,c,d,e,peZ,- U 


fa’) 


oS oS. Oo: oo © 


> oo & © 2 2 
oon oc Oo 
ooo0nano o 
oooocdmUmcmlhlUDD 


oO 
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a,b,c eZ, 


oe > ee) 
a) 
coor co Oo 
eee) 
oro oCoOCUmOlUD 


CV;UV2U V3 U V4 U Vs. Clearly W is only a 7-vector space 
over the real field Z;. Thus W is a pseudo 7-vector subspace of 
V over the real field Z7 of N(Z7). 


DEFINITION 3.2.9: Let V=V,; UV, vu... UV, be a strong 
neutrosophic n-linear algebra over the neutrosophic field F. Let 
W=W, UW. V... UW, CV, UV2 VU... UV, be a n-linear 


algebra over the real field K; K ¢ F. We define W to be a 
pseudo n-linear subalgebra of V over the real field K CF. 


We will illustrate this situation by some examples. 


Example 3.2.23: Let V = Vi U V> U V3 U V4 = 


i 


{a1, Ao, 43, a4, as, Ac) | ai © N(Z11); 1 <1 <6} U 


a,b,c,d eni.y| 1) 


a be 
de f jja,b,c,d,e,f,g,hieN(Z,,)- VU 
g hu 


i=0 


a; € Nc] 


be a strong neutrosophic 4-linear algebra over the neutrosophic 
field N(Z, 1). 
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Let W=W, VU W2U W3 VU Wa = 


las 


sheds! U {(a, a, a, b, b, b) | a, b € Zy4} U 


aaa 
b b bia,b,ceZ,- U 


Co 762 +6 
s,<%} 


It can be easily verified that W is a pseudo 4-linear subalgebra 
of V over the field Z,;; C N(Z}1). 


ioe) 
‘ 
Dax” 


i=0 


CV, UV2UV3U V4. 


Example 3.2.24: Let V=V,; UV2U V3 U V4 U V5 U Vo = 


ea 


{(a, b, c)|c,a,b e N(Q)} U 


a,b,c,de xo U 


{s a,x'|a, € N(Q); collection of all polynomials in the variable 


i=0 


x with coefficients from the neutrosophic field N(Q)} U 


a b 0 0 
ae a,b,c,d,e,f,g,h eN(Q); U 
0O0ef 
00 gh 
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a 0 0 0 0 
b d 0 0 O 
e f g 0 O|a,b,d,e,f,¢,h,i,j,k,1,m,n,p,q € N(Q) 
h i j k O 
Il mnpq 
a 000 0 0 
0 bO0O 0 0 0 
00c0 0 0 
U a ae ee a,b,c,d,e,g € N(Q) 
000 0e 0 
00000 ¢g 


be a strong neutrosophic 6-linear algebra over the neutrosophic 
field N (Q). Consider W = Ww, , W> U W;3 had W4 Le W; ee) Ws = 


(9) 


area] U {(a, b, 0) | a, b EQ} U 


a b 0 0 
{Sax 1,<Q0sisx} U antes a,b,c,deQ?u 
=i ; 0 0 0 0 
00 0 0 
a 0 0 0 0 
0b O0O 0 0 
0 0 c 0 O}fa,b,c,d,eeQ? U 
000d 0 
000 0e 
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a,b,c,d,e,f,g areinQ 


cooococlUcrcmlhlUcTmlhlU Oo 
cooocriaclUcO 
oon Oo co Oo 
oo oc oUcCcohCUmcoOCm 
moo o co Oo 


a > ee) 


ECV,UV20UV3U VaU Vs. 


It is easy to prove, W is a 5-linear algebra over Q, the real field 
of rationals. Hence W is a pseudo 5-linear subalgebra of V over 
the real field Q. 

Now as in case of strong neutrosophic bivector spaces we 
can define in case of strong neutrosophic n-vector spaces V and 
W defined over the same neutrosophic field F; where V = V, U 
V,2U.. UV, and W = W, UW. VU... U W,; a strong 
neutrosophic n-linear transformation T from V to W such that T 
=T,UTL,U...UT,: V=ViU WU... VV, D9 WEW, VU 
W2U...U W, with Tj: Vi > Wj; 1 <i, j <n so that no two V;’s 
are mapped on to the same W;. We denote the collection of all 
strong neutrosophic n-linear transformations of V to W by 
SNHoms, (V, W). Like in case of strong neutrosophic bivector 
spaces we can define strong neutrosophic n-linear operator for 
strong neutrosophic n-vector space V defined over the field K. 

That is if V = W then the strong neutrosophic n-linear 
transformation will be known as strong neutrosophic n-linear 
operator on V. SNHomx (V, V) denotes the set of all strong 
neutrosophic n-linear operators on V. 

Now as in case of usual neutrosophic n-vector spaces over 
the real field F we can define special (m, n) linear 
transformation where V = V; U V2 U... U Vy and W = W; U 
WU... U Wy, m<n and (m, n) linear transformations when m 
>n. All properties derived for neutrosophic n-vector spaces (n- 
linear algebras) defined over a real field can be derived with 
appropriate modifications in case of strong neutrosophic n- 
vector spaces (n-linear algebras) defined over the neutrosophic 
field. 
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Interested reader can construct examples. 
Now we proceed onto define n-basis. 


DEFINITION 3.2.10: Let V = V; UV) U ... UV, be a strong 
neutrosophic n-vector space over the neutrosophic field K. A 
proper n-subset S = S; US) VU... US, CV) UV U... UV, is 
said to be a n-basis of V if S a n-linearly independent n-set and 
each §; < V; generates V; and S; is a basis of V; true for each i = 
7,2, ..., Nn. 

If the n-set X = X; VX) UV... UX, CV, UV2 UV... UV, is 
such that each X; is a linearly independent subset of V;; i = 1, 2, 
.., N then we say X = X; UX, UV... UX, is a n-linearly 
independent n-subset of V. 

A n-basis S = S; US) Uv... US, CV; UVa U... UV, is 
always a n-linearly independent n- subset of V over the field F. 


However every n-linearly independent n-subset of V need not 
be a n-basis of V. Ifa n-subset Y= Y, UY, U... UY, CV, U 
V2U... U Vy is not a n-linearly independent n-subset of V then 
we define Y to be a n-linearly dependent n-subset of V. 


Interested reader can give examples of these concepts. 
We can as in case of neutrosophic n-vector spaces define 
the notion of n-kernel of a n-linear transformation. 


DEFINITION 3.2.11: Let V=V; UV2 vu... UV, and W = W, VU 
W, VU... UW, be two strong neutrosophic n-vector spaces over 
the neutrosophic field F. Let T =T,; UT, UV... UT, > VEHVi,U 
V2 UV... UV, DWH=W, WY... UW Ti Vi OW i = 1 
2, 3, ..., n andj = 1, 2, ..., n such that no two V;’s are mapped 
onto the same W,. The n-kernel of T = T; UT, UV... UT, 
denoted by 
kerT = kerT, UkerT)> Vv... UkerT,, 

where ker T; = {v €V;| TV’) =O};i= 1, 2, ..., n. 

This kerT = {0-0 pc, VIET 0g VY) STW) & 
BO) seh R00 ee UG), 
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It is left as a simple exercise for the reader to prove kerT is a 
proper neutrosophic n-subgroup of V. Further kerT is a strong 
neutrosophic n-vector subspace of V. 


3.3 Neutrosophic n-Vector Spaces of Type II 

In this section we proceed onto define the new notion of 
neutrosophic n-vector spaces of type II. We discuss several 
interesting results about them. 
DEFINITION 3.3.1: Let V=V; UV2 vu... UV, where each V; is 
a neutrosophic vector space over F;; V;  V; and V; ZV; (if i #j, 
i Si, j Sn) and F; ZF, as well as F; ZF; (i 4j, 1 Si, j <n). We 
define V=V,; UV, Uv ...U V, to be a neutrosophic n-vector 
space over the real n field F = F; UF) VU... UF, of type II. 


We will illustrate this situation by some examples. 


Example 3.3.1: Let V=V, UV2U V3 U V4 U V5 = 
a b 
ey cd 

a, a, a, 
a, a, a, 


a,b,c,de 2 U 


a ezhisis6| U 


a, a, 
a, a, 
as a6 : 
a, € N(Q);1<i<127U 
a, a 
ay Arg 
ay, ain 
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12 ; 
{Sax all polynomials in the variable x with coefficients 
i=0 


from the neutrosophic field Z,I of degree less than or equal to 
12 a; € Zo1;0<i<12}U 


Oa 
b 0 |la,b,c,d€Z,,1 
0a 


aoc 2 


be a neutrosophic 5-vector space over the 5-field F = Z, U Zi, U 
QU ZU Zp of type IL. 


Example 3.3.2: Let V = Vi U V> U V3 U V4 U V5 U V6 i, V7 = 


a,b,c,d,ee N(Z,) 7 U 


o na0oT & 


a, enzantsiss} U 


* A; ay 7 
as a6 a, ag 


20 
> a.x'; all polynomials in the variable x of degree less than 
i=0 


or equal to 20 with coefficients from the field Z.3I} U 


Qa 


a,b,c,d,g,e,f, hike Z, 1p U 


oo oO @ 
co owe St 
on7r a 90 
| ie 
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a boc 
bac 
c a b 
a,b,ce N(Q)? U 
boca 
c ba 
ac b 
000 a 
00 »b 0 
a,b,c,deZ,,1¢ U 
0c 0 0 
d 00 0 
a, a, 
a, a, 
a; a, ||a; € N(Z,,);1<1<10 
in. 2a 
a, Aro 


be a neutrosophic 7-vector space over the 7-field F = Z, U Z3 U 
273 LJ Zi1 U Q U Zi7 LJ Z31 of type Il. 


Even if we do not mention the word type II by the context one 
of easily understand what type of n-spaces are under study. 


DEFINITION 3.3.2: Let V=V, UV2 VU... UV, be a neutrosophic 
n-vector space over the n-field F = F; UF? Uv... UF,. Let W = 
W, UW2 VU... UW, CV, UV VU... UV, to be a neutrosophic 
n-vector space over the n-field F = F; UF, VU... UF, then we 
define W,; UW, v... U W, to be a neutrosophic n-vector 
subspace of V of type II over the n-field F. 


We illustrate this situation by some simple examples. 
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Example 3.3.3: Let V=V,UV2U V3U V4 = 


fh a, a, a, 
a6 a, ag Ay 419 


a, € N(Q);1 <isto| U 


a, a, 
a; a, 
a; a : 
a, €Z,L1<is12- U 
ei 
ay aio 
ayy ay) 


12 : 
{eax ; all polynomials of degree less than or equal to 12 
i=0 


with coefficients from the neutrosophic field N(Zs); a; € N(Zs); 
0<i<12}U 


a,b,c,d e N(Z, ) 


ao Oo Oo 
So a. Oo © 
oor Oo 
ooo f& 


be a neutrosophic 4-vector space over the 4-field F= QU Zi; U 
Zs U Z; of type IL. 
Choose W = W, U W2U W3 U Wa = 


i Ay By ay ) 
ag 4, Ag ay Aj 


a, cainsisio} U 
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aéZ Ip u 


o 2 © 2 YD & 
os 27 2 2&2 2 @ 


i=0 


12 
{Sax ; all polynomials in the variable x of degree less than 


or equal to 12 with coefficients from ZsI} U 


ae N(Z,) 


ooo Oo 
ono Oo OS 
oof f& 
oo oO ff 


CV; U V2U V3 U V4; W is a neutrosophic 4-vector subspace 
of V over the 4-field F of type II. 


Example 3.3.4: Let V=V,iUV2U V3 U V4 U V5 U Vo = 


a, a, 
a, a, : 
a, €Z,L1Si<8 U 
as; a6 
a a 


30 ; 
{Sax ; all polynomials of degree less than or equal to thirty 


i=0 


with coefficients from the field N(Z13); a; € N(Z3); 0 <1 < 30} 
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a, Nez ptsit0] U 


a, a, a, a, a 
1 2 3 4 5 
) ) 
a, 4, ag ay Ay 


0 0a 
0 b Ojfa,b,de,feZ,,I- VU 
def 
a, 
ay 
a, |ja, © N(Q);1sis5-U 
a4 
a; 


{All 10 x 19 matrices with entries from N(Z)} be a 
neutrosophic 6-vector space over the 6-field F = Fy U F, UF; U 
Fy U Fs U Fo = Z7 VU Z13 VU Z17 U Zig U Q U Z Of type I. Take 
W=W, VU W2U W3 VU Wa U Ws U We = 


aeZi le U 


oso 2 2 
oso 2 2 & 


10 ; 
{Sax ; all polynomials of degree less than or equal to 10 
i=0 


with coefficients from Z)3I in the variable x; aj € Z)31; O<i< 


10$U 
aaaaa 
aa aaa 


aEeN(Z,, | U 
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00a 
0 a OjjaeZ,I7 uU 
a 0 0 


a€QI> U 


so 2 2 2 2 


{All 10x19 matrices with entries from ZI} CV; U V2 U V3 U 


V4 U Vs U V¢ is a neutrosophic 6-vector subspace of V over the 
6-field F of type II. 


DEFINITION 3.3.3: Let V = V; UV, UV3 U... UV, bea 
neutrosophic n-vector space over the n-field F = F; UF) Uv... 
UF, IfW=W, UW. VU... UW, CV, UV VU... UV, and K; 
UK, VU... UK, =K CF =F, UF) VU... UF,. fWis a 
neutrosophic n-vector space over the n-field K then we call W to 


be a special subneutrosophic n-vector subspace of V over the n- 
subfield K of F of type I. 


We will illustrate this by some examples and counter examples. 


Example 3.3.5: Let V=V,U V2U V3 U Va U V5 = 
aaaaa 
b b b b b 


a, € N(Z,);1Si<127 U 


a,be nz} U 
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a, 
a, 
a; 
a, ja, eZ, G1<1<7- VU 
a; 
a6 
a, 
000 0a 
000 b 0 
0 0 c¢c 0 O}fa,b,c,d,eeZ 17 VU 
0 d0 0 0 
e 0 0 0 0 


a, a, ay O 0 fla, eN(Q);1<i<13 


be a neutrosophic 5-vector space over the 5-field F = Zs; U ZU 
Zi VU Zig U Q. We see each of the fields are prime so F has no 
5-subfield. Thus V has no special subneutrosophic 5-vector 
subneutrosophic 5-vector subspace. 


Example 3.3.6: Let V=V,U V2U V3U V4 = 


i 


a,b,c,de Naw /2.N5.VI)} U 
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a,b,d e N(Q(V17,V3,V5,V13,V11))$ U 


0 
0 
d 


c |la,b,c,d,e € N(Q(V23,V29,V11,V7,V2))$ U 
d 


e 


a bede 
f g hi j 


be a neutrosophic 4-vector space over the 4-field 


a,....J€ N(Q(V2,V23,V19, 
V17,V41,V43,V53)) 


F=F, UF, UF; U F4 
= Q(V2,V3,V19) U Q(17,V3,V5.V13, VID) U 
Q(V23,V29,V11,V7,V2) U 
Q(V2,V23,V19,V17,V41,V43, 753) 


of type I. Consider W = W, U W2 U W3 U Wy = 
aa 
aa 


a 0 0 
0a 0 
00a 


1 NOE END} U 


a e N(Q(V17,V3,V5,V13,V11))} U 
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a,b € N(Q(V23,V29,V11,V7,V2))$ U 


so Tao Ft 


V19,V17,V41,V43,V53)) 


a bcde 

a bcde 
CV, UV2U V3 U V4. W is a neutrosophic 4-vector space over 
the 4-field 


eee 


K=K,UK,UK;UK, 
= Q(v3,V19) U Q(VI7,V5,V13) U 
Q(V23,V29, V11, V2) U Q(V41,V43) 


CF,UF,UF3;U Fy. 


K is clearly a 4-subfield of F. Thus W is a special sub 
neutrosophic 4-vector subspace of V over K = Ki U Kx UK3 U 


Ky. 


Example 3.3.7: Let V=V,U V2 U V3= 


¢ a, ia sen Z,[x] } 
Ay de> Bz (x? +x +1) 


((x? +x + 1) denotes the ideal generated by x* +x +1, 1 <i <6) 


C 
o0o aA0ao es mf 
= 
Ss 
= 
a 
o 
an) 
Z 
OS 
N 
Ww 
wa 
* 
(ome 
Noe oy 
a 
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oO °ocUcmlhUCOD 
con oOo Oo 
oor Oo 
ooo 


be a neutrosophic 3-vector space over the 3-field 
F= F, U F, U F3 


= Z,[x] Z3[X] Z;[X] 
’ (x? +x +1) i (x? +x? +x +2) 


Take W = W; U W2U W3= 


(: ? : eneen| ABL} 
a ba (x? 4041) 


a 
Re Z 
a a U 
(x° +x? +x+2) 

a 
a 
000a 
0 0 0 

i aeN 21x] 
0a00 (x? +2} 
a 0 0 0 


CV, U V2 U V3; be a neutrosophic 3-vector space over the 3- 
field K = Z) U Z3 U Zs C Fi U Fo U F3. Clearly W is a special 
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subneutrosophic 3-vector subspace of V over the 3-subfield K = 
Zp U Z3 U Zs S F. 

Now a neutrosophic n-vector space V=V; UV2U...U Va 
over a n-field F =F; UF, U... U F, of type II is said to be n- 
simple if V has no proper special subneutrosophic n-vector 
subspace over the n-subfield K = K; UK, U... UK, CF =F; 
UBU... UF). 


Example 3.3.8: Let V = Vi U V> U V3 U V4 U V5 U V6 U V7 = 


aabe 
def g 


a,b,c,d,e,f,g « N(Z, } U 


a b 
c d 
e f |la,b.c,d,e,f.g,h,i,jeN(Z,)¢ U 
g h 
a 
00 0a 
0 0b 0 
a,b,c,deN(Z,)> U 
0c 0 0 
d 0 0 0 


6 : 

{Sax all polynomials in the variable x with coefficients 
i=0 

from N(Z\7); aj €¢ N(Zi7); O<i1< 6} U 

d 


Cc e 
h j a,b,c,d,e,f,g,h,i, je N(Z,) U 
c e 


2 > @ 
Ss wa eS 


i 
d 
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a, |la; eN(Z,,);1<Si<7>¢ U 


* Ha. eN(Z,,);1<i<20 


be a neutrosophic 7-vector space over the 7-field F = F, U F, U 
. OF,=2,0 230 Z5 UV Z)7 UZ, U Z3 VU Ly. Clearly every 
F; in F is a prime field. So F has no proper 7-subfield. Hence 
even if V has a proper 7-subset W = W; U W2 U W3 U Wa U 
W5,;UW6UW7CYV; UV. V3U V4 U V5 U Vo U V7 which 
is a neutrosophic 7-vector subspace yet it cannot become a 
special subneutrosophic 7-vector subspace of V as F has no 
proper 7-subfield. 


Inview of this we has the following theorem the proof of which 
is straight forward. 


THEOREM 3.3.1: Let V = V; UV? Uv... UV, be any neutrosophic 
n-vector space over the n-field F = F; UF) v... UF, where 
each F; is a prime field; ISi <n. V is a simple neutrosophic n- 
vector space over the n-field F. 


DEFINITION 3.3.4: Let V = V,; UV2 U... UV, be a neutrosophic 
n-vector space over a n-field F = F; UF) vu... UF, where 
some of the F;’s are prime fields and some of the F;’s are non 
prime fields; ISi, j Sn. Let K = K,; UK Vv... UK, CF) UF? 
U...U/F,, where some of the K;’s are equal to F; (K; = F;) and 
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some K;’s are proper subfields of F; for 1<i, j<n. We call K = 
K, VK. VU... UK, CF; UF) U... UF, = F to be a quasi n- 
field. LetW =W, UW, VU..UW, CV; UV. UV... UV, be such 
that W is a neutrosophic n-vector space over K = K; UK) v.... 
UK, CF, UF? VU... UF). 

We call W as a quasi special neutrosophic n-vector 
subspace of V over the quasi n-field K; UK; VU... UK, 


We will illustrate this situation by an example. 


Example 3.3.9: Let V=V,U V2U V3U V4= 


K ayo Ma ay J 
46 a, ag Ag ig 


a, cniwytsisio| U 


Ai Ay Ay Ja, EN(Z,);1 515217 U 


sbodeN| 21] ) U 


(x3 4x2 4x42) 


a oc SO 
So. & ors 
oot S&S 
oo co 


24 : 
» a,x'; all polynomials in the variable x of degree less than 
i=0 


or equal to 24 with coefficients from N(Zj7) a; € N(Z17);0 <i< 
24} be a neutrosophic 4-vector space over the 4-field 
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F=F, UF, UF; U Fy 


-Ru7u (abl | ar 
(x3 4x2 4x 42) 


Take W = W, U W2 U W3 U Wa = 


aaaaa 
b b b bb 


a,be Nz} U 


a,beN(Z,)- U 


» © © oF ® ® 
xs 2 2 oF ® & 
xs 2 2 oC > & ww 


a) 


a,b,c,d e N(Z,)- U 


a oOo SO 
oa fo 

2 oS or 
ooo ® 


15 
Sax’ all polynomials in the variable x with coefficients 
i=0 


from the neutrosophic field N(Z7) of degree less than or equal 
to 17} cV;, UV21U V3 U V4; Take K = K, UK,UK3U Ky= 
QUZ0ULZ0U4Z7 CF, UF UF; U Fy. Clearly W is a 
neutrosophic 4-vector space over the 4-field K = K, U Ki U Kg 
U Ky. Thus W is a quasi special neutrosophic 4-vector subspace 
of V over the 4-quasi field K. 

The notion of n-basis and n-linearly independent elements 
can be defined as in case of neutrosophic n-vector spaces of 
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type I here each S; ¢ V; is a basis of V; over Fj; 1 = 1, 2, ..., n 
where V=V, U V2U... U V, is defined over the n-field F = F, 
UF,U...UF). 

The reader is expected to construct examples. Also the 
notion of n-linear transformation of type II neutrosophic n- 
vector spaces can be defined as in case of type I n-vector spaces 
with necessary changes. Further the notion of kernel T, T a n- 
linear transformation of the neutrosophic n-vector space V to a 
neutrosophic n-vector space W defined over the same n-field F 
=F, U... UF, is defined as follows. 

Let T=T, UT2U...UT,: V= Vi, UW2U... UV, DW 
=W, U W2 LU ... U W,, be a map such that T; : Vi > W; is a 
linear transformation and no two V; is mapped onto the same 
W;, 1 <i,j <n.i=1, 2,..., n. The n-kernel of T denoted by 
kerT = kerT, U kerT2 U ... U kerT, where ker T; = {y' e Vi | Ti 
(v') = 0},i=1, 2, ...,n. Thus 


ker T=kerT; UkerT2 U... UkerT, 
={Wvvy.oV)EViUV2U... UVa/ TV, Vv’... V) 
=T iW wha LW) 
=0U0YU... UO}. 


It is easily verified that kerT is a neutrosophic n-vector subspace 
of V over the n-field F=F, UF, U... UF, of type II. 

We can prove if V and W are n-finite dimensional and T a 
n-linear transformation then n rank T + n nullity T = (ny, ng, ..., 
n,) dim V = n-dimension of V. 

(rank T; U rank T, U ... U rank T,) + nullity T) U ... U 
nullity T, = dim V; U dim V2 U.... U dim V, (dim V; over the 
field F;,i= 1, 2, ...,n) 

Thus (rank T; + nullity T,}) U (rank T, + nullity T2) U ... U 
rank T, + nullity T,, = (m1, no, ..., My). 

Further if V=V,; UV2U ... UV, and W=W, UW2v ... 
U W, be two neutrosophic n-vector spaces over the n-field F = 
F, UF, U... UF, of type II and if S =S; US, U... US, and T 
=T, UT, WU... UT, are two n-linear transformations of V to W 
then the n function (T+S) = 
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(T; UT2U... UTp +8, US. VU... USy) =T, +8; T2 +820 
... UT, +S, is defined by 


(T+S)a 

=((T, +8) U(TI2 + 82) VU... U (Th + S)] (1 U On U... U On) 
= (T; + S1) Q,U (T2 or S2) O2U...U (Tat Sn) Qn 

= (T)o, + S;01) U (T202 + $202) U ... U (TrOtnt SpOtn) 


is a neutrosophic n-linear transformation from V = V; U V2 U 
... UV, toW, U Wo VU... UW, = W and a, U2 U... U On € 
Vi UW2U...U Vn. Also if =e; UG UGRU...U Gr € FLU 
F,U... UF, then (¢} UeyU... UG) (T)} UTA VU... U Th) (1 
UO2U ... U On) = Cy Ty & U C2 T7 G2 Uw. U Cn Tr Op. 

Thus the set of all n-linear transformations of V to V with n- 
addition and n-scalar multiplication defined above is again a 
neutrosophic n-vector space of type II over the n-field F = F, U 
F,U... U Fy. 

Thus NL(V, W) = NL'(V;, W)) U NL’(V2, W2) U... U NL” 
(V,, Wn) iS a neutrosophic n-vector space over the n-field F = F; 
UF, U... UF, where V; and W; are neutrosophic vector spaces 
defined over the field F;,i=1, 2, ..., n. 


Now we proceed onto define the new notion of neutrosophic n- 
linear algebra of type II. 


DEFINITION 3.3.5: Let V = V; UV? VU... UV, be a neutrosophic 
n-vector space over the n-field F = F; UF) U... UF, of type Il. 
If each V; is a neutrosophic linear algebra over F; for i = 1, 2, 
..., n; then we call V to be a neutrosophic n-linear algebra over 
the n-field F of type II. 


We will illustrate this situation by some examples. 


Example 3.3.10: Let V=V,U V2U V3 U0 V4= 


lee 


a,b,c,de a U 
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{daw ; all polynomials in the variable x with coefficients 
i=0 


from N(Zj,) that is aj € (Z1); 0<i< oo} U 


a 0 0 0 
bc 0 0 
a,b,c,d,e,g,p,q,1,8 € N(Q)r U 

deg 0 
p qe °s 

bic 

d e a,b,c,d,e,f € N(Z,) 

0 f 


be a neutrosophic 4-linear algebra over the 4-field F = F, U Fy 
UF; UFZ=Z,U Zi, UQUZL. 


Example 3.3.11: Let V=V,; UV2U V3 U V4U V5 U Vo = 


Sax’ all polynomials in the variable x with coefficients 
i=0 


from N(Zj9). a; € N(Z19); O<1< @} U 
a 0 
b d 


a be 
de f jja,b,c,d,e,f,g,h,ie N(Q)? U 
g h 


i 


a,b,de z| U 


{All 10 x 10 upper triangular matrices with entries from the 
neutrosophic field N(Z.3)} U {All 12x12 diagonal matrices with 


324 


entries from Z,I} U {All 5 x 5 lower triangular matrices with 
entries from the neutrosophic field. N (Z4))}; is a neutrosophic 
6-linear algebra over the 6-field F = Fy U Fy U F3 U Fy U Fs U 
Fs = Zi9 W Z13 W Q U L03 U Lo U Za0f type IL. 


Now we proceed onto define the substructure in neutrosophic n- 
linear algebras of type II. 


DEFINITION 3.3.6: Let V=V; UV> VU... UV, be a neutrosophic 
n-linear algebra over the n-field F = F; UF) VU... UF, Let W 
=W, UW, VY... UW, CV; UV UV... UY, ; if W itself is a 
neutrosophic n-linear algebra of type II over the n-field F = F, 
UF, UU... UF, and W,; # {0} or W; #V; for every i, i = 1, 2, ..., 
n. We call W to be a neutrosophic n-linear subalgebra of V over 
the n-field F of type Il. If V has no neutrosophic n-linear 
subalgebras then we define V to be a n-simple neutrosophic n- 
linear algebra over F of type II. 


We will illustrate both the situations by some simple examples. 


Example 3.3.12: Let V=V,i UV2U V3 U Va U V5 U V6 U V7 


-{2)) 


{(a1, 42, 43, a4, as) | ai © Zi; 1 <i <5} U 


a,b,c,de No U 


eax’ all polynomials in the variable x with coefficients 
i=0 


from the neutrosophic field N(Zj9) U {All 10 x 10 neutrosophic 
matrices with entries form Z4,I} U {All 8 x 8 upper triangular 
matrices with entries from N(Z,)} U {All 5 x 5 low triangular 
matrices with entries from N(Zs)} U {3 x 3 matrices with 
entries from N(Z3,)} be a neutrosophic 7-linear algebra over the 
7-field F = F, U hive UFJ=QU ZU Zy9 U Lay ULZ,UZsU 
23}. Consider W = Ww, U W> U W3 U Wa, U Ws U Ws U W7 = 
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(03) 


> a,x” ; all polynomials of even degree in the variable x with 
i=0 


shedeal| U {(aaaa0)|aeZ VU 


coefficients from Z, I} U {All 10 x 10 neutrosophic upper 
triangular matrices with entries from Z4)I} U {All 8 x 8 upper 
triangular matrices with entries from Z,I}U {All 5 x 5 lower 
triangular matrices with entries from Z;I} U {3 x 3 matrices 
with entries from Z3;)1} GC Vj U V2 U V3 U Wa U V5: U V6 U V7; 
it is easily verified W is a neutrosophic 7-linear subalgebra of V 
over the 7-field F. 


Example 3.3.13: Lett V=V, UV2U V3 U V4U V5 = 


(ees 


sz} U{(aaaaaa)|ae Zu 


a 0 0 0 0 
a 0 0 0 a0 0 0 
aa OjjaeZ Ir Us}0 0 a 0 OjjacZ Ip u 
aaa 00 0a 0 
000 0a 
aaaa 
Oaaa 
ae€Z,,I1 
0 O0Oaa 
00 0a 


be a neutrosophic 5-linear algebra over the 5-field F = Z, U Z; 
U Zs U Z, U Zi. It is easy to verify V has no proper 
neutrosophic 5-sublinear algebras of type II over F in V. Thus V 
is a simple neutrosophic 5-linear algebra over F. 
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DEFINITION 3.3.7: Let V=V; UV2 v... UV, be a neutrosophic 
n-linear algebra over the n-field F = F; UF) VU... UF, of type 
I. LetW=W, UWr Vv... UW, CV, UV U... UV, be such 
that W is a neutrosophic n-vector space over the n-field F and 
no W; <V; is a neutrosophic linear algebra over F;; W; #V;, i = 
I, 2, ..., n. We define W to be a pseudo neutrosophic n-vector 
subspace of V over the n-field F. 


We will illustrate this situation by some examples. 


Example 3.3.14: Let V= Vi U V> U V3 U V4 = 


a bc 
de f fia,b,c,d,e,f,g,hie Z I> U 
g hi 


{Sax all polynomials in the variable x with coefficients 
i=0 


from Z,I} U 
a bed 
aefg 
a,b,c,d,e,f,g,p,q,r = N(Q) > U 
aap g 
aaar 


{All 7 x 7 neutrosophic matrices with entries from N(Z;,)} be a 
neutrosophic 4-linear algebra over 4-field F = Z, UZ, UQU 
Z,;. Let W = W, UW.2U W3 VU Wy= 


0 0 b 
0 c¢ OljbedeZ Ip u 
d 0 0 
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12 ; 
{Sax ; all polynomials of degree less than or equal to 12 
i=0 


with coefficients from ZI; aj € Zl; 0<1<12}U 


000d 
as f,d,aeN(Q)- U 
0 aoO 0 
a 0 0 0 
00000 0a 
0000 0 b 0 
0000dé0 0 
000 e 0 0 O/}ja,b,c,d,e,f,g,h € N(Z,,) 
00f 00 0 0 
0 g000 0 0 
hoo00 00 0 


Cc V;U V2 U V3 U V4 be a neutrosophic 4-vector space over F 
=Z,U2Z,UQU Z. Clearly W is a pseudo neutrosophic 4- 
vector subspace of V over the 4-field F = Z7 U Z, UQU Z,, of 
type II. 


Example 3.3.15: Let V=V, U V2U V3 U V4 V5 U Vo = 
a b 
c d 


{dex all polynomials in the variable x with coefficients 
i=0 


a,b,c,de No) U 


from N(Z,,)} U {all 8 x 8 neutrosophic matrices with entries 
from N(Z9)} U {all 7 x 7 upper triangular matrices with entries 
from N(Z3)} U {4 x 4 matrices with entries from Zo3[} U {5 x 5 
neutrosophic matrices with entries from N(Zq4;)}'\ be a 
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neutrosophic 6-linear algebra over the 6-field algebra over the 
6-field F = Q sO Zi1 ie Z9 Ww Z3 oe 23 ee Z| of type II. Let W = 
W, UU W2U W3 U0 We U Ws U Wo = 


ie 


5 
{eax ; all polynomials in the variable x of degree less than 
i=0 


a,be al U 


or equal to 5 with coefficients from N(Z1,)} U 


a,b,c,d,g,f,peZ I¢ VU 


omoocsf#cpe6eoe$9clefelucm 
OE ee) 
cooococclUlc_it cr 
oo cocoon oo & 
oo cooocaoo 
cooocoococvlUlcrcmCcUOULDTlhLcO 
oo oO 9cOU[UcUWCmlUCUCOCOUCUCOCOUlUwFD 


co ooooooeooe 


oo 


a,b,c,g€Z,I¢ U 


ooocoucc.o 
ooococlc eo 
oooco cc o& 
cooococvcUcrcmlmlClclhlUCDDlhUh Oo 
ooooclcrvc ® 


cocooor oo Oo 


oooeo:na 


a,b,c,d,g,feZ,I- U 


coo Oo 
on oO Oo 
owe ao 2 
Re SS Ou or 
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a,b,c,d,e,f,g,h,p € Z,1 


meweooooe 
ow oO oO 
EE >) 
oom an et 
So FF OO a 


CV,UV2U V3U V4 U Vs U Veo is a pseudo neutrosophic 6- 
vector subspace of V over F= QU Zy U Zo9 U Z3 U Las U Lay 
of type II. 


DEFINITION 3.3.8: Let V=V,; UV, vu... UV, be a n-finite 
neutrosophic n-vector space (n-linear algebra) of type II over 
the n-field F =F, UF, uv... UF, Suppose W = W, UW2 Vv... 
UW, CV; UV VU... UV, be a neutrosophic n-vector subspace 
(n-linear subalgebra) of V of n-dimension (n; — 1, n2— 1, ..., Mn 
— 1) over the n-field F of type II, where n-dimension of V is (nj, 
Ny ws, n,). Then we define W to be a neutrosophic hyper n-space 


(n-algebra) of V. 


The reader is requested to give examples of the above 
definition. 

We define neutrosophic n-polynomial ring or neutrosophic 
polynomial n-ring over the n-field F = F, U F, U... U F, to be 
F,[x] U F,[x] U ... U F,[x] = F[x] where Fi, Fo, ..., Fy are n 
distinct neutrosophic fields. 


Example 3.3.16: F[x] = N(Z7)[x] VU Zil[x] U RI[X] U Zl [k] U 
N [Z,3] [x] U N (Z47)[x] is a 6-polynomial neutrosophic ring. 


DEFINITION 3.3.9: Let V = V; UV> VU... UV, be a neutrosophic 
n-vector space (linear algebra) over the n-field F = F; UF U 
. UF, LetW=W, UW2 VU... UW, CVi UV2 VU... UV, be 
such that W is only just a n-vector space (linear algebra) over 
the n-field F then we all W to be pseudo n-vector space (n- 
linear algebra) of V over the n-field F =F; UF) VU... UF,. 
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We will illustrate this situation by some simple examples. 


Example 3.3.17: Let V=V, UV2U V3 U V4 V5 = 


a a, 4; 
a, Gi 7a, 


a, enigntsiss| U 


a, a, 
a, a, 
a; a, |ja,;eN(Z,,);1<isl0-U 
a, ag 
ay ayy 
0 0 0 a, 
0 O a, a, 


a, € N(Z,);1<1<10- U 


So 
i) 
5 
i) 
a 
© 
n 


19 
{Sax all polynomials in the variable x with coefficients 
i=0 


from N(Z\7) of degree less than or equal to 19; a; € N(Z7); 0 <i 
<19hU 


a; a, as 6 
a, a, a, 0O : 
a, € N(Z,,);1<i1<10 
ag a, O O 
a, 9 O O 


be a neutrosophic 5-vector space over the 5-field F =F, UF, U 
F; UF,yU Fs =QU Zi, UZ U Zi7 U Za of type I. Let W = 
WU W2 VU W3 U Wy VU Ws = 
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s<cuisisa| U 


* a, 
a, a, a; 


aa 
b b 
c c |la,b,c,d,eeZ,, 7 U 
dd 
eC € 
00 0a 
0 0 b b 

a,b,c,deZ,- U 
Oc cc 
dddqd 


10 
{5 a,x'; all polynomials in the variable x of degree less than 


i=0 


or equal to 10 with coefficients from Z)7} U 


aaaa 
b bb O 

a,b,c,de Z,, 
c c 0 0 
d 0 0 0 


CV; UV, U V3 U V4 U Vs be a pseudo 5-vector space of V 
over the 5-field F. 


Example 3.3.18: Let V=V, U V2U V3 UU V4U V5 U Vo = 


} 


a,b,c,de ne)| U 
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{All 9 x 9 neutrosophic matrices with entries from N(Z,,)} U 
{all 7 x 7 upper triangular neutrosophic matrices with entries 
from N(Zj3)} U 


a,b,c,d,e,f,g,h € N(Z,, ) U 


co oa ff 
cocoon et 
ve ooo 
Sr ho SO 


3 a;x' ; all polynomial in the variable x with coefficients from 
i=0 


N(Zs3)} U 
a, a, a; 0 O 
a, a, a 0 O 
a, a, a 0 0 
inert, a, € N(Z,);1<i<18 
0 0 0 a, a, ap 
0 0 0 as ay ays 
0 0 0 ae ay als 


be a neutrosophic 6-linear algebra over the field F = Z) U Z1; U 
Zi3 U Zaz U Zs53 U Zs of type Il. Consider W = W,; U W2 U W3 
UW4U Ws VU Wo= 


a b 

c d 
{All 9 x 9 matrices with entries from Z,,;} U {all 7 x 7 upper 
triangular matrices with entries from Z)3} U 


a,b,c,de 2| U 
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a,beZ,,¢ VU 


oop fm 
oop a 
sooo 
scaoo°o 


ps a;x' ; all polynomial in the variable x with coefficients from 
i=0 


Z53} U 


a,beZ, 


oO OP ft Dp 
oo Of f a 
oOo fp ft Dp 
scoacoadond 
scoaconc$no 
scoacocnd 


CV, UVIU V3U V4 U Vs U Vo; is a 6-linear algebra over F. 
Thus W is a pseudo 6 linear algebra of V over the 6-field F of 
type IL. 

A neutrosophic n-vector space (n-linear algebra) V = V; U 
V2. U... U Vn of type II over the n-field F=F, UF,:U... UF, 
is said to be pseudo simple n-vector space (n-linear algebra) if V 
does not contain any pseudo n-vector subspace (n-linear 
subalgebra). 


In view of this we give the following theorem which guarantees 
the existence of pseudo simple n-vector spaces (n-linear 
algebras). 


THEOREM 3.3.2: Let V = V; UV, U... UV, be a neutrosophic 
n-vector space (n-linear algebra) over the n-field F = F,; UF; 
U... UF, of type Il. If each V; is defined over a field K; with K; 
= F; I (F; real prime field) for i = 1, 2, ..., n. V is a pseudo 
simple n-vector space (n-linear algebra) over F of type II. 
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Proof: Given V = V; U V2 U.... U Vn is a neutrosophic n- 
vector space over the n-field F = F; U F, U... U F, where each 
V; is defined over Fil; i= 1, 2, ..., n. Thus there does not exist a 
Wi c V; where W; is a real vector space over F; as F; ¢ Fil for 1 
=1,2,...,n. Thus V=V, UV2U... U Vy does not contain any 
n-vector subspace. So V is a pseudo simple n-vector space. 


We will illustrate this by some simple examples. 


Example 3.3.19: Let V = Vi VU V2U V30U V4U V5 U V6 U V7 


(3° 9) 


a,b,c,d,e,f € 2 U 


a, a, a, 
ie. 242. Ay 
a, a, a, |ja,eZ;1<is15¢ uU 
Aig Ay, Ay 
43 Ag As 
(( a, a, a, as a, * | czansisis} v 
Ag Ag Ay Ay Ayn 443° Ag 
ay 
a, 
a3 
a, ; 
a, €Z, 13151587 U 
as 
a6 
a; 
a 
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8 . 
> a,x'; all polynomials in the variable x of degree less than 
i=0 
or equal to 8 with coefficients from the field QI; a; e QI, 0 <i< 
8} U 


00 0a 
toe pee a,b,d,c,f,g,h,p,qeZ,I¢ U 
O:eid Bie ee : 
gh pq 
0 0 0 0 0 a, 
0 0 0 0 a, a, 
0 0 0 a 0 O : 
a, €Z,1<1<9 
0 0 a 0 a O 
0 a 0 0 0 O 
aw 0 0 0 O a, 


be a neutrosophic 7-vector space over the 7-field F = Z, U Z7 U 
Zi1 VU Zi9 VQ UZ; VU Zs, of type II. It is easily verified that V 
has no proper pseudo 7-vector subspace over the 7-field F. 
Hence V is a pseudo simple 7-vector space. 


Example 3.3.20: Let V = Vi U V> U V3 i) V4 = 


a 


{(ai, a2, a3, a4, as) | ai € Z7]; l<i< 5} U 


a,b,c,de al WJ 


ap 0 O 0 
a, a, 0 ; 

a, €Z,1;1<1<10- VU 
a, a, a 
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a bc 
de f jla,b,c,d,e,f,1¢ Z,,1 
g hi 


be a neutrosophic 4-linear algebra over the 4-field F=QUZ,U 
Zi9 U Zaz. It is easily verified that V has no pseudo 4-linear 
subalgebra over F. Thus V is a pseudo simple 4-linear algebra. 


DEFINITION 3.3.10: Let V = V; UW UU... UV, bea 
neutrosophic n-vector space (n-linear algebra) over the n-field 
F=F, UF) VU... UF,. SupposeW=W, UW, Vv... UW, CV, 
UV, VU... UV, (W; 4 Vi, W; + {0} fori = 1, 2, ..., np isa 
neutrosophic n-vector space (n-linear algebra) over the n- 
subfield K = K; UK) Uv... UK, CF, UF) VU... UF, (Each K; 
is a proper subfield of F;; i = 1, 2, ..., n) the we call W to be a 
subneutrosophic n-vector subspace (n-linear subalgebra) of V 
over the n-subfield K Cc F of type Il. If V has no proper 
subneutrosophic n-vector subspace (n-linear subalgebra) over a 
proper n-subfield of F then we call V to be a n-simple 
subneutrosophic n-vector space (n-linear algebra). 


Now we can define strong neutrosophic n-vector spaces of 
type II and derive for them also some interesting properties with 
appropriate modifications. 


DEFINITION 3.3.11: Let V=V,; UV, vu... UV, be such that 
each V; is a strong neutrosophic vector space over the 
neutrosophic field F;, i = 1, 2, ..., n then we call V= Vi UV> VU 

. UV, to be a strong neutrosophic n-vector space over the 
neutrosophic n-field F =F; UF) VU... UF, . 


We will illustrate them by some examples. 


Example 3.3.21: Let V=Vi U V2 V3 U0 V4 = 
aaaaa 
b b bb Ob 
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nbentZ| U 


a,b,c,de N(Z,)- U 


ao fF & 
aoe @ 


0 0 0 a, 
0 0 a, O : 
a, € N(Z,,);1sis47 U 
0 ay 0 0 
a, 0 0 
abcde g 
a bc de g/fa,b,c,d,e,g ¢ N(Z,,) 
abcde eg 


be a strong neutrosophic 4-vector space over the 4 neutrosophic 
field F = ZiLUN (Z7) U Za7l UN (Zio). 


Example 3.3.22: Let V=V; UV2U V3 = 


a,b,c,d,e,f e N(Q)?; U 


om oa Oo Ff @ 


b a b 
c b c]fa,b,c,deN(Z,,)7? U 
d cd 


os @ 
aod 
os 2 


fe) 
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a,b,c,d,e,f € Z,,1 


os afr a 
i” 
2s mh a ha 


be a strong neutrosophic trivector space over the neutrosophic 
trifield F =N (Q) U Zal U Zi]. 


We can define the notion of strong neutrosophic n-linear 
algebra. 


DEFINITION 3.3.12: Let V=V,; UV, Uv... UV, be a strong 
neutrosophic n-vector space over the neutrosophic n-field F = 
Fi UF) U... UF, If each V; is strong neutrosophic linear 
algebra over the neutrosophic field F;, i = I, 2, ..., n then we 
call V to be a strong neutrosophic n-linear algebra over the 
neutrosophic n-field F=F, UF) VU... UF, . 


We will illustrate this situation by some examples. 


Example 3.3.23: Let V=V, VU V2U V3 U V4U V5 = 
a b 
c d 


{daw ; all neutrosophic polynomials in the variable x with 
i=0 


a,b,c,de No U 


coefficients from the neutrosophic field Z1,I; aj € Zi]; O<is< 
oo} U {(ay, ao, 3, .... ar} | ai © Zl; 1 <1 < 20} VU 


a, O 0O 
a, a, O |ja,eZ,L1<i<6-U 
a, a, a 
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a 0 0 0 0 
0 a, 0 0 
0 0 as, 0 |ja,€Z,L1<i<5 
0 0 0 a, O 
0 0 0 0 as, 


be a strong neutrosophic 5-linear algebra over the neutrosophic 
5-field F = QI U Zi] U ZI] U Zo U Zi71 of type Il. 


Example 3.3.24: Let V = V, U V2 U V3 U V4 = {All 10 x 10 
upper triangular neutrosophic matrices with entries from the 
neutrosophic field ZI} U {set of all 15 x 15 neutrosophic 
diagonal matrices with entries from the neutrosophic field ZI} 
U {set of all 3 x 3 lower triangular matrices with entries from 
the neutrosophic field N(Q)} U {(a1, a2, a3, a4, as, 6, 47, ag) | ai E 
ZsI} be a strong neutrosophic 4-linear algebra over the 
neutrosophic 4-field F = Z.I U Z3I U N(Q) U ZsI. 

We as in case of neutrosophic n-vector spaces (n-linear 
algebras) of type II define in case of strong neutrosophic n- 
vector spaces (n-linear algebras) the notion of strong 
neutrosophic n-vector subspaces (n-linear subalgebras) of type 
IL. 

Recall in F = F; UF, U ... U F, and if some of the F;’s are 
neutrosophic fields and some of the F;’s of real fields; 1 < i,j < 
n then we call F to be a quasi neutrosophic n-field. We shall just 
give some examples of them. 


F=F,UF,UF; U Fg VE; U Fe 
= Z71 U Z> U N(Q) URYU Zi] U N(Z3) 
is a quasi neutrosophic 6-field. 


K=K,;UKUK;UKAUK;s UKe UK, U Kg 
= Q( V2 JIU Z3I U N(Z9) U Zi V Q(T VIL) U 
N(Q(V19-V23V3 ) U N(Za7) U Zasl 


is a quasi neutrosophic 8-field. 
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Using the notion of quasi neutrosophic n-field we can 
define the new notion of quasi strong neutrosophic n-vector 
spaces (n-linear algebras) over quasi n-neutrosophic fields. 


DEFINITION 3.3.13: Let V=V,; UV2 UU... UV, be such that 
some V;’s are vector spaces over the real field F; and some of 
the V;’s are strong neutrosophic vector spaces over the 
neutrosophic field F; (i #j, 1 Si, j Sn). We define V; UV? V.... 
UV, to be a quasi strong neutrosophic n-vector space over the 
quasi neutrosophic n-field F = F; UF? VU... UF y. 


We will illustrate this and the substructures mentioned earlier by 
some examples. 


Example 3.3.25: Let V = Vi U V> U V3 U V4 Rs Vs U V6 = 


(eas 


a,b,c,d <2. U 


a, |ja,eZ,1- U 


a 

a, a, a, jja,€Z,,b1<is67 VU 
a 
a 


* ay das 
de ag a, ay 


a, cnigutsiss} U 
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12 ; 
{¥ a.x'; all neutrosophic polynomials in the variable x with 
i=0 

coefficients from the neutrosophic field Z4,I of degree less than 
or equal to 12; a; € Z4,);0<i<12}U 


a a, 
Ay Say 
a; a, 


a, ag |ja, €Z,,1<i<14 


a, A19 
a, Ayo 
a3 Ay, 


be a quasi strong neutrosophic 6-vector space over the quasi 
neutrosophic 6-field F = Zs U Z71 U Z13 ee N(Q) U Z4 U Z,,1. 


Example 3.3.26: Let V=V; U V2U V3 U0 V4= 


Ay 4, Ay |Ja, EN(Q);1Si< 217 U 


a,b,c,d,e,f,g €N(Z,,)- U 


oso Oo f 
Troe 
a a oO 
> 0 
ga ge o 
o FHF 
o 2 We 
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a,b,c,de N(Z,,)- U 


a oo oO 
oa co Oo 
coor co 
ocd oO 2 


a bcde 
a bac aj}ja,b,c,d,ee N(Z,,D 
dedeoe 


be a quasi strong neutrosophic 4-vector space over the quasi 


neutrosophic 4-field F = QU ZsI U Z4l U Zyy71. 


Example 3.3.27: Let V=V,U V2U V3 UU W4U V3 = 


a b 
c d 
{(a1, a2, 3, a4, a5, a6, a7) | aE Zi7l; 1 <1 <7} U {All 7 x 7 upper 


triangular matrices with entries from N(Q)} U {All 8 x 8 lower 
triangular neutrosophic matrices with entries from N(Z3)} U 


sbedeNt,)) U 


{daw ; all polynomials in the variable x with coefficients 
i=0 


from the neutrosophic field N(Z4)); aj € N(Za)); 0 <i S$ 0} bea 
strong quasi neutrosophic 5-linear algebra over the quasi 
neutrosophic is field F = Z1; U Zi7] U N(Q) U Z23 U N(Za1). 


Example 3.3.28: Let V = Vi U V2 U V3 U V4 = {All 10x10 
neutrosophic matrices with entries from N(Zs3)} U 


a, O 0O 
a a, . 0. |\a;e2Z, EISi S35 
a, a, @ 
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{All 5 x 5 diagonal matrices with entries from N(Z4)} U 


2 


a,b,c,d e N(Z,) 


co Co ao 

oon Oo 
a Tt oO SO 
GG Bo -o 


be a strong quasi neutrosophic 4-linear algebra over the quasi 
neutrosophic 4-field F = N(Zs3) U Z1; U N(Za1) U Zo. 


Example 3.3.29: Let V=V; UV2U V3U V4U V5 = 
a, a, a; 
a, a; a, 


15 : 
daw all neutrosophic polynomials in the variable x of 
i=0 


a, enaptsiso} U 


degree less than or equal to fifteen with coefficients from N(Q); 
a; € N(Q); 0 <1i< 15} U {AIL 5 x 5 neutrosophic matrices with 
entries from Z7I} U 


a b 
c d 
e f |/a,b,c,d,e,f,g,h,i,jeZ,,1- VU 
g h 
ij 
00 0a 
00 be 
a,b,c,deZ,,1 
0c da 
a bed 
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be a strong neutrosophic 5-vector space over the 5-neutrosophic 
field F = Z31 U N(Q) W Z71 AJ Zii1 U Z171. W= Ww, U W> U W3 


UW, VU Ws; = 
aaa 
b b b 


6 
‘z a,x’ ; all polynomial in the variable x with coefficients from 
i=0 


a,be 2 U 


the field N(Q) of degree less than or equal to 6; 0 <1 < 6; aj € 
N(Q)} U {All 5 x 5 upper triangular matrices with entries from 
the field Z7]} U 


a,beZ I+ u 


os 2 2 & 
coy 2 & BD 


a,b,d,e€ Z,,I 


oo°oc.mU.c€cD 
on co SO 
So o-oo & 
oo coc 8 


ECV, U V2 U V3 U V4 U Vs is a strong neutrosophic 5-vector 
subspace over the 5-neutrosophic field F. 


Example 3.3.30: Let V=Vi U V2U V3 U V4 U Vs U Vo = {(a1, 
Ap, 83, Ag, As, Ao) | a © ZI]; 1 <1 < 6} U {All polynomials in the 
variable x with coefficients from N(Q); N(Q)[x]} U 


a be 
d e f |ja,b,c,d,e,f,g,h,k eZ, I> U 
g h k 
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{All 7 x 7 neutrosophic matrices with entries from ZsI} U {All 
9 x 9 upper triangular matrices with entries from N(Z3)} U 


a,b,e,b € Z,,I 


oo Rk ® 
ocooclUl.ldlUD 
so 2 Oo GO 
so 2 Oo GO 


be a strong neutrosophic 6-linear algebra over the neutrosophic 
6-field F = Z71 U QI U Zi] U Zsl UN (Zp3) U Zool. Let W = W, 
U W2U W3U Ws U Ws U Wo = {(a, a, a, b, b, a) | a, b € Z1} 
U {All polynomials in the variable x with coefficients from QI; 
that is QI[x]} U 


aaa 
aa aljla,beZ Ip U 
ba b 


{7 x 7 neutrosophic upper triangular matrices with entries from 
Zsl} U {All 9 x 9 diagonal matrices with entries form N(Z»3)} 


aeZ,1 


oop fp 
oop Bp 
xe oo 
» » oo 


CV, UV2U V3U V4 U Vs U Ve is a strong neutrosophic 6- 
linear subalgebra of V over the neutrosophic 6-field F. 

Thus we have given examples of strong neutrosophic n- 
vector subspaces (n-linear subalgebras) over a neutrosophic n- 
field F. 

As in case of neutrosophic n-vector spaces (n-linear 
algebras) one can in case of strong neutrosophic n-vector spaces 
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(n-linear algebras) define the notion of n-linearly independent n- 
subset, n-basis, strong neutrosophic n-linear transformations 
from a strong neutrosophic n-vector space (n-linear algebra) 
into a strong neutrosophic n-vector space (n-linear algebra) W 
both defined on the same n-neutrosophic field F. We can also 
define and study the properties enjoyed by strong neutrosophic 
n-linear operators on a strong neutrosophic n-vector space (n- 
linear algebra) V. Concepts like strong neutrosophic eigen 
values, eigen vectors, etc of strong neutrosophic n-linear 
operators can be obtained after suitable modifications. 

Further almost all theorems derived in case of strong 
neutrosophic bivector spaces can be derived for strong 
neutrosophic n-vector spaces. Hence we leave this task for the 
interested reader. Only in case of strong neutrosophic n-vector 
spaces one can define n-linear functions, strong neutrosophic 
dual n-vector spaces and prove (V ) = V. That is if 


Vv = VuV,u...UV, 

(ViUVe0. nO VEE 

CV, UV Usui 

(V,) U(V,) UL.) 
= V,UV2U...U Vp. 

As (V, * =V; for eachi,i=1, 2, ...,n. 


a 
Il 


The reader is expected to prove the following theorem. 


THEOREM 3.3.3: Let T= 7, UT) vu... UT, be a n-linear 
operator on a finite (nj, nz, .., N,) dimension strong 
neutrosophic n-vector space V = V; UV Uv... UV, over the n- 
field F =F, UF? VU... UF, Let 

CVC C iC, OAC Cas VOCE Che Cr 


be distinct n-characteristic values of T= T; UT; VU... UT, and 
let W; = W; UW; U...UW," be the null n-space (n-null space) 


of 
T-Cla=[T1- Cl, ] UiTo- Ci, J U.. UlTn- CEI, J: 
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The following are equaivalent 

(i) Tis n-diagonalizable 

(ii) The n-characeristic n-polynomial for T= T,; VT? Vv... UT, 
is 


fa=fh Up vy... Uf; 
=(¢- C/G CL Uae — CP ue - C2 


OL Cu Gacy”: 


We define the notion of the n-ideal generated by n-polynomials 
which n-annihilate T= T,; U Ts U... U Ty. 


DEFINITION 3.3.14: Let T= 7, UT) vu... UT, be a n-linear 


operator of the finite (nj, nz, ..., N,) dimensional strong 
neutrosophic n-vector space V=V; UV, Uv... UV, over the 
neutrosophic n-field F = F; UU... U Fy. The n-minimal 


neutrosophic n-polynomial for T is the unique monic n- 
generator of the n-ideal of n-polynomials over the n-field F = F} 
UF) VU... UF, which n-annihilate T= T, UT, VU... UT. 

The n-minimal neutrosophic n-polynomial p = p; Up? UV... 
U pn for the n-linear operator T = T; UT, Vv... UT, is 
uniquely determined by the following properties. 


i. pis an-monic neutrosophic n-polynomial over the n-field F 
=F, VF, VU.. UF). 

ti. p(L) =piT) VpxTy) Vv... Upl(Ty) = 0 VOY... VO. 

iii. No neutrosophic n-polynomial over the n-field F = F, UF) 
U... UF, which n-annihilates T= T,; UT, U... UT, has 
smaller n-degree than p = p; Up? VU... UP has. 

iv. (n} X Ny Np X Ny «5 Mn X Ny) to be the order of the 
neutrosophic n-matrix A = A; UA? VU... UA, over the n- 
field F =F; UF) Vv... UF, (Each A; is the neutrosophic 
matrix of order n; x n; associated with T; with entries from 
the field F;, i = 1, 2, ..., n). 


The reader to expected to derive these facts and also obtain all 


the related results like Cayley Hamilton Theorem, n-projection 
primary n-decomposition theorem, n-cyclic decomposition 
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theorem, Generalized Cayley Hamilton theorem and so on. All 
these concepts can be extended appropriately from the results 
proved in case of strong neutrosophic bivector spaces over 
bifields. 

The reader can define and derive n-Jordan form or Jordan n- 
form analogous to bi Jordan form or Jordan biform. 

The notion of n-inner product on strong neutrosophic n- 
vector spaces of type II is an important and an interesting 
notion. 


DEFINITION 3.3.15: Let F = F; UF, UF; vu... UF, be a real 
neutrosophic n-field and V = V; UV, VU... UV, be a strong 
neutrosophic n-vector space over F. A n-inner product of V is a 
n-function which assigns to each n-ordered pair of n-vectors a 
=a,Vvavu.. Ua,and B= Bf Uf VU... UB, in V a n-scalar 
(of) = (a/p) U (0b/ fo) OP se U (a,/ By) inF =F, UF) VU... 
UF, that is (a;/ B) € Fj; i= 1, 2, ..., n. (a Bf € Vi) in sucha 
way that for alla =a, V@ VU... U& B=Pyuhvu.. UB, 
and y=, UU... Un in V= Vi V2 U... UV, and for all 
n-scalars C=C; UG VU... Uc, nF = F, UF) VU... UF). 


(a) (at Py =(ay + (py 
(a+ B/Y) U(Q0+ B/%) UV... O(Qnt+ Bi/%y) 
= (a/Y) + (BY) F(A 1p) + (Bt) A... Y (n/t) + (Bil Ar). 


(b) (ca/P) = c(a/f) that is 
(c;a,/Pi) U (€2A7/ fo) GAs U (CnQn/ By) 
=F (a,/ B)) Uc? (a2/ B) UU... UC (a,/ By) . 


(c) (o/B) = (i/o) that is 
(@) UV... UG / By Uh VU... UB)= 
(GPS BEE WES GO OO); 


(d) (/) = (A; V® VU... UGA UU... UO) 


= (A/a) U(A/A) VU... U(G@)/a4) > (0 VOY... UO) 
if a; #0 fori = 1, 2, ..., n. 
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A strong neutrosophic n-vector space endowed with a n-linear 
product is defined as a strong neutrosophic n-inner product 
space over the real neutrosophic n-field F = F; UF? VU... UF. 


Let V= F UF, OMe) ad be a strong neutrosophic n- 


vector space over the real neutrosophic n-field F = Fy) UF) VU 
U F,, there is a standard n-inner product called the n- 
standard inner product. It is defined for 


A=, VV... UGH 
= (Rec NCI Re) Sia aah) 
and 
B=BUBY.. UB, 
=O IY oo, Do ey) 
by 
UD RN SDN COLE 


Jn 


IfA =A, UA? VU... UA, is a neutrosophic n-matrix over the 
n-field F = F; UF2 U...UFy, where Aj € Fr" ,i=1, 2, ..,0 
FE" is a strong neutrosophic vector space over F;; i = 1, 2, 
oy ng FO so sions 
neutrosophic n-vector space over the n-field F = F; UF) VU... 
CAF GRE Ve FO OP BO ES uy PEE IS. SIONS 


neutrosophic n-vector space over the n-field F = F; UF) VU... 
U F,, is isomorphic to the strong neutrosophic n-vector space 


2 2 2 
FY UF Uu... UF inanatural way. 


(AB) = YA Bin, YD Ai Be Oye AB 


Aik; Joky Inky 


defines a n-inner product on V. A strong neutrosophic n-vector 
space over the neutrosophic n-field F = F; UF) U... UF, on 
which is defined a n-linear product is known as the n-inner 
product neutrosophic space or neutrosophic n-inner product 
space. 
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The reader is expected to prove the following theorem. 


THEOREM 3.3.4: IfV = V,; UV2 U... UV, be a n-inner product 
neutrosophic space then for any n-vectors @ = Q; VQ U.. U 
a, and B= Pi Uf) VU... YB, in V and any scalar c = c; Uc? U 
. Uc, nF =F) VF? VU... VF, 


i. |[cel| = |e| ||@|| that is 
lca] = |ler @i|| VU... len Gall 
= |c,| || @&|| VU... Olenl || Qn 


I 


i. |lal]}>OU0v... VO for a0, 
that is || @&|| U|| @|| Uo. Ul Gill > 0 0, ..., 0) 
=000 vu... VO 


tii. ||(a/P)|| < || @|| || Bl that is 
](Q/ By\| A ||(@2/ Bo] 4 (Gi Bu | 
S|lau|| [ill Y|l@al| Hall U.. Ol l@al| /Ball- 


As in case of strong neutrosophic bivector spaces we can define 
in case of strong neutrosophic n-vector spaces the notion of n- 
orthogornal n-vectors. 

Ifa,B e V=ViU V2 VU... U Vz be a n-vector in a n-inner 
product space we can define 
posers (Bia), 


o 3 
eal 


that is 
WYUY2U «UV 


“(6,-2.4 ¥ c f:l24,) 


||, IP |, | 


Wises (p, -BiiGen, J. 


2 
Ilo, Il 
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We say 0= 0; UO) U... U Gis n-orthogonal to B = 8; UB. U 
. U By if 


(@/B) = (ai | Bi) VU (@2| Br) U ... U (Ga | Bn ) 
= 0U0vU...U0. 
This clearly implies B = By U By U ... U B, is n-orthogonal 
toa=Q,;UQU...UQ. 


The reader can easily prove the following theorem. 


THEOREM 3.3.5: A n-orthogonal n-set of non zero n-vectors is 
n-linearly independent. 


THEOREM 3.3.6: Let V = Vi; UV2 U ... UV, be a strong 
s 3 1 1 
neutrosophic n-inner product space and let (f,,...,8,,) VU 
CB, IIE, Be) be any n-independent vectors 
in V. Then one way to construct n-orthogonal vectors 
(Bis5Oe J OCG, afl, PO OG) 0. DEV = Fe Ve 
U.. UV, is such that for each kj = 1, 2, ..., nj; the set 
(ps5, ) IU reve le JI S(O el, ) a n-basis for 
. 1 ] 
the neutrosophic n-vector subspace spanned by (f,,..., fj, )V 


Bie DAPI E cape yD: 


Proof: The  n-vectors (Gj cie hy) PO ai, VD 


n 


(a/,...,.a" ) will be obtained by means of a construction 
known as Gram-Schmidt n-orthogonalization process. 

First let a = a} Uap U...Ua?l = By = B Up; U...U Bp". 
The other n-vector are given inductively as follows. 

Suppose 0; , 2, ..., G,, (1 <m;<nj) have been choosen so 
that for every ki, {01, 2, ..., &, }3 1 S$ ki S$ m; is an orthogonal 
n-basis for the n-subspace of V that is spanned by B, ... By. To 
construct the next n-vector a let 


m; +1 


352 


DH a Ow Ora 


m; +1 = Cac m;+1 
= Pret On) (Brat / Oy, )OL, 
+1 
Me ila IP 
— pl 
a Bia Bis 1+ UB, +1 
2 2 
- pee a /% k;, ) ms oy Pn) 62 hie 
Oy, k, Ae 
ap eS lee 
1 1 
5 Oa af Se. i le 5 Ba! Oy) ‘ 
Ton OK cel, arene an reed © . 
Wee i ene 
oy Pn, 
m,, +1 lou, \"’ ki, 
Then a,,,, #0 Le., ai,., #0; for other wise Bi,,, is a linear 


combination of a} Ua) U...Uai,,;i= 1, 2, ...,.n. Further more 
it can be verified (a), oy /0;) =0; o < m; true fori = 1,2,...,n 


Hence true for (Qm+i/0j) =OU... U0. 
Therefore 


1 sees gc AIG) sig, op) Winks CLO goee aot 


is an n-orthogonal set consisting (m;+ 1, m+ 1, ..., m,+ 1) non 
zero n-vectors in the n-subspace spanned by 


{Bia Pagal) Bi Ban) Oo CART es Be ab 


In particular for m = 4 we have 


6, Va; Vavol =B UR U.aoph. 
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(B; /c? ) (B3 /a) 
2 42 1 2 1 
|| o; || || oF || 
1 1 2 2 
wf BIO ans ee MOT on ag ge 
pee ee aR eee 


and so on. 


Interested reader on similar lines can construct o3; = 
ay Vas U...Ua) interms of B3, a2 and o, and so on. 


Now we define the notion of best n-approximation in case of 
strong neutrosophic n-vector spaces over the neutrosophic n- 
field F. 


DEFINITION 3.3.16: Let V = V; UV2 U ... UV, be a strong 
neutrosophic n-vector space over the neutrosophic n-field F = 
F, VF) VU... VF, (All F;’s are not pure neutrosophic for i = 1, 
2, ..., n) of type II. 

Let W =W, UW, vu... UW, be a strong neutrosophic n- 
vector subspace of V over F. Let B= B; Ufh VU... UB, be an- 
vector in V=V, UV, VU... UV, BEW (i.e, f € W; fori = 1, 
2, ., NY). 

To find the n best approximation (best n-approximation) to B = 
bh UY... UB, inW = W, UW? Vv... UW, 
That is to find a n-vector @ = Q) VQ2U... UG for which 


||B-al| = || Br — all UI] 2 all U.. Ol] Ba - al 


is as small as possible subject to the restriction @ = a; Va2U 
.UVGisinW=W, UW,Y... UW, (that is each || 8; - a;|| is 
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as small as possible subject to the restriction that a, should 
belong to W,, i = 1, 2, ..., n). 

To be more precise a best n-approximation to B = £; U fh 
VU... UB, inW=W, UW. VU... UW, is a n-vector a = a) U 
a VU... Ua, in W such that 

|B — al] < I|B- nl 
that is 
|B; — ea|| UII - al] UV... UB, — Gal 
<I: nll UII rll U-» CIB - nll 


for every n-vector y= fj) Vy) VU... UX in W. 


It is important to note that as in case of n-vector spaces of type 
II, we as in case of strong neutrosophic n-vector spaces define 
the notion of n-orthogonality. 

However the interested reader can prove the following 
theorem. 


THEOREM 3.3.7: Let W = W,; UW vU ... UW, be a strong 
neutrosophic n-vector subspace of a strong neutrosophic n- 
inner product space V =V,; UV? VU... UV, Let B= Bi U2 U 
. UB, EVH=aVi OW Vv... OVig & EV; i= 1, 2, 0, 1. 


i. The n-vector @=@, U@® UV... Ud, in Wis a best n- 
approximation to B = B, Uf VU... UB, by n-vectors in W 
=W, UW VU... UW, if and only if B- a = (B, — a) U (fe 
— A) VU... Uf, — G%) is n-orthogonal to every n-vector in 
W. 

That is each f; — a; is orthogonal to every vector in W;; true 
fori=1, 2, ..., 71. 

ii. If the best n-approximation to B= B, Uf) VU... UB, inW 

=W, UW, Vv... UW, exists then it is unique. 


Now we proceed onto define the notion of n-orthogonal 
complement of a n-set of n-vectors in V=V,; UV2U... U Vi. 
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DEFINITION 3.3.17: Let V = V; UV, u... UV, be a strong 
neutrosophic inner produce space of type II defined over the 
neutrosophic n-field F = F; UF VU... UF). 

Let S = 8; US) VU... US, be any n-set of n-vectors in V = 
V; UV. Uv... UV, The n-orthogonal complement of S denoted 
by S* = S>US;U... U S* is the set of all n-vectors in V 
which are n-orthogonal to every n-vector in S. 


The reader is expected to prove the following theorems. 


THEOREM 3.3.8: Let V = V; U V2 vu ... UV, be a strong 
neutrosophic n-inner product space. Let W = W, UW2 VU... U 
W, be a finite dimensional strong neutrosophic n-vector 
subspace of V and E = E; VE) vu ... VE, be the n-orthogonal 
projection of V on W. 
Then the n-mapping B > (B— Ef); that is 

Bi ULV... Uf > (Bi - EB) U(- Ef) VU... U (Pr — Ef) 
i.e., each B; > (8 — EB) fori = I, 2, ..., n is the n-orthogonal 
projection of V on W. 


THEOREM 3.3.9: Let W = W; UW7 U... UW, be a finite (nj, 


Nz, «.., Ny) n-dimensional strong neutrosophic n-vector subspace 
of the strong neutrosophic n-inner product space V = Vi; UV2 VU 
.. UV, of type I. 


LetE = E; VE) Uv ...UE, be an n-idempotent n-linear 
transformation of V onto W. W*=W, OW; u...U W." is the 
null n-subspace of E = E; VE? VU... VE, and V=W@ W" that 
is 

VaV, UNV... UV, 
=W,OW-V...UW, OW. 


THEOREM 3.3.10: Under the conditions of the above theorem I 
-F=1,ULhV.. Vh-(F; VE, Vv... VE) = -E,vb- 
Ey U... Ul, — E, is the n-orthogonal n-projection of V on W". It 
is a n-idempotent n-linear transformation of V on to W* with n- 
null space W= W, UW? VU... UW, 
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THEOREM 3.3.11: Let 


1 1 2 2 n n 
fal,...at} ufa?,..a2} U.. Ufat.0%} 


be a n-orthogonal set of non zero n-vectors in a strong n-inner 
product space V=V; UV2 VU... UV, over F =F) UPD Uw. U 


F, of type II. 
[P= sf Vv... Uf, is any n-vector in V = Vi UVa 


.. UV, then 
at (B, /2%,) | ' 


w\ (%, Il 


(‘4 /ai,) ) Gace 


eG, Il 


\(B, /a JP 


k, | | ay | | 


SAI? VIIBIP U.. OI Ball? 


and equality holds if and only if 


BUY... Uf 
Bi!) a! 
- (oe led IP ~ 


5 Felt) 92 U U 
ruler ep 
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5 Pia: 


oA le, I 


Results on neutrosophic bivector spaces (bilinear algebras) 
discussed and derived in Chapter 2 can be derived for 
neutrosophic n-vector spaces (n-linear algebras). 

Further all results true in case of n-linear algebras of type II 
can be derived in case of neutrosophic n-linear algebras of type 
II with appropriate modifications. 
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Chapter Four 


APPLICATIONS OF 
NEUTROSOPHIC n-LINEAR ALGEBRAS 


In this chapter we just suggest the possible applications of the 
neutrosophic n-linear algebras of type I and II (n = 2), strong 
neutrosophic n-linear algebras of type I and II and quasi strong 
neutrosophic linear algebras of type II. 

These neutrosophic n-linear algebras over the neutrosophic 
n-fields or over the real n-field can be used in neutrosophic 
fuzzy models like Neutrosophic Cognitive Maps (NCMs) and 
when we have multiexperts we can use the neutrosophic n- 
matrices and model n- NCMs (n = 2). 

These neutrosophic n-matrices can also be used to model 
Neutrosophic Fuzzy Relational maps, when n-experts give their 
opinion on any real world problem. Use of these neutrosophic 
n-matrices will save time and economy. 

These neutrosophic n-matrices can be used in n-models 
whenever the concept of indeterminacy is present. 
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The n-NCMs (i.e., NCMs constructed using neutrosophic n- 
matrices which gives the NCM model of n-experts n = 2) can be 
used in creating metabolic regulatory n-Network models. Also 
multi expert NCM models can be used to find the driving speed 
vehicles of any one in free way. These n-NCM models will be 
very useful in Medical diagnostics. n-NCMs using neutrosophic 
n-matrices with entries from [0, 1] can be used in diagnosis and 
study of specific language impairment. 

These structures will be best suited for web mining n- 
inferences and in robotics. 

The strong neutrosophic n-linear operators when analyzing 
the eigen values and eigen vectors in any real models where 
indeterminacy is dominant can be used. 

We see pure complex numbers ni, (i is such that i? = —1 and 
n € R) at an even stages (powers) merges with real but when we 
use the indeterminant ‘I’ they at no point of time merge with 
reals. Thus if the presence of indeterminacy prevails use of 
neutrosophic models is more appropriate. 

The n-NCM models can be used in legal rules when several 
lawyers give their opinion about a case. 

These models will also be better suited in analysis of 
Business Performance Assessment as in business always a 
factor of indeterminacy is present. 
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1. 


Chapter Five 


SUGGESTED PROBLEMS 


In this chapter we have given over eighty problems for the 
reader to solve. This will help one to understand the concepts 
introduced in this book. 


Let V=V, UV2= 


a b a, a, a, 
a,b,c,deZ,,1¢ U 
c d a, as a 


where a; € N(Z)3); 1 <i < 6} be a neutrosophic bivector space 
over the field Z)3. 

a. Find neutrosophic bivector subspaces of V. 

b. Find NHom,, (V, V). 


c. Can V have special neutrosophic bivector subspaces over 
a subfield of Z,3? 
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Let V = V, U V> be a neutrosophic bivector space over a real 
field F. Develop some interesting properties of V. 


Let V = Vi U V2 and W = W, U W; be two neutrosophic 
bivector spaces over the field F. Find the algebraic structure 
of NHom, (V, W). 


Let V=V, UV2= 
a be 
0 d e/jfa,b,c,d,e,feZ,1- U 
0 0 f 
a, a, 
a, a 
> “* Ila E N(Z,,) 
a; 6 
a, a 


be a neutrosophic bivector space over the real field Z\7. Find 
atleast one neutrosophic linear bioperator on V which is 
inverible. Does there exist a neutrosophic linear bioperator T 
on V which is inverible but T has a non trivial kernel? 


Let V= Vi i) V> = {Z,I[x]} U 


K a, a, a, 4a; ) 
ag 4, Ag Ay Ayo 
be a neutrosophic bivector space over the field Z,,. Find a 


bibasis of V over Z,,. Define a bilinear bioperator T on V 
which is not inverible. 


a, €Z,,L1<i< 0) 


Let V = V; U Vo, W = W, U W2 and S = S; U Sp be three 
neutrosophic bivector spaces over the real field F. Suppose T: 
V — Wiis a neutrosophic bilinear bitransformation, P : W > 


362 


10. 


11. 


12. 


13. 


S is a neutrosophic bilinear transformation. Will TP: V—> S be 
a neutrosophic bilinear transformation from V to S?(we define 
(TP) (v) = P(T(v)) | v € V so T(v) € W; P((T(v)) € S). 


Let V = V,; U V> and W = W, UL W, be two finite 
bidimensional neutrosophic bivector spaces over the real field 
F. Prove if T= T, UT. : V > Wis a linear bitransformation 
then nullity T + rank T = bidim V, that is nullity (T; U Tz) + 
rank (T, U Tz) = dim V, U dim V>. 


Define neutrosophic hyperbisubspace of V. Illustrate this 
concept by an example. 


Does there exist a neutrosophic bivector space which has no 
neutrosophic hyper bisubspace? Justify your claim. 


Can you characterize those neutrosophic bivector spaces 
which has no neutrosophic hyper bisubspace? 


Let V=V, VU V2 = {ZI} U {Zi][k]} be a neutrosophic 
bivector space over the field Z;7. Does V have neutrosophic 
hyper bisubspace? 


Obtain some interesting properties about the special strong 
neutrosophic bivector spaces over the neutrosophic bifield F = 
F, a, F). 


Let V=V, UV2= 
a be 
a,b,c,d,e,f €Z,,I- U 
def 
a, a, 
a; a, ee 
a, € N(Q);1si<8 
as 6 
a, a 
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14. 


15. 


16. 


17. 


be a strong neutrosophic bivector space over the neutrosophic 
bifield F = Zyl VU N(Q) =F, UF). 

a. Finda bibasis of V over the bifield F = F, U Fo. 

b. Can V_ have proper strong neutrosophic bivector 
subspaces W,, W? which are such that W, = W>? 

Is V bisimple? 

Find a linear bioperator on V which is non biinvertible. 
Find a linear bioperator on V which is biinvertible. 

Can V have proper hyper bisubspace? 


mo Qo 


Let V = Vi U V2 = {collection of all 7 x 7 neutrosophic 
matrices with entries from the neutrosophic field ZsI} U 
{Collection of all 9 x 9 neutrosophic matrices with entries 
from the neutrosophic field QI} be a strong neutrosophic 
bivector space over the neutrosophic bifield F = F; U F) = Zsl 
U QI. 

Is V a strong neutrosophic bilinear algebra over F? 
b. Can V_ have proper strong neutrosophic bilinear 
subalgebras over F = F, U F,? 
Find SNH (V, V). 
Define a linear bioperator T on V which is biinvertible. 
Find a bibasis for V. 
Can V have pseudo strong bivector subspaces? 
Find for a bilinear operator T on V _ the associated 
bicharacteristic values and bicharacteristic vectors. 
Is V bisimple? 
Can V have pseudo real bilinear subalgebras? 


ror 99 ho Bo 


Obtain some interesting properties about SNH (V, W) where 
V and W are strong neutrosophic bivector spaces defined over 
the pure neutrosophic bifield F = F, U F). 


Will every strong neutrosophic bivector space have strong 
neutrosophic hyper space? 


Let B=B,; UB, = 
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18. 


I 0 1 2. 
31 0 1 
21 =I 0 
0 SI 4]/uU 
0 1+I 0 2+I 
0 21 2 
21+1 O 0O I 


be a neutrosophic bimatrix with entries from the neutrosophic 
bifield F = F, U F, = N(Zs) U N(Z3). Find the bicharacteristic 
values associated with B. Find the  bicharacteristic 
neutrosophic bipolynomial associated with it. 


Let V = Vi el V> = 
ay a, 
a, a, 
a, a, |ja,e€Z,,b1<i<sl0; VU 
a, ag 
Ay A149 


& a, | 
dy as ag 
be a strong neutrosophic bivector space over the neutrosophic 


bifield F =F, UF, =Z)71U ZsI. W = W, U W2 = {(a, b, c, d, 
e, f, g)| a,b, c,d, e, f, g e ZiT} U 


a,€ zsisio| 


ay a, a; 
Q, ay a 
4 2} 6 : 
a, €Z,1;151<12 
a, a, “Ay 
Aig 8 A 


be a strong neutrosophic bivector space over the same 
neutrosophic bifield F = F; U F) = Zy71 U Zs. 
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19. 


20. 


21. 


a. Find SNH(V, W) = L’(V, W). Is L’?(V, W) a strong 
neutrosophic bivector space over the bifield Z)7I U ZsI? 


b. Finda T: V— W such that T is not biinvertible. 
c. CanT:V-— W be such that, T is biinvertible? 
d. FindaS:W-— W such that S is biinvertible. 
e. Find L’(W, V). 
f. Finda bibasis for V. 
g. Finda bibasis for W. 
h. What is the bidimension of V? 
i. What is the bidimension of Lv, W) over Zy71 U ZsI? 
j. Is V and W bisimple strong neutrosophic bivector spaces? 
k. Find SNH (V, V) =L’(V, V). 
1. Find SNH (W, W) =L*(W, W). 
Let A= Ay iJ Ad = 
41 0 2 I 
I 0 3 
31 I 0 7 
71 6 U 
0 I 0 0 
0 0 4I 
8 O 7I 4I 


be a neutrosophic bimatrix with entries from the neutrosophic 
bifield N(Z;,) U N(Q) =F, U Fo =F. 

a. Find the bicharacteristic bipolynomial associated with A. 
b. Find the bicharacteristic bieigen values of A. 

c. Is A bidiagonalizable over the bifield F = F, U F,? 


Obtain some interesting properties about bipolynomial 
biideals. 


Let V=V,;UV2= 


ive) 
. 
Dax” 


i=0 


19 
a,€ zt} U {da 


i=0 


a, eN(Qi0sis19} 


be a strong neutrosophic bivector space over the neutrosophic 
bifield F = Z7I U N(Q). Define T : V — V and find the 
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bicharacteristic values associated with T. Find the 
bidimension of V over F = Z7I U N(Q). 


22. LetV=V;UWo= 
aaaaa 
aoa aa 


a,be ZI 


fev) 


om no a) 
[om or 


be a strong neutrosophic bivector space over the neutrosophic 

bifield F = F, U F, = N(R) U ZI. 

a. Finda bibasis of V relative to the bifield F = R(I) U ZI. 

b. Find a bibasis of V relative to the bifield K = K; U Ky = 
RIV ZI. 

c. Find the bibasis of V relative to the bifield S = S; U S) = 
N(Q) U ZI where V is a strong neutrosophic bivector 
space defined over S = S; U Sp. 

d. Find the bibasis of V relative to the bifield P = P; U P2 = 
QhU ZI. 

Compare the bibasis of V when defined over 4 different fields 

and establish that the bidimension of a strong neutrosophic 

bivector space is dependent on the neutrosophic bifield over 
which the bispace is defined. 


23. Does there exist a strong neutrosophic bivector space whose 
bidimension is independent of the neutrosophic bifield over 


which it is defined? 


24. Let V= 
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a boc 
0 d e|fja,b,c,d,e,f €Z,I 
0 0 f 


be a strong neutrosophic bilinear algebra defined over the 

neutrosophic bifield F = Z,,I U Zyl. 

a. Finda bibasis of V and the bidimension of V over F. 

b. Find the bidimension of NL(V,V) = {all linear bioperators 
on V} over F = Zy,1 U Zyl. 

c. Is V pseudo bisimple? Justify your claim. 


25. Let V=V,U Vo= {(a1, ao, a3, ag, a5) | ai © N(Q)} U 


3 
a; €Z,,1 


be a strong neutrosophic bivector space over the neutrosophic 
bifield F = F, UF, = QIU Z;,] and W = W, UW2= 


oo 2 


bc 
d e|ja,b,c,d,eeQI;> U 
0 0 


a, a, a 
a ‘ a, €Z,,1 
ig. He? the 
be a strong neutrosophic bivector space over the same bifield 


F=F, UF, =Q1U ZL. 
Find L? (V, W) and L’ (W, V). 
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Determine the bidimension of L* (V, W) and L” (W, V) over F 
= QI ie ZI. 


26. Let V=V, UV2= 
a b 
c d 


i=0 


shedeal| ie, 


a, €Z,,1;0<is | 


be a strong neutrosophic bivector space over the neutrosophic 
bifield F = QI U Zj31. Find the bidimension of L*(V, V) over 
F= QI U Z131. 


27. LetV=V,;UV2= 
a b 
c d 


i=0 


shedeat| U 


1, <Qh0<i<9| 


be a neutrosophic space over the neutrosophic field F = QI. 
a. Find a bibasis for V. 
b. Find the bidimension of L’ (V, V). 


28. Let V=V,;UV2= 


a b 
c d/ja,b,c,d,e,f eZ,1- U 
e f 
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29. 


30. 


31. 


32. 


{(a, a, a, a, b, b, b, b) | a, b © ZI} be a strong neutrosophic 
bivector space over the neutrosophic bifield F = Z3I U Zal. 


a. 
b. 


c. 


e. 


Find a bibasis for V. 

What is the bidimension of V over F? 

Finda T=T,; UT,:V=V,;UW- V; U V> such that 
all the bicharacteristic values associated with T are 
distinct. 

Find L’ (V, V). 

What is the bidimension of L’(V, V) over F? 


Let V=V, U V2 = {QI} U {Zi} be a strong neutrosophic 
bilinear algebra defined over the neutrosophic bifield F = QI 


OU Zi I. 

a. What is the bidimension of V? 

b. Suppose V=V, UV; is only a strong neutrosophic bivector 
space over F = QI U Z;\I, what is the bidimension of V? 

c. Does the bidimension in general dependent on its 


algebraic structure? 


Let V=V; U V2 = N (Q) U Ziol be a strong neutrosophic 
bivector space over the neutrosophic bifield F = QI U Zyl. 


a. 


b. 


c. 


What is bidimension of V? 

If V = V; U V> Is realized as a strong neutrosophic 
bilinear algebra over the bifield F = QI U ZjoI. What is its 
bidimension? 

Compare and find if any difference exists. 


Let V=V, U V2 = {QI} U {(a, b, c) | a, b, c, € Zi71} be 
neutrosophic bivector space over the real bifield F = Q U Zi. 


a. Finda bibasis for V over F. 

b. Find the bidimension of V over F. 

c. Find L’(V, V). 

d. What is the bidimension of L’ (V, V)? 
Let V = Vi U V> = 


i=0 


a, €Z, i= O12} 
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33, 


34. 


35. 


36. 


31. 


SO . 
U {Saw 
i=0 


a, € Zi =01.2,.0 


be a neutrosophic bivector space over the bifield F = Z), U 

Zur. 

a. What is the bidimension of V over F = Z,; U Z;7? 

b. Suppose the same V is defined to be a strong neutrosophic 
bivector space over the field K = Z,,1 U Z,71, what is the 
bidimension of V over the bifield K = Z,,;I U Z,71? 

c. Find L(V, V) and L;, (V, V). 

d. What is the bidimensions of L’, (V, V)? 


Let V = V; U V2 and W = W; U W; be two (n,, ny) and (m, 
m;) bidimensional strong neutrosophic bivector spaces over 
the bifield F = F,; U F). Let C’ and B’ be the dual bibasis of V 
and W of C and B respectively.If A is a neutrosophic bimatrix 
of T = T; U Tp, a bilinear transformation of V to W relative to 
the bibasis C and B and T' relative to C’ and B’ respectively. 
Obtain some interesting relations between T and T'. 


Obtain some interesting properties / results about 
bidiagonalizable bilinear operator. 


Find the bipolynomial for the neutrosophic bimatrix A = Ay U 


Ao = 
31 0 41 1 
I 0 1 
0 71 3 +O 
UlO I 1 
2 1 4 3 
0 1 iI 
101 0 9 J 


where A is defined over the neutrosophic bifield F = F; U Fy 
=N(Zi1) U N(Z2). 


Illustrate by an example that birank T' = birank T. 


Let V=V,UV2= 
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a,b,c,de Z| U 


a a, a 

ay: 2s. Bp 
be a strong neutrosophic bivector space over the bifield F = F, 
U F, and let T = T; U T; be a bilinear operator on V defined 


by T=T) UT2: V=ViU V2 > V=V, U V2 where T; : Vi 
—> V, and T> : V2 >V> such that 


a b a b 
T = 
Calo 3) 
= \ as "(8 0 a 
a, a, a, 0 a, O 


Find T‘. Is birank T' = birank T? 


a, nosis} 


and 


38. LetV=ViUV2= 


a be 
de f jla,b,c,d,e,f,g,hieZ,.I> U 
g h i 


* de ee, *) 
Gia Be aig By 


a; engptsisa} 


and 
a, a, 
a, a, : 
We a, €Z,.;1<51<8F U 
as a 
a, a 
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39, 


40. 


Al. 


a, € N(Z,);1<i<12 


be two strong neutrosophic bivector spaces over the 

neutrosophic bifield F = F; U F2 = Zy9I U N(Z2). Define a T = 

T; VUT2:V=V,U V2 53> W=W, U W2 such that T', its 

bitranspose of T. 

a. Prove birange of T' is the biannihilator of the binull space 
of T. 

b. Prove birank T' = birank T. 


For the V and W given in problem (38) Find L’” (V, W) and L” 
(W, V). 


For V and W given in problem (38) find a T such that (a) T is 
biinverible (b) T is binon singular. 


For a give strong neutrosophic bivector space V = V; U V2 = 


a be 
de f jla,b,c,d,e,f,g,h,ie N(Q)? U 
g h 


i 


a, 4, a; 

a, a, 4, 
defined over the neutrosophic bifield F = N(Q) U N(Zp0). 
Define a bilinear functional f= f; U f; from V into F. 


a. Find for a bibasis B of V = V; U V>, the bibasis B of V = 
Vy, 


a, eNeapIsi56| 


b. Prove V’ = V and bidimension V = bidimension V . 
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42. 


43. 


44. 


4S. 


Obtain some interesting properties about bilinear functionals 
defined on a strong neutrosophic bivector space over a 
neutrosophic bifield. 


Find for V= V, U V2 = 


a b 
c d 
as, is: ey We 
as 4, a, ag 


a strong neutrosophic bivector space defined over the 


neutrosophic bifield F = N(Q) U N(Z;), a T bidiagonalizable 
linear bioperator on V. If B = B, U Bz is a bibasis prove [T]B 


= [T]., UT], ; 


a,b,c,deé No U 


a, eNG, 15158] 


Let V=V,UV2= 
a, a, 
a, a 
ais a, € N(Q);1<i<8? U 
as a¢ 
a, ag 


a, Enz ptsist 


* a, a, a, a, 
ag a, Ag Ag ayy 

be a strong neutrosophic bivector space over the neutrosophic 
bifield F = F; U Fy = N(Q) U N(Z;7). Find V’. Prove V. = V. 
Find two distinct strong neutrosophic bivector subspaces W, 


and W> in V and find W? and W,. 


Let V=V,UV2= 


374 


a,b,c,de no) U {Zy Tt, 


wf b 5] 


{(a, a, a, b, b) | a, b € Z111} = Wi U W2 


a,b,c, d,e,f € No) U 


and P=P, UP, = 


Qa 2 
a oe 


a,b,c,d,e,f e N(Q)>- U 


a b cde 
f g hi j 


be three strong neutrosophic bivector spaces over the bifield F 
= QI U Zu. 
a. Find linear bioperator T=T, UT2: Vy UV2=V> W= 
Ww, UW,andS=S, US.: W=W;, UW. P=P, U Po. 
b. Find L’ (V, W), L” (W, P) and L’ (V, P) and their 
bidimensions. 


io) 
_ 


= 


a,b,c,d,e,f,g,h,1,je a 


46. LetV=V,;UVi= 
a b 
d 

a b 
c d 


be a strong neutrosophic bilinear algebra over the 
neutrosophic bifield F = Fy U F, = Z,I U N(Q). 


fo) 


a,b,c,de 2 U 


a,b,c,de No) 
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47. 


48. 


49. 


a. What is the bidimension of V? 
. Finda bibasis of V. 
c. What is the bidimension of L7(V, W) = L’(V,, Wi) U 
L’(V>2, W)? 
d. Find a linear bifunctional f = f, U f2 : V= Vi U V2 > F, 
U F, and find bikernel f = kernel f; U kernel fp. 


Let F = F, U F, be a neutrosophic bifield. Show that the 
neutrosophic biideal generated by finite number of 


neutrosophic bipolynomial f', f where f' = fi Uf} and fe 
f? Uf; in F[x] = F,[x] U F,[x] is the intersection of all 
neutrosophic biideals in F[x]. 


Let (n;, nz) be a biset of positive integers and F = F, U F, be a 

neutrosophic bifield, let W = W,; U W) be the set of all 

bivectors (aes: U (ccake. | in F" UF™ such that 

x, +x, +..+x, =0 and x} +x, +..+x: =0. 

a. Prove W°= W, UW, consists of all bilinear functionals 
f=f Uf of the form 


ny n2 

1 en | 1 2 2 aan ee 1 2 

f; (xa e, | U f Ce one oe C, > x, UC, > Xj. 
j=l ial 


b. Show that the bidual space W* of W can be naturally 


identified with the bilinear functionals 
it 1 1 2 Di 2 
f; (ereek,. | U f es Stk | 
24 11 1 1 2.2 2. 2 
= fem +..4¢)X,, ) U (ex; +..4C00 X ) 


ny Ny 


on E™ UF,” which satisfy c' +..4C), =0 fori=1, 2. 


Let W = W, U W> be a strong neutrosophic bisubspace of a 
finite (n;, nz) bidimensional bivector space over V = V, U V2 


andifg=g' Ug’ = {(1--8 )} (gi 8 )} is a bibasis 
for W° = W? UW, then prove 
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50 


ae of 


where {NbN )} U {(N?. daa )} is the biset of binull 


space of bilinear functionals 
F=f UP = {fff} U {(fP £2 ..0f2 )} and 


g= g! U g ={(g),...81 )\ eo) {(a7 8 )} 
and is the bilinear combination of the bilinear functionals f = 
fiuf. 


Let V=V, UV2U V3= 


(ae 


a,b,c,d,e,f € 2 U 


a, a, 
a, a, . 
a, €Z, [;1<1<8) U 
a; a, 
a, a, 


(? a, a, a, as ae a, € Z,,L1Si< | 
a, ag Ay Ay 4 Aly 
be a neutrosophic trivector space over the 3-field F = Z, U Zi; 
U Zj3. 
Find a tribasis of V. 
Find neutrosophic trivector subspaces of V. 
What is the 3-dimension of V? 
Define a neutrosophic trilinear operator T on V which is 
non invertible (if T= T; U T; U T3 then T’ = T7' UT;'U 
T;') Show T'! does not exists for the T defined. 
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51. Let V=V,;UV2U V3U V4 U V5 = 
a be 
bac 


= ae ZEISS 8 


a,b,ce 2 U 


a, €Z,1<is6? UV 


ae a, Ag Ay ay [[a, EN(Q)P VU 


25 
2 a,x'; all polynomials in the variable x with coefficients 
i=0 
from the neutrosophic field N(Zj9); a; € N(Zi9); 0 <1 < 25} be 
a strong neutrosophic 5-vector space over the neutrosophic 5- 
field F = ZAUZyLUZ 1U QI U N(Zj9). 
a. Find a strong neutrosophic 5-vector subspace of V. 
b. Is V pseudo simple? 
c. Can on V be defined a strong neutrosophic 5-linear 
operator T so that T is invertible? 

. What is the 5-dimension of V? 

e. Finda 5-basis of V. 
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52. 


53, 


54. 


bysy 


56. 


57. 


f. Find a 5-linearly independent 5-subset of V which is not a 
5-basis. 


Obtain some important properties about SNHom; (V, V); V is 
a strong neutrosophic n-vector space over a neutrosophic n- 
field F=F, UF, U... UF). What is the algebraic structure of 
SNHom; (V, V)? 


Characterize those strong neutrosophic n-vector spaces which 
are simple. 


Give an example of a strong neutrosophic 5-vector space 
which is pseudo simple. 


Prove in case of a finite n-vector space V of type II, where 
dim V = (nj, ny, ..., Nn). Rank T + nullity T = dim V. 


Derive primary decomposition theorem for — strong 
neutrosophic n-vector space over the neutrosophic n-field. 


Let V=V, UV21U V3U V4 U Vs = 


a b 0 0 
ae reo ee 
0 0ad 
00 be 
a, a, a, 
a, a; a, |la, @eN(Z,,.);31Si<97 U 
a, ag ay 


(°3) 


a,b,c,de Ni) U 
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{(a1, a, ..., a9) | a © N(Zo3); 1 <i < 29)} U {All 5 x 5 upper 
triangular matrices with entries from N(Z)3)} be a strong 
neutrosophic 5-linear algebra over the 5-field, F = QI U Zool 
U Zi U N(Zp3) U Zi3l. 

Let W = W, U W2U W3U Wa VU Ws = 


aa 0 0 
b b 0 0 
a,beQl> U 
0 0 aa 
0 0 b b 
aaa 
aa 
aa ajlaeN(Z,,) (i sbenZ)} v 
aa a 


{(a, a, a, a, a, a, a,a,a)| ae N(Zo3)} U 


ae N(Z,;) 


ooococo es 
ooo ep fa 
oon f af 
on 2 B® Bw 
» © 2 >» w 


EV,;U V2U V3 U V4 U Vs be a strong neutrosophic 5-linear 
subalgebra over V the 5-field F. 


For B = B; U Bo U B3 U Ba U Bs = 


0 31 #O 
5+I O O 0 
U<|7+I 0 I U 
0 0 7 0 
] 0 2+! 


ra) 
=) 
N 
_— 
Nn 
+ 

— 
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58. 


aie 


(0, I, 0, 31, 7TH, 0, 1, 21+1, 0)} U 


9 1 21 9 I 
0. 0 1 2I 
0 0 71 0 O 
00 0 21 -4 
00 0 0 I 


EV,;UV2U V3 U V4 U Vs, find a € W such that = a, U a, 
U a3 UA UAS € W, U Wo U W3 U Wa U Ws = W is the 
best 5-approximation of B. Prove B-a is 5-orthogonal to every 
5-vector in W, that is B; — 0) U Bs — 02 U B3 — 03 U Ba -— 4 U 
B;— as 1s 5-orthogonal to every 5-vector in W = W; U W2 U 
W; U WU Ws. Prove B; — a; is orthogonal to every vector in 
Wi; i= 1, 2, 3, 4, 5. Find W*. Prove V = W © W" where W*= 
W,; UW; UW; UW; UWE, that is W; © W, UW, © 
W; UW3 8 Wy UW, 8 Wp UWs © We = Vi U V2 U 
V30U W4U V5=V. 


Prove if V=V, U V2 U... U V, is a strong neutrosophic n- 
vector space over the n-field F = F; UF) U... U F, of finite 
(nN), Mo, ..., N,) dimension over F. T=T,; UT2U... UT, bea 


n-linear operator on V. 


Prove there exists a n-set Hioree iw ce ees \ oe 


q ae) 


}Oq sage | in V such that V=V, UV2U... U Vi = Z(H; 
T) ®... ®@Aa,; Ti) V Z(ai; Tr) @... ® Z(a, ; Tr) vv... 
UZ(a; Tr) ®... ® Z(a?; Tr); ie., V is the n-direct sum of 


n-cyclic strong neutrosophic n-vector subspaces. 
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59. 


60. 


61. 


62. 


State and prove Generalized Cayley Hamilton Theorem for a 
finite (nj), ..., Nn) dimensional strong neutrosophic n-vector 
space V=V,; UV. VU... U V, over the neutrosophic n-field F 
=F, UF, U... UF, after appropriate changes. 


Define n-projections associated with the  n-primary 
decomposition of T=T,; UT2U... UTh. 


Let T= T, UT, U... UT, be a n-linear operator on the 
strong neutrosophic n-vector space V = Vj U V2 UU... U Va 
over the neutrosophic n-field F = F, UF) U... U Fy, (Fi’s are 
not pure neutrosophic; i = 1, 2, ..., n) 

Let 

[Wy sees Wy, PUL We sens We bUL UL Wi es WE | 
and 
JEL ok, (OLB R AGE, PUcta Eo Be 


where (Wy... Wy, } are independent for i= 1, 2, ...,.n. E=E, 


UE) U... UE, is a n-projection operator on V such that E* = 

E that is EF? =(B, U... UB) = E? U...VE7=E, U... UE, 

(That is each E; is a projection of V; such that E? = Ej, i=1, 2, 
.., 0). 

Then a necessary and sufficient condition that each strong 

neutrosophic n-vector subspace W, to be invariant under T; 


for 1 <i<k;t=1,2,...,n is that E;T,=T,E; or ET = TE 
for every 1 <i<k;t=1,2,...,n. 


Let T=T, UT, VU... UT, be a n-linear operator on a (nm, nm, 

.., Ny) finite n-dimensional strong neutrosophic n-vector 
space V=V,; UV2U... U V, over the neutrosophic n-field F 
=F, UF) uU ... U F, (F;’s are not pure neutrosophic; 1 = 1, 2, 
..., n). Suppose that the n-minimal neutrosophic polynomial 
for T=T, UT2U... UT, decomposes over F =F; UF) U ... 
U F, into a n-product of n-linear neutrosophic polynomials. 
Then there is a n-diagonalizable operator N= N,; UN) VU ... 
UN, on V=V,U V2U... U Vy such that 
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63. 


64. 


65. 


66. 


T=D+N that is 
T,UT,U... UT, 
= D,UDY...UDst(N; UN2U...U Nz»). 
= D,+N,UD.+NoU...UD,+Nz. 
DN = ND that is 
(D,; UD2U... U Da) (NE UN? U... U Nn) 
= D,N,; VD.N2VU...UD,Na 
N, Dj} UN, Dr VU... UN, Dy 
ND. 


The n-diagonalizable operator D = D; UD) U ... U D, and 
the n-nilpotent operator N= N, U No U ... U N, are uniquely 
determined by (a) and (b) and each of them is a n-polynomial 
in T;, To, ..., Ty. Prove. 


Prove S(B;W) = S(Bi;W1) U S (Bo; W2) U ... US (Ba; Wa) is 
the n-conductor of T where T is a n-linear operator on the 
strong neutrosophic n-vector space V = Vj; U V2 U... U Va 
and W=W,UW2U... UW, CV; UV2 VU... U Va is a 
proper T-n-invariant neutrosophic n-vector subspace of V. 

Prove some interesting results about these structures like 
relating it with neutrosophic n-ideals. Hence or other wise 
prove the n-cyclic decomposition theorem. 


IfT=T,; UT) U... UT, is an-linear operator of a finite (n;, 
No, ..., Ny) dimension strong neutrosophic n-vector space V = 
Vi, UV2U... U V, over the n-field F = Fj U F, U... U Fy. 
Prove T is n-diagonalizable if and only if the n-characteristic 
n-polynomial T=T, UT,U... UT, isf=f, hu... U fp 
=<)" 1. @ecl)* U0 @-A)t Ge 


under the usual notations. 
Obtain some interesting properties about quasi strong 
neutrosophic n-vector spaces over quasi neutrosophic n-field 


F=F, UF,U... UF;. 


Let V=V, UV2VU...UV6= 
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Ss & 


a,b,c,d,eeZ, I> U 


ona fF 
° 


{All 5 x 5 lower triangular matrices with entries from the 
field N(Z,)} U 


a,b,c,deZ,I¢ U 


a coo So 
oa oS 
oor oo 
oo oc 2 


4 : 
2 a,x’ ; all polynomials in the variable x of degree less than 


i=0 


or equal to 4 with coefficients from ZsI} U 


ie a, a, a, 4a, ae 2 

a a, ag Ay 19 

be a strong neutrosophic 6-vector space over the neutrosophic 
6-field F = Zi U Zi UN (Z) eo Zal 2 Zsl1 et Zo3l. 

a. Finda 6-basis of V. 

b. Is V n-finite? 

c. Find at least two strong neutrosophic 6-subspaces of V. 

d. 


Write V as a direct sum of neutrosophic strong 6-vector 
subspaces. 
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67. 


68. 


69. 


e IfF=Z.7UZ,1U NZ) VU ZI VU ZsI U Zs] is changed 
to a 6-field K = Z, UZ), UZ, UZ; U Zs U Z>3. Find a 6- 
basis. 

f. Does the change of 6-field affect the structure of V? 
Justify your claim. 


Find some interesting properties about neutrosophic n-linear 
algebras. 


Can Cayley Hamilton theorem hold good for neutrosophic n- 
vector spaces defined over a real n-field? Justify your answer! 


For the strong neutrosophic 4-linear algebra given by V = V,; 
gl V2 LJ V3 U V4 — 


ce 


{(a1, a2, a3) | aj € Zs, 1 <1<3}uU 


a,b,c,deé 2 ws 


a, O O 
0 a, O jja, €Z.U1si<37 U 
0 0 a, 


{All 4 x 4 upper triangular neutrosophic matrices with entries 
from Z,I} defined over the neutrosophic 4-field F = Z,I U ZsI 
U Zs] U Zy1. 

a. Find a 4-basis for V. 

b. Define a strong neutrosophic linear operator T on V and 
for that T find the neutrosophic 4-characteristic 
polynomial, neutrosophic 4-eigen values and 4-eigen 
vectors. 

c. IfF is replaced by K = Z, U Z; U Zs U Z, will the 4-basis 
be different? 

d. Find SNHom,(V, V) and SNHom;(V, V). What is the 
difference between them as algebraic structures? 


385 


70. 


71. 


des 


73. 


e. Is 4-rank T + 4-nullity T = 4-dim V? Justify your claim 
(T:V >V is a neutrosophic strong linear operator on V). 

f. If V is assumed only as a neutrosophic strong 4-vector 
space over the neutrosophic 4-field, what will be 4-basis 
of V? Will the 4-basis of V differ? Justify / substantiate 
your claim. 


Let V=V, UV2U V3 U V4 = 


I 21 0 
I 0 0 31 1 6 
sy 60 Sh 0. 
21 1 0 ~«41 
10001 
Io) |2011 0 
011/Ujo 1101 
101) joo12 0 
Or 30010". Di 


be a neutrosophic 4-matrix with entries from the 4-field F = F, 
UF, UF3 VU Fy = Zs U Z7I U Zl U ZI respectively. Find the 
4-characteristic neutrosophic 4-polynomial associated with 
the neutrosophic 4-matrix V. Can this have neutrosophic 4- 
eigen values? Justify your claim. 


For the example 2.3.72 given chapter two find SNHom; (V, 
W). Find a T: V > W so that kerT = (0) U (0) . 


Obtain some interesting and special features enjoyed by quasi 
neutrosophic n-vector spaces. 


IfL=L, UL, U...UL, is a n-linear function induced by 


a=alU@’U...Ua"inV=V; UV2U... U Vp, a strong 
neutrosophic n-vector space over the n-field F=F,; UF) U ... 
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74, 


ADs 


UE, bore Veuve" Flys Ll, VE, Unt 


a n-isomorphism of V = V; U V2 U ... U Vy onto eS 
V, UV, U..UV. ? Justify your claim. 


Study the properties enjoyed by SNL (V;, F,) U SNL (V2, F.) 
U ... U SNL (Vy, Fy) where V = Vj UV. U... U Vy is a 
strong neutrosophic n-vector space defined over the 
neutrosophic n-field F = F; U Fy U ... U Fy. 


Find a set X = X; U Xp U K3 U Xy CV =H VU V2 U V3.0 VG 


_— jf 4 4 43 a, 

as a6 a, ag 

{All 7 x 3 neutrosophic matrices with entries from the 
neutrosophic field Z.I} U 


sezitsiss| ) 


5 : 
> a,x' ; all neutrosophic polynomials of degree less than or 
i=0 


equal to 5 with coefficients from ZsI in the variable x} U 


a,b,c,de N(Q);, 


o>) 
oa co Oo 
oo fF Oo 
oo co ff 


a strong neutrosophic 4-vector space over the 4-field F = F; U 

F, U Fs; U Fy = ZI U ZI Uv ZI U QI; a 4-linearly 

independent 4-set of V which is not a 4-basis of V. 

a. Find a 4-basis of V. 

b. What is the 4-dimension of V? 

c. Define a invertible 4-linear operator on V. 

d. Find SNHom;(V, V). What is the dimension of 
SNHom;(V, V)? 
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76. 


TTS 


78. 


79, 


e. Does SNL(V, F) = SNL(Vi, Fi) U SNL(V2, F2) VU 
SNL(V3, F3) U SNL(V4, Fa) exist? Justify your claim. 


Let V=V, U V2 U ... U V, be neutrosophic strong n-linear 
algebra over the n-field F = F; U F, U... U Fy. Consider a n- 


basis Nese Ole pO Oi eh, ERI er te \ of V over 


F. If W=W, UW. U ... U W, is a strong neutrosophic n- 
vector space over the same F and if 


_ 1 1 2 2 n n 
B= {Bt-<Ba,t 1B sno Ba, POW {Br ca5BR | 
be any n-vector in W. Prove there exists precisely a n-linear 


transformation T = T; U Tz UU... U T, from V into W such 
that T(a') = Bi forj = 1, 2,...,n,;andi= 1, 2. 


Prove if V=V, UV2U...U V, and W=W,; UW2U ... U 

W, are two strong neutrosophic n-vector spaces over the same 

neutrosophic n-field F = F, U F; U ... U F, of type IL. If T = 

T; UTo U... UT, is a n-linear transformation of V into W 

then prove the following are equivalent. 

a. T=T,UT) VU... UT, is n-invertible. 

b. T=T,UT,U... UT, is n-non singular. 

ce T=T,UT,U... UT, is onto that is the n-range of T = 
T,),UT, VU... UT, is W=W,UW2U... Wy. 


Prove every (nj, Mo, ..., N,) dimensional strong neutrosophic 
n-vector space V= V; U V2 U ... U Vy over the neutrosophic 
n-field F = Fi) UF, Uu ... U F, is n-isomorphism to 
Pa Ul 


Let V=V,; UV2U... U V, be a finite (mn), m, ..., Ny) n- 
dimensional strong neutrosophic n-vector space over the 
neutrosophic n-field F =F, UF) VU... U Fy. 
Let 
B=B,UB.vU...UB, 
= 1 1 2 2; n n 
= fa ..s08, Uf02 002, }U..Ufo8 50} 
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80. 


81. 


be a n-basis of V=V,; UV) U... U Vy. There is a unique n- 
dual basis (dual n-basis) 


B= B, UB, v...UB, 
Sip test, | Unik wat.) Un Eyes, 
for V* = V, UV, U...UV,, such that f* (a) = OF: 


Prove for each n-linear functional f = f, Uf U... U f, we 
have 


f= >) f(a, )f 
k=l 
that is 


‘j= [Seco y [Sree Tic [Sere 


and for each n — vector a =Q); UQ»U... UQ,in V=V,U 
VU... U Vy we have 


a= [Scare] v [Seen] 
U..U [Siren 


Obtain some important properties about n-best 
approximations on strong neutrosophic n-vector space over 
the n-field F=F, UF, U... UF,. 


Let V=V, U V2 UV3 UV4= {(ar, 25 ss%5 ag) | ay € ZI, 1<i 
< 9} U {(ai, ADs eisies a9) | aye N(Z)), 1<i< 20} J {(ai, a2, a3, 
aa, a5) | ai € N(Z11), 1 $i <5} U {(ay, ap, ..., ag) | ai Ee N(Zs), 1 
<1 < 8} be a strong neutrosophic inner product 4-space over 
the 4-field Z7I U ZI U Z,,1 VU Zsl. 

LetS=S,; US, U83U Sy = {(a1, a, 0, 0, 0, 0, a7, ag, 0), (0, 
0, a3, a4, a5, 0, 0, 0, ao) (0, 0, 0, 0, 0, a6, a7, Ag, 0) | a € Z71; l< 
i1< 9! U {(ay, a2, a3, a4, as, 0, 0, ..., 0), (0, 0, 0, 0, 0, 0, 0, ag, 
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82. 


ag, A10, 411, A12, 0, 0, Rees 0) | aye Zl; l<i< 5; i= 8, 9, 10, 11, 
12) U {(al, a, 0, 0, as) (0, 0, 0, a4, as)} U {(ar, a2, 0, 0, as, a6, 
0, 0) U (ay, a, 0, 0, 0, 0 ay, ag) | ai € N(Zs)} CV, UV2U V3 
U V4 be any 4-set of 4-vectors in V. Find the 4-orthogonal 
complement of S denoted by St = S} US} US} US}. 


Derive Cayley Hamilton theorem and Primary _n- 
decomposition theorem for strong neutrosophic n-vector 
space V defined over the n-field F. 
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